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TH#® WHNDOMCRPHISM SEMIGROUP OF A SEMIGROUP
ANT TTS APPLICATION
Sizuo Nakajima

An endomorphism of a semigroup is one of important tools in
the study of semigroups. In this paper , we represent the endo-
morphism semigroup by means of a wreath product and the greatest
semilatfice homomqrphic image. And we apply to a left inverse ex-
tension of certain left regular band by a semilattice of groups.

1. The endomorphism semigroup of semigroups. .

Tlet S be a semigroup. The set End(S) of all endomorphisms of
S is a semigroup under the composition. The set Aut{S) of all
automorphisms of S is a subgroup of End(S). End(s) [Aut(S)] is

called the endomorphism semigroup [the automorphism group| of S.

Now, let S=U{Sa: o el He the greatest semilattice decomposition
of S. Let H(S):U{Hom(sa,sﬁ): o,B ér?Lﬁtﬁbe a semigroup under com-
position , where Hom(Sa,SB) is the set of all homomorphisms of
Sa to SB and [0 is the empty mapping. Consider the set
H(S) wr Ead(T) = {(x,8): k:["—> H(S),0 ¢ End([")} and define a
multiplcation in H(S) wr End(]") as follows:

(k,0)(k",0') = (k.k',86') ,
g and (k-6k') = k ki, for all ¥&[ . Then
H(S) wr End([") is a semigroup and we call it the wreath product

where Yk = k

of H(S) and End([7).
For each ¢'€%nd(S), we define mappings k: [T — H(S) and-

8: [7—>[7 as follows:

x e

ky =d|g 1 5,6C 8,y for all ael .
o4 .
Then a mapping f:¢d+—(k,8) is an isomorphism of End(S) into

H(S) wr End(j”). Thus we have the following lemma.



Lemma 1. End(5) o4 H(S) wr End(T").

Next, we shall consider the condition that (k, e) e H(S)ernd(F)
is contained in the image Im(f) of f.

Lemma 2. Let (k,8) € H(S) wr End(T"). Then
. {k,8) € Im(f) if and oﬁly if
(1) k.= Hom(% 18,g) for all aE{’,
(i1) (xy)-k = [xk ][yk ] for all X & S, yeSB .
» Now , we shall call this condition an H-property and let
H(S) W% End([?) = {(k,e) €H(S) wr End(["):(k,8) has_an‘H-property}.
By above lemmas we obtain the following theorem.

Theorem 3. Let S :LJ{SQ: o ef’} be the greatest semilattice
decomposition of a semigroup S. Then

End(S) 2 H(S) wr End([).

From now on, we identify elements of End(S) with elements of
~ H(S) Wt End(]").
' Remark 1. Since H(S) wrczq is isomorphic with  the semigréup
-of all row monomial ['x|’-matrices over H(S), End(S) can represent
by row monomial matrices.

2. Lef S =L){Sa: o ef’j be a strong semilattice of semigroups‘
%a determined by a transtive system {;zf B. a;B} of homomorphlsms.
If each S satisfy certaln conditions (e.g. b S has an identity -
and no 6ther idempotent or Sa is weakly cancellative), then an
H-property is equlvalent to that the following diagram is commu-
tative: ‘

a,Bl l"/ae o (o2 By «, el )

Sg ’Sae " (c.f., Petrich[2] ).



2. The endomorphism semigroup of a successively annihilating

chain of semigroups.

To each « in a chain Y assign a pairwise disjoint semigroup
s,» and on § =U{s;: xeY} define a multiplication o by

aebh = bea = b 1if a.esa, b €S

Q2 o> By

aeb = adb if aﬂaéSa

Then an semigroup S{.) is called a successively annihilating

chain Y of semigroups § (c.f., Petrich [2] ).
We shall first consider anvendomorphism of a successively
annihilating chain of completely simple éemigroups.
Tet Y be a chain. To each a € Y assign a pairwise disjoint
(

. : . o
- M . P h — g
completely simple semigroup S = M(G T _,A :F ) where P = (px, )

has teen normalized. Let S =L){Sa : aeY} be a successively anni-
hilating chain of Sa'
Theorem 4. Tet 6 be an endomorphism of Y(i.e.,an isotone
transformation of Y). We define a mapping k:Y—>H(S) as follows:
(1) The case |a86’| > 1.
Let i, and A, be fixed elements of Iae and/\ae, respectively.
Let B be an element of Y such that 86 = oB. Let W) be a homomorphism
. . 15)) _ . . ° ’
of GB in Gae such that px’iu)— eye’ the‘ldentlty element of Ga@’
for all iéEIb and AG/LB. Define kB:SB~—;Sae by, for all iBeéIﬁ,
Aee/lﬁ and gﬁé GB’ ,
-] .
(i ,(gJuﬂ(p(“@. YoA.) if B is the least element
0 [Sh Aoorig 0 :
: . -1
(1378'6,)\6)'}{6: . : in Otee,
. @8 it : .
(1Os(pxo’io),xo) otherwise.
(ii) Other case (i.e., |«86'| = 1).
Define k by any homomorphism of S, in § g4 (c.£.,[1]).

Then (k,8) € Bnd(s) = H(S) ®T End(Y) and conversely every endo-



o

nmorphism of & can be obtained in this fashion.

We shall use the following corollary in next section.
Corollary 5. Iét L =L}{La: a.eY}'be a successively annihi-
lating chain Y of left zero semigroupsvla. Let © be an endomor-
phism of Y. We define a mapping k:Y-—s H(L) as follows:
(i) Case o661 > 1 . |
Let lo bé a fixed element of Lae' Let B be an element of Y such

that #8 = «8. Nefine k_ :L ~—»Lae by

B 7B ,
XKb = lo for all x € LB'
(ii) Case lo66'| = 1.
Y £4 s £ . 2 .
Nefine kcx by any mapping of Ia in Lae'
Then (k,6) € Bnd(L) = H(L) %t End(Y) and conversely every endo-

morphism of I, can be constructed in this manner.

Under some condition we next show that the endomorphism semi-
group is a direct product of endomorphism semigroups of subsemi-
groups.

Tet r’z{j{ri: ie Y} be a semilattice which is a chain Y of

-semilattice [7; . Tet {Ti: ie Y} be a family of semilattice

indecomposable semigroups T; such that Hom(Ti,Tj) =0 [TjgiTj]

for all 1 # i € Y. Let S =(){Sa: aeﬂ’} be a semigroup such that

["is the structure semilattice of S and S, 1y if aéera.

In Proposition 6 and Corollary 7, let S =L/{Si: i€ Y} be a chain
. : N 0y . - « ) . 9 °

of semigroups Si where Si —{){Sa. o € ri}, and assume that Ti s .

satisfy conditions in the brackets for a statement on an auto-

morphism group

sitio:r . X S) &=, . B S.7-
Proposition 6 End(8) 1nTT16-Y nd(s;)

[Aut(8) == | TT; ¢ vAUE(S;)].



quollary Te Moreover, let S be a successively annihilating
chain Y of semigroups Si.‘Then
pnd(s)zTTieYEnd(si).
[Aut(s):’—z’]T'i(_YAut(si)].

By the above result we need to consider the endomorphism
 gemigroup as follows. Let’S be a semigroup such that § =

U{sa: ae}ﬁ}" and da:SaEE Sg for all a.er’; whene S0 is a semi-
lattice indecomposable semigroup.

Let k be a mapping of[ into End(S,) and let & € End(I"). Then
we say that (k,8) has an H-property if (k,8) satisfy the following
condition: ' ' |

[a(d ko) Dk adat) ] = (abMF gk e amyo)
‘ o ' ~ for all a € Sa’ be S,,
and End(s ) ¥ End(T") = {(x,8) €End(S_ ) wr End(["):(k,8) has an
H-pfoperty}. ‘
Propositibn 8. Let S be the above semigroup. Then
VvEnd(S)':':.. End(S_) #E End(T") and
Aut(T) .

Corollary 9. Let»Sb be a weakly cancellative semigroup or

Aut(s) = Aut(So) WY

H

» So has an identity and no other idempotent. Then_
End (S % I") & End(S_ ) X End([") and
Aut(Soxr') = put(S)) X aut ().

3. An application~ to left inverse semigroup

A régular semigronp S is called a left inverse semigroup if

‘the set E of all idempotents in S satisfy the identity XyX = Xy.
A structure theorem for left inverse semigroups have been given

by M. Yamada [3] as follows:
Structure Theorem. Let §2 be an inverse semigroup and Y its




basic semilattice. Let L=U{L : aeY] be a left legular band
(i.e., I is a semilattice Y of left zero‘semigroups L) Let P
be a mapping of & into End(L) such that the family { S w e (L
. baw: SP(uoj, satisfies the following (Cl) and (02):

(c;) Zach $y is an endémorphism on L such that P(L ) S Lyguwu

for all o € Y. In particular, for 1t €Y, 9’;{ is an inner endo-
morphism on L. . . | ,
(Co)  §o8r¥ufs = Se8:Fup  TOT @ €Lgps TEL (o ogy™ «,peQd
(where 5 is the inner endomorphism on L induced by e). .
Consider the set L®SL {(e,w) WeR, e € Lywt] and define multl-
plication in L?SL as follows:
(e,w)(f,y1) = (e F(£), wr)

Then L(‘?;,SZ, is a left inverse semigroup and conversely every left

inverse semigroup can be constructed in this manner.

‘We shall call this L®.Q. the left inverse exten51on of L QXQ.
and a mapping ¢ ,ﬂ,—-—)Fnd(L) which satisfies (C Y and (C ) is
called a factor sxstem o_f.ﬂ, into L and we shall denote the set
of all factor systems of  into I By§(,Q.,L). We shall define
a relation ~ on $({),L) as follows; let S”l,soz € §CR,I:)‘» ‘

‘}71 %, if and only if L@SEN L%ﬂ

The purpose of this sectlon 1s to 1nvest1gate §(SZ L)//v in
‘case JL is a ¢hain of groups and L is a success1vely annlhllamng:
chain of left zero semigroups . - ‘
. Tet T = U{ L, o€ Y} be a successively annihilating chain Y
of left zero semigroups L . Let .Q.=U{Ga: « € Y} be a chain Y |
of groups G determined by a transitive systbem {fB,oc: Béa} of
a homomorphism fB o B> Gge | '

First of all, we shall investigate a factor system of.Q.uln



~.

Theorem 10. Iet k = (k, ) be an element of 11 Hom(G_,S(L.))
Bya B < o B

such that if 7 < B _<o; then kV,BfB,oc = k?,a

gymmetric group on I’B' Let ¢ be a mapping of.Q. in L such that

where S(LB) is the

¢(Go) - I‘d for all o € Y where if o is the greatest element in
Y then assume that ;2/(Ga')_C:_ J(La), the full transformation semi=-
group on L and g/(ea) is a constant mapping (ea is an identity
of G,). Define ¥:{d—>End (L) vy |
X'ke’a(ga) if B < «a,
x-Plg) =1 #(g,) if B> a, o is not greatest,
x-d(ga) if = «a, « is greatest,
for all x € I’B’ gy € G‘a,4 a,B&SL.
Thenfis a factor system oi\Q, in L. Conversely any factor system

of.ﬂ. in L .can be obtained in this fashion.

Hence we shall denote a factor system P by ¥ = ((k,¢)).
Theorem 11. Tet ((x(1),#(1))) ana ((x(?),#(2)y) ve factor
systems of ,Q in .. Then
((k(l),;/(l)))rv ((k(z),ﬁ(z))) if and only if there are an auto-
morphism (4,8) € Aut(fl) and bijections pB:LB'_ﬂ'BG (B € Y) such
that k(1) = 5 k(2) oY, TOr any o,p € Y such that @< o,where

B) pB Be"a
. ; -
ppa.S(LBe)—)S(LB) is defined by ppB(p) = PgPPg

Corollary 12. Let §d = GXY be a direct product of a group

G and a well-ordered chain Y. Let L =U{La: « ¢ Y] be a succes-
Sively annihilating chain Y of. left zero semigroups La'
On the .set Hom(G S(L )), define a relation & by,

k(l)'\' k(2§ if and only 1f there are an automorphlsm b € Aut(G)

and pB ¢ S(LB) (B & Y*) such thsat kél) = ppﬁkéz)w for all pe Y™



where Y = Y‘\nl, oq is the greatest element of Y. Then there is
a one-to-one correspondence between the classes of isomorphic
left inverse extensions of L bySZ and the elements of

B—Q—Y*Hom(_(? S /o

txample. Let G be a cyclic group of order 2, Y = {0,1}

2n, then[ﬁiﬁZ,L)/&J = n+l; If }L0l=oo

and L = 1,V 1. If [T

then}§§ﬁ2,1)/&4 = 00,
Gorollary 13. Let Y be a dense chain(i.e., if o > B, there

is an element ¥ such that o« > ¥ > B8 )..LetSZ and I be successively
annihilating chains Y of groups G, and left zero semigroups L,
respectively. Then there exist the only one left inverse extension

of T hvSZ y- UDp to isomorphism.
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