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FREE PRODUCTS WITH AMALGAMATION OF ORTHODOX

SEMIGROUPS

Teruo Imaoka

1. Introduction

A class of algebras ﬂi is said to have the strong

amalgamation property if for any family of algebras { LR ie 1}

frbm }¢, each having an algebra U ¢ s as a subalgebra, there
exist an algebra B in A and monomorphismé ¢i: Ai + B,
i € I, such that

(i) ;bi]U = ¢j{U for all i, j e I,

(i1) Az, N Aj¢j = up, for all i, § ¢ T with i # 3,
where ¢i|U denotes the restriction of ¢i to U.. Omitting
the condition (ii) gives us the definition of the weak
amalgamation property. Adding the condition that Ai = A.

J
for all i, j € I, to the hypothesis of the definition of the

strong amalgamation property gives us the definition of the

special amalgamation property.

It is well-known (see [ 3 }) that in a class of algebras
closed undef isomorphisms and the formation of the union of
any ascending chain of algebras, each amalgamation property
follows from the case |[I| = 2. Hence we shall consider, in

vthis paper, onlyAthe case |I| = 2.
The classes of algebras for which the strong or the weak

amalgamation properties are known to hold are "groups, groups
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with a given operator domain, commutative groups, fields,
defferential fields of characteristic 0, partially ordered
sets, lattices, Boolean algebras, locally finite-dimensional
cylindric algebras of a given infinite dimendion[ 6 1,
pseudocomplemented distributive lattices ﬁn, n<2 or n=uy

[ 2 1, inverse semigroups, semilattices[ 3 1, commutative

inverse semigroups[ 4 ]1".

In section 2, we shall flrst»studyﬁthe free product of
orthodox -semigroups. Sécondly, we shall give the free product
of the variety A of bands.defined by an identity. if A
is the variety of [left, right] normal bénds, we can describe

it in a more useful form.

In section 3, we shall add the following classes of
semigroups to the list above: "[left, right] normal bandé,
rectangular bands, left[right] zero semigroups, one‘element
semigroups, M[L.N, R.N]-inversive semigroups". Moreover, the
variety of bands defined by.an identity P = Q@ has the strong
amalgamation property if and only if P = Q is a permutation

identity or a heterotypical identity.

In section 4, we shall show that the varieties of [left,
right] regular bands, left[right] quasinormal bands and [left,
right] generalized inverse semigroups have the special

amalgamation property.

The notations and terminologies are those of [ 1 ] and

[ 8 1, unless otherwise stated.
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2. Free products

At first, we shall give the free product in the class of
orthodox semigroups. Let Si’ i € I, be a family of orthodox
semigroups, and let S be the free product of the Si in the
class of semigroups.  For X = X, X. ...X., , X. £ 8, , in a

i i i, i.
1 72 k Jj j
reduced form in S, set

Wix) = { x!} ...x! x! ¢« x. eV(x. ) },
i i,74 lj lj
where V(xi)(= VS (xi)) denotes the set of inverses of X in
i
Si‘ If X € Si’ it is obvious W((x) = Vsi(x).

By an argument similar to the proof of [ Theorem 1, 7 1,

we have the following theorem.

THEOREM 2. 1. Let ~ denote the congruence on S

» . 1 L} 1 1]
generated by all pairs (xx'x, x){ and (Xlx1x2x2"'xnxn’

eeer X in S
2' r n fondaled

X XIx. x!...x_ x'x x! e XX

1
1X1 %X XX X X XX, x x))) for %, X, X

‘and for x' & W(x) and x} e W(x;), 3 =1, 2, ..., n. Then

S/~ is the free product of the Si in the class of orthodox

semigroups.

Let A be the variety of bands defined by an identity

P =.Q. If P =Q 1is heterotypical, it follows from [ 8 ]
that .ﬁt_is one of the varieties of rectangular bands, left
zero semigroups, right zero semigroups and one element semi-
groups. Let ﬁi be the variety of rectangular bands. Let

{ Si: i eI} be a family of rectangular banas. For each Si’
there exist a left zero semigroup Li’ say, and a right zero
semigroup Ri' say, such that Si = Li X Ri’ ie I. We can

3
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assume without loss of generality that Li N Lj = O and
RiﬂRj=[]Aif i #3j. Let L=U{Li:ieI},R=
U { R, : ieI} and B =1 x R, Define a product o on B
as follows:

(ay, bjlol(a,, b)) = (@y, by .-
It is clear that E(o) is the freé product of the Si in }¢.
Similarly, we can easily construct the free products in the
other three varieties of bands.

So we now consider the free product in the variety of

bands defined by a homotypical identity.

THEOREM 2. 2. Let s be the variety of bands defined

by a homotypical identity P(Xl’xz""’xn) = Q(Xl,Xz,...,Xn).

Let Si’ ie I, be a family of bands belonging to ;¢, and let

S be the free product of the Si in the class of semigroups.

Let ~ be the congruence on S generated by all pairs

2
(x“, x) and (P(xl,xz,...,xn), Q(xl,xz,...,xn)) for x, X1

X x in S. Then S/ 1is the free product of the

o7t n

s. in s

Next, we shall consider the free product in the variety of

[left, right] normal bands. In this case we can describe it
in a more useful form. Let Ei' i e I, be a family of normal
bands. It follows from [ 9 ] that each Ei’ ie I, is

isomorphic to the spined product Li D4 Ri(Fi) of a left
normal band Li and a right normal band Ri with respect to

3 { L :a, eT. } and
ay i i

a semilattice Fi. Let Li

R, = T{ Ru 2oy € Fi } be the structure decompositions of L,
i
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and Ri’ i e I, respectively. Then the structure decompositiop
of each E. is E, = { L X R :a. €T, }. We ideﬁtify
i i o . o, i i
i i
each E, with I{ L xR : a, € I'. }. To construct the
i oy oy i i

free product of the Ei, we can assume without loss of
generality that Ei N Ej = 0O if i # j, and we assume

U { L, s a, € Pi, ieI} =1L, say, and U { R 05 ¢ r.,

. i . i i
i i
i eI} =R, say, are both disjoint unions. Let T =
. (1) ..

{ (ai)iel' a; € Fi , only finitely many but at least one oy
different from 1 }. For convenience, we write simply (ai)
instead of (ai)ieI' Let B be the subset of L X R x T
consisting of (a,b,(ai)) such that a € La and b ¢ Ra

. 3 k
for some aj # 1 and oy # 1 of (ai). Hereafter, we
sometimes denote such (a,b,(ai)) by (a,b,(ai;j,k)). By

e(qi) and f(Bj), we mean elements e and £  of ~Lu and

i
R8 , respectively. Define a product o on B as follows:
]
(a,b, (a;i3,k))o(c,d, (B;im,n))
= (a'e(aij),f(aan)'d,(aiBi))-
Then it is clear that B(o) is a normal band, and we have the
following theorem.
THEOREM 2. 3. Let E,, i e I, be a family of normal

bands, and let Fi, i e I, be the structure semilattice of Ei'

Then B(o) is the free product of the E, in the variety of

normal bands. Moreover, the structure semilattice of  B(o)

is the free product of the Fi"iﬂ the variety of semilattices.

COROLLARY 2. 4. Let Li’ i e I, be a family of left

— —— ——————r— a—
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normal bands whose structure decompositions are Li = I{ La :

a; € ry }. Let L = U { La.: a; € Fi' ieXI}, and let T be

a semilattice defined above. Set

E={ (a,(ai;j)) e L x Ff ace Laj, oy #1 }.
Then E(o) 1is the free prodﬁct of the Ly in the variety of

left normal bands. Moreover, the structure semilattice of

E(o) is isomorphic to the free product of the Fi, in the

variety of semilattices.

COROLLARY 2. 5. Let # the variety of [left, right]

be
be

normal bands. Let E., 1 e I, be a family of [left, right]

normal bands, and let B together with the monomorphisms ¢i

be the free product of Ei, iﬂ the variety of [left, right]

normal bands. If F, 1is a subset of E;.» i ¢ I, then

< U { F.¢,: i el } 34 is isomorphic to the free product of the

F. in the variety of [left, right] normal bands.

3. Strong amalgamation

We shall first show that the variety of left normal bands

has the étrong amalgamation property. Let Ll and L2 be

left normal bands with a common subband U. Let the structure

"

decompositions of Ll’ L2 and U be Ll

L, = z{ L;: ae T, } and U = I{ U,: o ¢ A '}, respectively.

2 L%:,a e Ty 1,

We can assume without loss of generality that L, "L, =0,
_ . a o _ ,
Fl N P2 = A and Ly N L, Uu for all» a € A. Let

L=L UL, and T = (r{” x 1"2(1))\{(1, 1)}. It follows

6
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“from Corollary 2.4 that

4

E={ (a0, 8 eLxT:aerfuth aerM, gerfl Y

is the free product of Ll and L2 in the variety of left

normal bands, if its product is defined by

‘ (ase(ay), ay, BS) if a e Lg,
(a, a, B)Y (b, v, 6) = {
B

(a~e(BS), ay, BS) if a e L,,

where e(a) denotes an element of LQ, i=1, 2. Hereafter ;
i 4

e(l) means 1.

We define a relation 6 on E as follows:

( 3. 1) For elements (a, o, B), (b, vy, 8§) of E, define
(2, o, B) 04 (b, v, §) to mean that there exist

g€ A and u ¢ UG such that

(a, o, B)
(b, Y §)

(Clr El,,nl)(u, g, l)(02, €y ”2)f

(cll El' nl)(ur 1, 0)(021 gzl.nz)l

1
for some (cl, El’ nl), (cz, Eor n2) e E7.

Uo l Uy and let o = ef.

Let el =0 0

0
Then of course 6 is the congruence on E generated by

{ ((w, 0, 1), (u, 1, 0)):ue U, oceh }. Since any
homomorphic image of a lefﬁ normal band is also a left normal

band, E/6 1is a left normal bands.

LEMMA 3. 1. If (a, a, 1) 6 (b, B, y), then there exist

o € Al and u ¢ U0 such that»

ure(y) € U and a = b(usely)) (in L) if b e L},

bu e U and a = (bu)-e(B) (ig Ll) if b e LY,

where Ul = {1}.
Let ¢,: Li +~ E/6, i =1, 2, be mappings defined by

7
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x¢1 = {x, a, 1)6 if. X € Li,

v, = (v, 1, )8 if y e L.
It is clear that ¢l and ¢2 are homomorphisms. Let x and
y Dbe elements of L% and Lg, respectively, such that

x¢y = Y¢o- Then (x, o, 1) 6 (y, B, 1). By the lemma above,
there exist o, T € Al, u e Uc and v € UT such that x = yu
and y = XV. Therefore, o = 8 and x = xy = (yu)y = Y.
Hence ¢1 is a monomorphism; Similarly ¢2 is a monomorphism.
By the definition (3.1), it is clear that ¢1|U = ¢,|U.

Next, we shall show that L1¢1 n L2¢2 = U¢l. Let x and
% and Lg,
X6, = Yo, Then (x, o, 1) 6 (y, 1, B). By the lemma above

y be elements of L respectively, such that

and its dual, there exist o, T € Al, u e U0 and Vv ¢ UT

such that

yu e U and (yu)-l x (in Ll)’
xv ¢ U and (xv)-+*l1 =y (in Lz).
Then x, y e U and x =y. Thus we have Ll¢l N L2¢2 - U¢l.

It is obvious Ll¢l N L 2 Ué, - Hence L

191 0 Tpdy = Udy.
ULyé, > = E/6 and that E/6

2%

It is clear that <‘Ll¢l

together with ¢l and ~¢2 is the colimit of Ll and L2

malgamating U, and we have the following theorem,

THEOREM 3. 2. We use notations defined above. Then
E/6 1is the free product of Ly and L, amalgamating U, in
the variety 9£ left normal bands. Moreover, the structure

semilattice of E/6 1is isomorphic to the free product of Ty

and Pé‘ amalgamating A, in the variety of semilattices.

8
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COROLLARY 3. 3. The variety of [left, right] normal

bands has the strong amalgamation property.

COROLLARY 3. 4. The class of M[L.N, R.N]-inversive
semigroups has the strong amalgamation property. Then the

class of regular semigroups defined by a permutation identity

has the strong amalgamation property.

The following example, due to T. E. Hall, shows that the

variety of left regular bands does not have even the weak

amalgamation property.

Example. Let s={e, f, g, h}, T={£f, g, h, x, v}
and U =1{ f, g, h'} be a left regular band, a left normal
band and a left zero semigroup, respectively, whose multiplica-

tions are defined as follows:

e £ g h f g9 h x vy

e e g g h f|l £ £ £ x x
£ £ £ £ £ 919 9 9 VY VY
g g 9 g9 g h h h h x x
h h h h h X X X X X X
y Yy ¥y vy Y Y

Suppose that there exists a semigroup W such that S U T

can be embedded in W. Then, since W is associative,

ex e (fx) (ef)x = gx = vy,

e(hx)

ex (eh)x = hx = x.
Thus the elements x and y must coincide in W, a contradic-
tion.

If xL is one of the. varieties of rectangular bands, left

zero semigroups, right zero semigroups and one-element.

9
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semigroups, it is easy to see that # has the strong
amalgamation property. "Then the follQWing theorem follows

from [ Corollary 1, 4 1, Corollary 3.3 and the example above.

THEOREM 3. 5. Let sl be the variety of bands defined

by an identity P = Q. Then «f has the strong amalgamation

property if and only if P = Q 1is a permutation identity or

a heterotypical identity.
4. Special amalgamation
We have seen that the variety of left regular bands does

not have even the weak amalgamation property. However, we

shall show that it has the special amalgamation property.

Let L = %{ L,: o€ '} be a left regular band and
U = x{ Uu: o' € A} a subband. We can assume without loss of
~generality that T 2 A and L 20U, for all a e A. Let

Ly and L2 be left regular bands which-are isomorphic to L

such that Ly n L, = 0, and let v;r Lo~ Li, i=1, 2, be
. . ‘ _ o _ B _ -
isomorphisms. Let Ui = Uv., Li = Lavi and Ui = Usvi for

all aeT, BRe A and i =1, 2.

Let S be the free product of Ll and L2 in the

variety of left regular bands. Hereafter, let a; mean
" a; is an element of Li ", where i =1 or 2. Define
a relation 6 on S as follows:

‘ai a; ...a; 6, b, b. ...b, if and only if there

12 r J1 32 Is

exist uw in U and ¢ _c,_ ...c, ,d d ...d
kl k2 kp m, m, q

in Sl such that

10
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a, a, ..,8. =C, C, ...C, (uv,)d_d_ ...d
i1, i, kl k2 kp 1 m; m, q'
b, b. ...b, =¢ ¢ ...c, (uv,)d 4 ...d .
J1 32 g kpky kg2 mymy
— -1 _ .t
Let 61 = 60 U 60 1, and let 6 = 81.
It is clear that 6 1is a congruence on S. Then S/6 is 3
left regular band.
DEFINITION 4. 1. Let a be an element of L.
A sequence (xi R SENAETRNES ) of elements of Ll U Lé is
1 2 n
said to have vproperty Pi(a), i=1, 2, if there exist Uy, uzi
. 1
ceer s Vig Vou eeey vn in U such that
(i) u; = 1,
.. -1 . .
(ii) uj(xi.vi_)v. e U if lj # 1,
J ]
. n -1
(1ii a = .m,u.(x. v. )v..
( ) 31 j( . 1.) 3j
J 3
LEMMA 4. 2. Let a be an element of Li’ i=1, 2.
If a6 x, x, ...x%x. (ig S), then (x. , X. , «.., X. ) has
J1 32 Ir - J1 2 Ir —
property Pi(avll).
Let ¢,: L, ~ s/6, i =1, 2, be mappings defined by
a¢i = ab for all a ¢ Li'
It is obvious that each ¢i, i=1, 2, is a homomorphism.
Let a and b be elements of L satisfying ag, = b¢i.
Then ab = bf. By the lemma above, there exist u and v in

Ul such that

a(uvi) = b and b(vvi) = a;
Since L is left regular,
a = b(vvi) = bb(vvi) = ba =bab
= a(uvi)ab = a(uvi)b = b,

11
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and hence ¢i is a monomorphism.

By the definition of 6, it is obvious vl¢lIU = v2¢2!U,
et a and b be elements of Ll and L2,
such that a¢l = b¢2. Then we have a6 = b#f. By the lemma

respectively,

above, there exist u and v in Ul such that (avil)u e U,

-1 _ -1 -1

=1 _ -1
(b\)2 v ¢ U, bv2 (a\)1 Ju and avy” = (b\)2 Yv. Then we

-1 _ -1 .
have av," = bv2 e U, and hence Li9; n Ly, C Uvy 9 - It is

. A _
obvious that L;¢; L 2 Uv Therefore Ly¢q N L,é,

292 191

le¢l, and hence we have the following theoremn.

THEOREM 4. 3. Let U Dbe a subband of a left regular

—_— e ——— e — —

band L. We use the notations defined above. Then S/9 1is

the free product of L and L amalgamating U in the

1 2 —
variety of left regular bands. Thus the variety of left

regular bands has the special amalgamation property.

Moreover, the structure semilattice of S/8 ig-isomorphic to

the free product of T amalgamating A ig the variety of

semilattices.

COROLLARY 4. 4. The varieties of [right] regular bands

and left [right] quasinormal bands have the special

amalgamation property.

We can not answer whether or not the variety of bands has
the special amalgamation property. There is a counterexample
in [ 5 ] that the variety does not have the special amalgamation
property. However, we remark the example is not true. So we
raise the following problem.

Probem 1. Does the variety of bands have the‘sbecial

amalgamation property ?

12
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An orthodox semigroup S is called a [left, right]

generalized inverse semigroup if E(S) forms a [left, right]

normal band. Let S be a left generalized inverse semigroup
and U a left generalized inverse subsemigroup. Then S ang
U are isomorphic to the left quasi-direct products Q(L& T; A)
and Q(V@® q; N, respectively, for some left normal bands L
and V and for some inverse semigroups T (A) and Q(A). We
can assume without loss of generality that L 2V, I 2 Q and

A DA, Let L and L2 be left normal bands which are

1
isomorphic to L such that L, NL, =[], and let v, ,: L~ L,
i =1, 2, be isomorphisms. Let Fl and F2 be inverse
semigroups which are isomorphic to T such that Fl N F2 =0,
and let ni:F > Fi’ i =1, 2, be isomorphisms. Let Vi = Vvi,
Ai = Am., Qi = qm, and Ai = Aﬂi, i=1, 2. Let L = I{ L(a):
a e A} be the structure decomposition of L. Then the

structure decomposition of each Li' i=1, 2, is Li =

z{ L(d)vi: o e A} = x{ L(ai): a; € Ai }, where L(ai) =

L(ociﬂl

)y - We identify each L. with z{ L(a;): oy € Ay }.

Let T'* be the free product of T and T in the class

1 2
of semigroups, and let L* = Ll U L2. For any element
a; Q ...0y in T¥*, a; € TI; , let us denote (ay ﬂ;l)(ai ﬂ;l)
172 n j i 171 2 72
-1
eesfa, m.T) by a, 0. ...0; . Let T=4{ (a, 0, d; «..0, )
i i, i1, i, i,71, i,
e L*¥* x T'*: a ¢ Li and av;l € L(ui O +esOy a;l...a;la;l) .
1 1 1 72 n n 2 71

Define a product on T as follows:

(a, a. o: ...a. )(b, B.
1 2 n J1

. B. Bi: ...B. ),
2 1 31 32 Im

Bs +--B. )

32 Jm

13
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where ¢ is an element of Li such that cv;l is contained
1 1
-1 -1 -1 -1 -1 -1
in Lo, 0, ...0. B. B. ...B. B. B. . A I
11 2 *nh J1 32 Im Imees 9231y 2y
Let 6 be a relation on T defined by
(a, a; a; «..a, ) 6 (b, B. B. ...B. ) if and only
1 1o 1n J1 32 In
if oy Gy ... vV B. Bi o...Bl and one of the
1 1o n J1 32 Im
following conditions:
(1) a=>» if il = jl,
(ii) there exists v ¢ V such that
avit = bvit = v(uiH NN
1 J1 1

where A is the congruence on T* such that T*/n

is the free product of Tl and F2

in the class of inverse semigroups.

amalgamating A

We can easily see that 6 1is a congruence on T, and hence

T/6 1is a left generalized inverse semigroups. '~ Let
-(a, a, a, ...a. )6 denote the 6-class containing
i i i
1 72 n
(a, 0. Os: eeeO: ).
11 2 n

LEMMA 4. 5. Let ¢i: Si > T/8, i =1, 2, be mappings

defined by

- -1
(a, a;)¢; = (a, a )6 where o; e I,, a e Liaza;7) .

Then ¢i’ i=1, 2, are monomorphisms satisfying the following

(] . .
two conditions:

(vir 610 = vy, )0, |U,

Sl¢l n Sz‘bz = U(\)lr '"l)(bl (=.U(\)21 71'2)(1)2)1

where (vi, wi), i=1, 2, are isomorphisms of S onto Si

defined by (v, a)(v;, m;) = (vv., am.) for (v, a) e S.

14



Moreover, the structure inverse semigroup of T/0 1is the free

product T*/n of Pl and Iy amalgamating A in the class

of inverse semigroups.

THEOREM 4. 6. The class of [left, right] generalized

inverse semigroups has the special amalgamation property.

It is natural to raise the following problem.

Problem 2. Does the class of [left, right] generalized

inverse semigroups have the strong amalgamation property ?
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