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1. Introduction
Neural networks of reciprocal inhibition structure are seen

)] (2),(3)

in various parts of sensory and motor systems , and play
an important role in information processing and motor pattern gen-
eration, Although those networks have been analyzed from various

(4)-(10)

aspects , few studies have been made on the pulsewise char-

acteristics of the networks consisting of a large number of cells.

Tamura et al.(ll)

studied the reciprocal inhibition neural
network of a linear structure having excitétory periodic input with
pulse transmission delay and showed that the network‘generates
rhythmic activity, the period of which is much longer than that of
the input pulse train. Such an activity can be a most feasible
model of behavioral rhythm generation.

A number of behavioral rhythm generators, however, are shown
to be under control of aperiodic level signal instead of periodic

(12)_(14). Yokoyamacls)

input showed thereafter by computer simu-
lation that the network of a linear structure without periodic in-
put also generates long period rhythm, and suggested that this
rhythmic activity is not particular to the input but is specific
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(16)

to the network structure .

We have improved the computer simulation and made further
analysis of reciprocal inhibition neural networks of a linear and
a ring structures with dc input. It has been shown from this study
that the long period mode is one of the most dominant firihg modes
of the reciprocal inhibition networks, and that the region inwhich
the long period mode exists is quite large. Moreover, we ascer-
tained there exists the super long period mode,the period of which
is longer than that of the long period mode. The regions of para-
meters iﬂ which the long and the super long period modes occur as
well as those of other firing modes were determined analytically.

In this paper, the discussion is limited to the reciprocal
inhibition nétwork of a ring structure, and we first show three
fundamental firing modes which are seen in this network. Further,
we derive more complex firing modes, which can be understood as
composites of the fundamental firing modes, and typical examples
of the fifing patterns of the modes are shown by computer simula-
tion. The regions of parameters which satisfy the conditions of
the existence of each firing mode are presented by theoretical

study.

2. Reciprocal inhibition network

The neural network in the present study has a ring structure
of a linear array of N neurons, shown in Fig.l. Every neuron re-
ceives an external excitatory input T, and inhibitory from the
adjacent neurons of both sides. This structure can be transformed
into two neural nuclei A and B, each of which inhibits the other
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(b) a network of neural nuclei

Fig.1l A reciprocal inhibition neural network.

pulse
generator “i

]
S+ X

Fig.2 Neuron model.
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reciprocally by a neural tract.

Firing characteristics of a neuron are shown by the model in
Fig.2. When the cell is in the resting state, the internal activi-
ty X of i-th cell is negative and the output Y5 of i-th cell is
zero. At moment X, changes its»sign from negative to positive, a
unit impulse is generated in Ys- At the same time the relative
threshold z; of cell i increases by one and hereafter decreases
with a decaying constant A. The synaptic coefficient c is a nega-
tive constant, and the synaptic delay is neglected. The decaying‘
constants of the postsynaptic potential and relative threshold are
taken equal. Thus synaptic input from cell i*l to cell i is repre-
sented as cziil,respectively.

Firing interval T0 of the single neuron to a constant positive

input T, is determined by the equation

To= In[(+r)/x 1/2. ey

3. Characteristics of the network with two neurons

The network with two neurons is the simplestvof the networks
of a ring structure. It is essential to make the properties of
this network clear in order to analyze the characteristics of multi-
neuron networks of a ring structure. In this chapter, we de§cribe
the existence region and the stability of the firing modes which
occur in the network with two neurons. One of the cells is denoted
by cell 1, the other cell 2.

Following three firing modes occur in this network.
(a) Synchronous mode. Firings of two cells are synchronized in
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phase at a constant interval, which is denoted by Ts' It is as-
sumed that time t=0 is one of the firing instants. Since xi(0)=0,

the firing condition is expressed by
r- 21(0)+ c22(0)= 0. (2)

Therefore, the relation between input and structure parameters is

given by

’ro= e_ATs(l—c)/(l—e_ATs). (3

From Eq.(3), it can be deduced that the synchronous mode exists
in the region; r> 0 and c< 0.

(b) Alternating mode. Each neuron fires alternatingly one after
another. Let Ta denote the firing interval of cells, and it is
assumed that time t=0 is one of the firing instants of cell 1 and

time t=eTa of cell 2 (0<6<1). Since x1(0)=0 and xz(GTa)=0, equa-

tions,
r -z e Ma sez e—ATa(1—6)= 0 (4)
o o 0
and
r-zeMarczeMab 0 : : (5)
o o 0
are obtained,where
2= 1/(1-ea). (6)
From Eqgs.(4) and (5), it follows that
o= 1/2, (7)

which means that two cells fire with a phase difference of half
the firing interval. The relation between input and structure
parameters is expressed by

T = Z e_ATa(l-ce
o o

ATa/Z). (8)
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In general, in order that a particular firing mode exists, in
addition to the firing conditions, it is necessary that cells do
not fire except at specified firing instants. We call it exclusion
condition of firing. In case of the alternating mode, the follow-
ing exclusion conditions of firing are necessary;

xl(STa) <0 and xz(O) <0.
These conditions are equivalent and rewritten as

x_/

(1+¢) (1-eTa’ %y <o, (9

From Eq.(9), the existence region of the alternating mode is ex-

pressed by
-1 <c <0 (10)

(c) Bistable mode. Only one of two cells fires at a constant in-
terval while the other remains quiescént. The bistable mode is
subdivided into < and Cys depending on which one of two fires.
Since the active cell receives no inhibitory input, its firing

interval is equal to T0 given by Eq.(l). The existence region of

the bistable mode is expressed by
c <-1, (1)

from the exclusion condition of firing of the quiescent cell.
Stability of these firing modes is examined by local stability

(17). The synchronous mode is unstable in the case c <0.

analysis
The alternating mode is stable in the case -1 <c <0. The bistable
mode is stable in the case ¢ <-1. Detailed discussion of stability
is omitted here. Since the synchronous mode is unstable in the
reciprocal inhibition network with two neurons, any firing mode in

which adjacent neurons fire synchronously in phase is also unstable
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in multi-neuron networks.
Comparing above results with the firing modes of the network
with two neurons which receives pulse input(ll), essential differ-

ence in the firing characteristics of the networks withand without

pulse input is clear.

4, Firing modes in multi-neuron networks of a ring structure

From the analysis of the network with two neurons, it is sug-
gested that even in multifneurqn networks of a ring structure, a
local firing pattern in a short interval of time is either the
alternating or the bistable mode, and the total firing mode of the
network can be regarded as a composite of various local firing modes.
By means of computer simulation, in éddition to such modes, various
rhythmic activities were obtained.

In computer simulat{on, determination of firing instants should
be made with a high accuracy in order not to lose the characteris-
tics of the neural network as a nonsynchronous pulse system.

The determination was made as follows. At first, based on-
the input and internal states at the current time, the queue of
firings of all the cells are formed with an accuracy of 0.lus. Then,
the first cell of the queue is allowedto fire. Successively,under
consideration of change of the internal states due to that firing
the queue of firingsat the instant imediately after that firing
is reformed. This procedure is repeated.

In this chapter, examples of firing modes in multi-neuron net-
works are illustrated and some features of them are described. In
following figures, the short horizontal line represents the firing
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instant of an odd numbered cell, and the longer vertical line, an
even numbered cell. Parameters are chosen as
| T = 0.1, A= 0.25 (/ms),

so that the firing interval of a cell without mutual inhibitory
interactions (c=0) is approximately 10 ms.

Stationary firing modes in the multi-neuron array are classi-
fied as follows.
(a) Uniform modes. All neurons fire uniformly in the alternating
mode or in the bistable mode. An example of the alternating mode
is shown in Fig.3(a). In the example of Fig.3(b), after transient
firings are seen at the beginning, firings finally settle in the
bistable mode. The bistable mode exists only in the case number

of cells is even. Whether odd or even numbered cells are active

depends upon the initial values of relative threshold z; (i=1,2,

(b) Compound modes. The firing mode of each neuron is different in
location but invariant with time. In the case that the overall fir-
ing mode is a composite of the bistable modes, it is called the
multi-stable mode. In the case that the overall firing mode is a
composite of the alternating mode and the bistable mode, it is call-
ed the mixed mode. There are many different firing patterns in
compound modes depending on the local combination of the alternat-
Examples of the com-

ing and/or the bistable modes c, and/or c

1 2°
pound modes are shown in Fig.3(c) and (d).
(¢c) Rhythmic modes. The firing mode differs in location and grad-
ually changes its location with time. If the firing mode of apair
of neighboring neurons changes periodically between two bistable
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Fig.3 Typical firing modes in a reciprocal inhibitien network of a
ring structure.

modes (clzcz), it is called the long period mode (Figs.4 and 5).

If a neighboring pair changes its mode from one bistable mode (cl)

to the alternating mode and then to the other bistable mode (cz),

the overall firing mode is called the super long period mode (Fig.ys) .
In the long period mode, each cell has the active and the qui-

escent phases. In the active phasé, several firings are seen at
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Fig.4 Long period mode.

the constant interval, while the firings are inhibited in the
quiescent phase. The long period mode is subdivided into two modes.
In one mode, the phase transition from quiescent to active phase
and its inverse proceeds successively in one direction from one
cell to the cell next to the nearest neighbor by a constant phase
transition delay time (Fig.4). In the other mode, the phase transition
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5. Analysis of multi-neuron networks
The existence regioﬁs of the firing modes in multi-neuron
networks of a ring structure can be obtained in the following pro-
cedure. We define the time variable component Zi of internal ac-
tivity Xy by
Zi(t)= ro—xi(t).
Zi(t) are also expressed by
Zi(0)= 2z (D-clz; ) (D)+2;, (0],
(i=1,2,...... ,N; ifl=mod N)
The firing condition and the exclusion condition of firing at time

to are expressed by

and
r < I (t)),
respectively. We determine the time relation of firings in each
firing mode. Then by obtaining the firing conditions and the ex-
clusion conditions of firing of each cell using above relationship,
we derive the exiétence region in r -c plane. |
5.1 Alternating mode
Detailed report of analysis of the alternating mode was made

(18)

elsewhere , So we describe only the firing condition and the
exclusion conditions of firing for existence of the fundamental
firing pattern which are expressed using input and structure param-
eters.

Let h1 denote the phase transition delay time. The firing

condition is expressed by

13
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o e—)\Nhl _e-ATO 12)
e—A(N-l)h1/2(1+e—ANh1)(l_e—ATo)
and the exclusion conditions of firing by
hy <2T_/(N-1) (13)
and
_e—A(To—hl)[1_e-l{(N+l)h1/2—To}] ;
c > (14)
-AT
1-e o

The minimal synaptic coefficient c¢ which is given by Eq.(12) and
satisfies both Eqgs.(13) and (14) gives the lower bound of the exis-
tence region. |

When the number of cells N is even, there exists the alternat-
ing mode which is equivalent to that in the casebof the network
with two neurons. The existence région of this mode is —1/2<c<0{

5.2 Bistable mode

The firing interval of active cells in the bistable mode is
equal to TO given by Eq. (1), as is the case with the network with
two neurons. The exclusion condition of firing depends upon phase
difference in inhibition from two adjacent cells. The inhibition
from the adjacent cells is least effective when all the active ceils
fire simultaneously. From the exclusion condition of firing in
this case, the existence region of the bistable mode regardless of
the phase difference is given by

c<-1/2. (15)
The inhibition from the adjacent cells is most effective when active
cells fire with the phase difference
d= T0/2 (N=4m) ,

(16)
d

(N+2)T_/2 (N=4m+2),

14



where m is any natural number. Eq.(16) is derived from the require-
ment that the phase difference of firings between any active cell
and the cell next to its neighbor is identical. The existence re-
gion in the case Eq.(16) holds is expressed by

ATO/Z

c<-1/(1l+e ) - (N=4m), (17)

and

A(N+2)T /N

c<-1/(1l+e ) (N=4m+2). (18)

5.3 Multi-stable Mode

The firing interval of active cells in the multi-stable mode
is equal to TO given by Eq.(1). The existence region is derived
from the exclusion condition of firing of the quiescent neighbors
and expressed by

| c<-1. (19)
The number of pairs of quiescent neighbors can be

2m, m=1,2,...... , [N/6] , (N:even),
2m-1, m=1,2,...... , [(N+3)/6] (N:odd),
where [x] means the largest integer that does not exceed Xx.
Consequently, the multi-stable mode exists when the number of cells
N=3, or N25.
5.4 Mixed mode

The firing interval of the cells in the bistable mode is equal
to TO given by Eq.(1), and that in the alternating mode to Ta given
by Eq.(8). From the exclusion condition of firing of the cells in
the alternating mbde, it is required that

c>-1, (20)

as is the case with the network with two neurons. On the other
hand, from the exclusion condition of firing of quiescent cells,

15
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which is embedded by the cell in the bistable mode and the cell in
the alternating mode, it is required that

—ATO e—ATo e—xTa
=T + ¢ =T + T ) <0. (2n)
l-e 0 1l-¢ o 1l-¢ a

The maximal synaptic coefficient c¢ which satisfies Eqs. (1), (8) and
(21) gives the upper bound of the éxistence region. The lower
bound is given from Eq.(20) by
c= -1,
The number of pairs of the cells in the alternating mode can be
2m, m=1,2,......, [N/10] (N:even),
2m-1, m=1,2,......, [(N+5)/10] (N:odd),
where [x] means the largest integer that does not exceed x.

Consequently, the mixed mode exists when N=5, 7, or N;9.

5.5 Long period mode
Detailed report of analysis of the long period mode was made
elsewhere (18)-(20)

The long period mode as shown in Fig.4 exists when N>7.

5.6 Super long period mode
The upper bound of the existence region of the super long
period mode with respect to the synaptic coefficient ¢ coincides
with the lower bound of the long period mode, while the lower bound
of the super long period mode coincides with the upper bound of

the mixed mode.

6. Existence regions of firing modes
The existence regions of various firing modes with respect to

input parameter T, and synaptic coefficient ¢ are determined by
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analytical approach described in chapter 5, and are shown inFig.7.
Fig.7(a) shows a typical example in the case N is odd (N=21), and
Fig.7(b) in the case N is even (N=20), where A is set to 0.25(/ms).
There is no great difference in the existence regions due to the
difference in N in the case N is larger than some large value. The
decaying constant A has no influence on the existence regions of
the firing modes but on time scale of them.

The existence regions of firing modes mostly overlap with each
other, that is, to the identical input and structure parameters,
several firing modes can occur. Moreover, there are a number of
firing patterns in each of the multi-stable, the mixed, the long
period and the super long period mode, and the number of the firing
patterns increases with the increase of the number of cells N,
Occurrence of each firing pattern depends on initial values ofrel-
ative threshold zg (i=1,2, ...... , N) of each cell. Therefore,
many of modes show certain memory features and a firing pattern
can be seen by suitable selection of initial conditioms.

In the long period mode, there exist a number of firing pat-
terns eéch different in number of firings k in the active phase and
in the direction of the phase propagation. 1In the case N=21, kcan
be an integer satisfying 2<k<9. The larger the number of cells N
is, the larger is the possible k value, which is approximately pro-
portional to N.

The period of the long period mode is defined as the time in-
terval from a beginning of an active phase to the next. The larger
the value of k is, the longer is the period, so the larger the num-
ber of cells N is, the wider is the controlléble range of the period
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of the long period mode.

The period of the super long period mode for a constant c value
is approximately proportional to N, as well as that of the long
period mode. Moreover, it varies with the value of c¢. The larger
c is, it becomes the closer to that of the long period mode, while
the smaller, or the closer to the boundary to the mixed mode c is,
it becomes the longer to an unlimited extent regardless of Nvalue.

Let us consider the reciprocal inhibition structure of neural
nuclei A and B as is shown in Fig.1(b). For the parameters in
which the existence regions of the alternating mode, the bistable
mode and the long period or the super long period mode overlap, it
can show three macroscopic states, that is, the state in which A
or B is dominantly active, the state in which A -and B is equally
active and the state in which A and B alternate in activity witha
long period. For the parameters in which the multi-stable mode or
the mixed mode exists, activity levels of A and B may show various
ratio.

According to computer simulation, all of the firing modes pre-
sented here exist even if the number of inhibitory connections to

the cells in other neural nucleus increases.

7. Conclusions

Firing modes of reciprocal inhibition neural networks of a
ring structure are analyzed. To begin with, the network with two
neurons is studied. Then, the analytical study is extended to the
network with an arbitrarily large number of cells. It is shown
that only two firing modes can occur in the network with two neu-
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rons, and the stationary firing patterns in multi-neuron networks

are classified into some firing modes, which as we understand are
spatial and/or temporal composites of the two modes in the network
with two neurons.

The existence regions of the firing modes are determined anal-
ytically. These regions mostly overlap with each other. Therefore
many of the modes show.certain memory features. The relation bet-

ween the initial conditions of the network and the firing mode to

be generated is discussed elsewhere(lg).

The stability of the firing modes of the network with two

neurons is described briefly. The stability of the long period

mode is also discussed elsewhere(zo).

In this paper, for the convenience of analysis, the discussion
of the firing modes is made separately in the cases Nis even and
N is odd. However, except the bistable mode, there is no essential
difference in the firing modesqbetween two cases. Further, the
bistable mode can be generated also in the case N is odd if the

input condition is modified slightly.
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