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PARAMETER ESTIMATION OF
MARKOV RANDOM FIELDS .

%K Ig‘?%]g H. Kin sc

0. Lntroduction: A vandom Field is a stochas-

#stic [process with a MMléiO{/MAew&iamc{/»,par@“
meter | usually iM'é:eVIOVe‘{:ea{/ as  <space Theve
-~ ave  many exawples of randow Afields /owac{:ii
cal applications , for mstance avnual vainfall n
an avec , the size of a crop at a;(Heremé plots,
or n the case of “Frauncwission Of photos the
aﬂé/ccz/ dM///:fwé/e, The Jraper el contans a
Survey of a/ﬂ/a//caé/amx of tandons Frelds i
Var/ous &//'cha//hes,

We consider tfeve Lbhe —case oFf a  randbw
Freld N¢) , 46 Z° v=142,... witk LXH)=O
gud which s ﬁdmcyémeﬂuJ' L e al Frrirle

dinreprsroma) Aistrifoutions gre Lrawslatlor  pva -
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riant (A genevalizazion to a Freld wiélh sore
brend 15 possitre ). Whiddle [T1 and larimore
[R] hkotsh considferecd autoregressive mwooels

Which —Secwmws to wus a boo warrow <lass; We

Calke Frere é;AZ broader class oFf farkov moglels,
Two metlhods For the estimation of Zhe para =
mweters of such a wmoue!/  are Jreposed gndd Jo
boll cases f‘amJ/’JZeMC/ auef JJ/M/a%a%/’c vov g ~
//“éy are  proved |, ever AN s pot Gawssran,
[, Type of models ; a) Markoviawn wodels

) Ehoose a Fn/fe Set Lo Z¥ with [=—-L

god Od L, dhe et of points wear Ol We
define then the (L-) bouncary of a Do 27
by ODi=/¢42|IseD, t-s el ]

Dt/ bror - A randons Feld X)), e Z°, tsas

the Narvkor preperéy . r b a et D F

Y G, te D - measurakle  riov. U

E(U) x4), 4¢ D)= F(v/xt), ¢e 2D) (1)
Rewark: [F y=/ aud L=f-po -/ 1 pf,
then For D= FE tr), [ lhe above fiaréion

/s the wswal  cfefuaitionm  of d’ /&»éh ovder  Markow
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process . £ can  also be //are/, hat a p-t4
oveler /74&01/ Jrocess Las  the  flavior /dm/eréy
w.r. to all Dc 27, However , Ffor v2Z Lhe
line —rausect  X(4,,0,-.. ©) of a [farkov Feld
/S nw gewera/ wot a farkoy process .

LK s hemiogemesns | Gaucsian, EX =0
then  the Farkoy propert v Wr. Zo [2f s
Simply  E(XR)| Ms), sF ) =k§:a(,4/ Xté-4) (2)
Wibl  some  coefficrenbs alk). 2) s efade/fMt‘
o 1) = Zalk) Ktt-k) + V) (3)
n‘//éé Y(€)  mdepenaens of X)), s*E. As our
wmodlels | we take Solutions of (L), resp. (3).

A J/'/M/o/e' calculation \réw;\r |, Hbat
, /L A=
EYE)YSs) =C 7alb-s) f £~ el

g else where.
je. Lhe ewor Levms w1 (B) are  coprelatess
bebween Lhewrselves . Also | we st tave
alh) = al~&) ( theve fore L =-21).
Theorens /i There ex/sts a Gaussian fomo ge-
peows  Solution of (2) with  EFXE) = ci>0 4

I
73—(;30{)(406

alh)=alfk) | Pix)i= /- Zawe ™™ 20

frn]
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/7[ we wsx X Ho be /J/,{/cf/y Wovr  Aelepperiers /e,
fé}em A 75 o /ﬁ%ﬁ/)/ f r &y k\/

f_)( : c 2 /e //LL’&/X
LX) X)) = Fl£=s) - (g;r/" 7 A (%)

X cap  po b/t D A 7 N S ol

 Theorens 2 W dhe covariamce of A s _grien

Zhes-
/éy (%’/l,\l/a/ Sas /Ls'/—ﬂ/.fs' Zhe miovivg Avevag e g/ygaf/é@
X)) = Z  gé—L) Ulk)  with (%)
<« Z7
) ) /JX
Evet) vis) = ¢ %, 96)= (j / 77(»«/ /x
Boot Put k)= e Fr)* 2y where o2

1S the  raudon, easurve with é/dZ[x// X (/{x,
g.e.4.

(e J”

WU i wit  mormal, Lhe Feld X defived by
| &) s o jéwe/q/ pw/),- /‘72(/»4/&1/ jo dhe weak sewe
e, E (x| Xls), s#t) = Za(k) X(+-k)
where E  je tpe orthogomal projection  on
- Zhe vc/&we:/ lmear  hull. Budt since 1€ s pof
bvrom 17 , A3 bas a wowm éa‘ur.s Jaer  Solution,
Wwe take pever Lhe foss XN defied é\/ (5) as cur
mode /. | |

L) bas heer  obhserved For Fe D and
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A AE) sadss Sres () wiéh  tuowsn alk), thes
Ehe  Foririila For fest  lpear extra o /e broy  oF
Art), ¢ D, 15 wel/ kwows - D s Finide,
See %Zc?ﬂ(/’j/ 47 , c/:/a/ ber . /¢, IF o o«
f“,’f//f‘;f/azcc , See FLEE [3:{ /@/a/w;»;./zf',f‘am %/'/ g d
F D Js Faite awd  Zladlr)] < | / see  WHiams [5]

b) Autoresressive mode/s

» pe//h S Aoy - N s called easr  Aau Llﬁffflfé ss/ve f/e/p/

FAE) = Z b)) X -k) + VL) (¢/
“e X '

witlb oS //'/zﬁ—/ g A ff’/h/éé . # 0.

Froms  paré fa) & s clear | fhat ‘fhen U[(Z/

prust  be correlaled wiél some  Ns), s # z

Theorem, G There exists Y /g'é(/é/\/ prevr  ofe fer-
prigisbrc  Soludico  of (é/ JAK

.. — ki 7 o v

Qixji= )= Zh)e™ ] e Ly (Frr]? o).

e , - ' 2 /e ‘ /é’-s/)( /
7]75 COVaricmee /S EX(E) X/S/ = £ ST T X
| &) |
Treo 74 - Fure ’/ SCr  delermm s EIC il e ires , tlhas

B 4 . - . £
£lre Sprec bra/ preasure 1S @IS, ettt S { 6 -

coey [5T ). Thew Eveiiy = Je' C an | e

(0, siwce éEhe Vs arve 7osof l(?/x//zf(xj = <o st,

7. . ,{,‘/o
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drict & e CCws Lriir 7 S

Fx/

for v/ every

o
[$ee

S5 e /".ﬂ;;._'z/a ¢ Zhe
kY. iy /€5 =
. /’?('f J Voxe

i\,(\} = /

“ppear  Eermrs

LI7, p-121 ),

7YV B A R A
i) = /= acos x, = beos x,

(e Fere every quteregressive  Freld s flarke

Erire p //f 7%(/ = onsf | Qﬁ// :

Yo Swed  a

e co i sy o,
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/s
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g1 Ehe /a/»&/;aey£/?f of  Zhe

Follon's g v
L o
Clh)i= 75 Z X/ xceak)  (Kfe):=0 Vg D)

Zem.w//éc /.‘

/f X s Fren /c’y /\5‘/ wir bt
[U/é/y: 351/;4 <o Lhbes ) ;_%—) 7?(//(/ s
moreover T(x)# 0 ¥x  Lben 7‘%2[(/2?/— 2’//;’//] are

d&'/yw/;/ffa Lically ot woruia/ witlh mwrean 0 wud

oy oy - é/ .%_(.—4. F ] y ;=~£_ v(A{)JkX(d.SfX
covariance < 4/93 + e KL/ RE) where '4%6 i I

: 77/{(%_1 /. [&M <, ,5‘5@’//16\/ %0 //Cf ws eas /s /)/ R becawse

the Freld KL Kitr k), teZ’ las a gpectra/ s €y,

As Yuipetatic  pormals 'Z)/ 1S a stbalgh Eforwaved gevre -

/?2?"/1;252 vy 6’7[ 4”&/&/&0/4 [1 ] , sectioy F£é47

}7.5);&/
é\s‘{:lma‘édfs ‘ LV(E éa%é as

esbimators For alk) ZLhose

a) Least s uare

Vel e S 5?(/«/ wihich

, . . . . .,- Y — =" g / £, - 70—12
2110001 2 E ég L X(Z) P Q&) JHEFL) # X e v;/j_/ . 7777'

d/)//é/gh bratrcm  audd

ArviS)em é\/ 4. 7
Z{C(/@LM}’L([k’”j]d/,\/}/ — C//n/

= & 17 [7)
A’S es é/M/f c £r e i fé’/ C < woe éa/(é‘
> __l.... = C A SN S ; ; y 2’
A= =2 [x(£) = Za(k){Xtrk) - X(te)} ] (8)
. N\ - “
o k\/ (7} L2 = ((a/”“aéfzeﬂéfz(/(/C(%) /pr
79[4 i‘ j;«,m - =

Klkrn) + ?[%—M/ . ry
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L &2y e s o (5 ) e SrLr g =
= T Y ~ (Vg g » p RS 7L 5/42/5, et Fex

S 5 i = O Fee M <=
5 K, i »

tal ;
/K = 7/-( . i / L 5 ) N
/Z ” Z Vom0 i e = {/ k/ e / = é_ //’ COs X = o)
P " =
S T ,
—-2 | ',.,7:/-)(, ',f = (4‘//. =/ k/ﬁ - /j 67'-47/_

—_— R L » ’ R S i -y — Y 1’/
Ces e e =0 oA Kosadisties (&) widl, EUE)<x

Flen Ak LY are pindssten T SF mores v Er

/ —)/2

T/ A0 Fx  Ehen |
e

Za\ ((k/ - (k)] are CZS";/ w1)? oty -

. It nernal  witlh  wean O dud  covarian-

e 37/; '/\f. o
cC “ [~k
2
=cd

Frs d (R e/ ie T om )= D 00§ =
reo f ! 2/ M/?/() /res A [M/) yﬁf{ (é,/) "\»"(/ L7 »yo

AN

. . p N . ,
Cors i st ey AOws  Erope  Carizeyg [and L,

Foir clsy pijote £ vicr i /v £ J Chserye Zhat

- /‘: - Ll Y, —_— 2 s S /

TR ) -] ~Z 70 T [em) - S L) llbrr) oL (o))

A~ ST TR ) = Ri) = Zale ) C )R] # (fn) R3]
77 T ’ & .

i Ele f"é’J’z//’f{ % ﬁ//é" (s 7/ /C/v /éfv/ff:’//‘;ffm / A\/

i1 Easy Cale e ads e g.e v

L) Maxiinacns Jikelibeod @52 pra tors

vesult Frem Wiitdle [77] ,

s
s 74
J

b YO - YL e /r’f £lrec

' L . : i o | I /‘» g -_— .
= hoq likelheeot aslonst. = 2 leqc + 2 F7/loy (1= Zalk)eskelx
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T4/« & ves after d//(f/e/em tration “the /0//5%//2\4}

gt tions  For the maxmiin Ihelibood  estiieators -

C/‘\Z— cos kK X ) ___ .
(2r)* )/~ .2;";2’/8/ cos Cx Ax = C/k/ ’ sk /Q/
c* = o) -2 ZTIH&) (10)
Or éf&f/}/d/ém £/y o (9 awd (72) :
C C‘g&k)( 7/)( = C(/(// A’é/yo'd/ﬂj ///)

(Zr)) /25 Gre)coséx

/e we tbave Lo Fit s CP alk) e sweh

a way L bhat Fovr ke o 7o ¢ Lhre covar/du -

ces of Fhe Frédteot wcde/ are e/aua/‘z‘ca

C(/(/- The Jeast Jf&zare mretloood  oun Ehe older

band — uses also (8], Lo Mo fof Fov the esti-
vacréion |
Theoyew S /1F X satisfres &) witl
FUi)"<w  and o) 20 ¥x  dhew Glh) ot
aecd 77”/2[5?'/%/—&/4/ are

Kt .
C* are cCousislewt

df/m/oéaé/m//y oI £ wormwa!  with wean O awol
. 4 -/
COVariauwces (4472 “-Z‘%ZQL‘// //Z,(/g as i lewiia //.,
2

N €™ Jposkx A
2r)* /1~ 2 2ap coslx 7%/

wicpy  Sefruced O

2

Proof ¢ p:@y),, ., c
ke Mo goi /S a  diffeveatiasse

/dér/ ["*Z-ﬂk(oskx >0 ijxﬂz+ witl ﬂ‘?mcé/'awa/ e Cre x
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/,.2 ] }}7‘, Z / \7/2/ o \5'/‘/4ﬁ//4’//‘ (77 [//(/V/g,,ﬂ,%
L L Au)é - ke tlo {o§
\ S -
\ Pl as s JE 127 127 j/ we o
\‘:ﬁr,
Ce& r7 _ , » ,
Show , tlat E 5wt s~
7%// . 7;7& tler wrtl /é"/////ﬂ//{c / y g///;)‘ sizs -
L ) :
JIES CCrIs 75 ffy7 d\/ N

‘7

A e yo () i « 72/{/ fov  Jerres | we
/ - T /—'7 " A ," . . -2 ’
get : k)~ Fik) = gZ[az/c’/-— are)] A, .
73 R«
T(c ¢ 2/ c 2/

Gut of (#): CF-ct = <) -RE) — 2 ZRE)af)-alf]

/’fma/ha/é’f ké /7(

/

T Zare) [ (C)-Re)] + renraivcter

Covrborn, wy Ahese  two  reswlls
TRy - B Z] = 5 (A, —2 BERE) T Gy
*orewcinder | wheve Z:= ()-R() —Z Talre)[)- Rl
The remander  goes 2o O as 7T — = . and é/ /e~
pa [ | the  Jeft haue  Side 15 asywyoic Ercally
Joint  wormie/  wiéh  covariance C‘/%;f/@ - Z ?[A)K’/gy,
As v lewiwa S, we iy show  Fhat s wadvix
/s e & Sivig celer. g e of

<) C‘OM/?/?C'{)’/ SC 9 cF  Ehe Z pmethccts o Lhe case

y=1, L= {~11} , We  get For the a5y v joto€ic

i/—“ \z’ 2/2 .

variamee  of T//Z/éi“»a/; (/+22)7
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TV (& -a): %_:g;}j | wheve a- ,{’; . do, for
pB=05 = a=0y  we neecd w1 tle case o dle
feas ¢ 57““4/5 wretbiocd \?/ picre  Oloservatiomss For
Zhe  Sauee precisicn  ,  fbut e;%@geaw (7) s easrer
bo Sclve Lhew (/) . We thavew & had  Eipre avd
occasron  fp  solve  pumerical  EXGus ples We
think , 1t mght  he 4 gooot wmelhood  do calcu-
Jate //'V\yé é\/k/ , c/} aqud  wse  Ehese z/a/u{els

as  staréing  values For  Lle ‘50 fwbrom  of (1)

witl, New fow s  twedboot,
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