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Flow past a Two-Dimensional Body; Motion of Fluid Particles
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The flow fields around an elliptic cylinder and around an os-
cillating airfoil were analized numerically using the discrete-
vortex approximation; the boundary layer along the body surface
is divided into a finite number of elements and replaced by the
same number of the corresponding vortex filaments at each time
step, the circulations of which are determined to be equal to
those of the elements. Some experimental measurements are also
carried out to see the validity of the discrete-vortex method.
This paper consists of two parts. In Part I, flow around an
elliptic cylinder with the thickness ratio of 0.5 at an angle of
attack of 45°, and 90°, having started impulsively, was investi-
gated. 1In Part II, the flow around an oscillating airfoil under
pitching and/or heaving motion was studied, where the maximun
angle of attack during oscillation was taken to be larger than

the static stall one.
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PART I ELLIPTIC CYLINDER

1. Introduction

It is a familiar phenomenon that an obstacle sheds series
of vortices alternatively‘into the wake, which form a vortex
street. In order to solve the full Navier-Stokes equations for
this phenomenon, almost prohibitively large amount of computa-
tional labor is required (Takao 1973). Because at a high
Reynolds number, the effect of viscosity is restricted within
the thin boundary layer along the surface of the body, the vor-
ticity is assumed to be generated only in that layer. Therefore
such a method that can duly treat the vortex motion is desira-
ble. One of such methods is the discrete-vortex approximation,
in which the flow field around the body is calculated by replac-
ing the boundary layer with discrete vortices (Kuwahara 1978).

The flow patterns behind the elliptic cylinder with thick-
ness ratio of 0.5 and at the angle of attack of 45° and 90° were
studied both numerically by the discrete-vortex approximation
and experimentally using the flow visualization techniques, and

the comparison of them was made.

2. Numerical simulation

The mechanism of the generation of the vortices is treated
as follows: At the instant of impulsive start, the flow field
is considered to be inviscid and irrotational, and there is no
vorticity in the flow field. However, in order to cancel the

velocity slip on the body surface, there must be an infinitely
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thin boundary layer along the surface of the cylinder; it is
considered as a vortex layer. In the discrete-vortex approxima-
tion used, this layer is divided into a finite number of ele-
ments, and replaced by the same number of corresponding vortex
filaments, the circulations of which are determined to be equal
to those of the elements. Computation was carried out using
conformal mapping to transform the ellipse (on Z-plane) to a

circle (on W-plane). The transformation is given by
Z = £ (aWw+1/(arexp(2iY)-W)), a=v3

where Y is the angle of attack. The boundary layer at the ini-
tial instant is approximated by 36 vortex filaments, their posi-

tions are given by

Wy = (l+€)exp(2ni(j—%—)/2M), j=1,---,2M ,

and their strengths are determined by,

@ = @2 = e e e e = ®2M'

Qj==Re{f(exp(2ﬂi(j/2M)))},
where 2M is the number of the vortex filaments and f(W) is the
velocity potential,

n

: n
£(W) = %(w+1/w> +i ¥ < log (W-W;) -i ]

k. log(w-w?¥),
j=1 3=1 3 ]

* —
Wj = l/Wj .
Each point vortex is convected by the velocity field due to the
other vortices and their images which are taken in order to
match the boundary condition and the initial potential flow.
Then after a specified time step, the vortices which have com-

pensated the circulation caused by the initial boundary layer

can no longer compensate the new one. Therefore, the new
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vortices must be introduced. After the second step, the upper
and lower half boundary layers of the cylinder are replaced each
by a single vortex filaments, respectively. Larger number of
vortex filaments seems desirable, though, considering the fact
that the computation time is nearly proportional to the square
of the number of the vortex filaments, the number of vortices
can not be too large. The least number to acgquire a reasonable
result is two. The points of generation of the vortices were
chosen at the two farthest points on the surface from the center
line parallel to the uniform flow. The computed results indi-
cate, however, that the dependence of the flow pattern on the
location of the generation points is not so significant, and no
special consideration on the position of the nascent vortices is
needed. Their strengths are determined similarly to the first
step. Repeating these steps, we can get a rotational wake in

the frame work of the theory of ideal fluid.

3. Experiment

The elliptic cylinder of 4cm chord length with thickness
ratio 0.5 was used for the experiment in a towing tank with im-
pulsive-start capability. Both of aluminum dust method and
electrolysis method were used to visualize the stream lines and
the streak lines. Motor-driven camera was mounted on the cart
which carfies the model of elliptic cylinder, and also a video
recorder system is adopted for continuous record. Cart speed,
U, was varied from 0.5 to 3cm/sec. The Reynolds numbers based

on the chord length and this speed were 200 to 1200.
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4. Results and Discussion

Figure 1 is an example of the numerical results with an
angle of attack of 45° at various times. These are the stream
lines and streak lines in the stationary coordinates. Although
this method approximates vortex region by singular point vorti-
ces, very smooth stream lines of’fully developed unsteady wake was
obtained within a reasonable computation time. The computation
also shows that the position of the nascent vortex need not
coincide with the separation point. This is clearly seen on maps
of the path lines. [Fig.2] The vortex moves along the cylinder
surface to the separation point, and leaves it into the outer
flow. The experimental results at the corresponding time to
Fig.l are shown in Fig.3. The drag and 1lift coefficients [Fig.
4] obtained are generally in good agreement with the values re-
cently reported by Izumi (1980).

In the case of 90°, due to the symmetry, somewhat peculiar
process of separation of twin vortices is observed. It is well
known that in a moderately low Reynolds number, the Karman
street is produced as: the attached eddies stretching farther and
farther downstream, become distorted because of small disturb-
ances and then are shed alternativelf from the sides of the cyl-
inder. This pattern is well simulated by this approximation.
[Fig.5] On the other hand, in a higher Reynolds number, the
secondary vortices appear just behind the separation point, and,
with the growth of these secondary vortices, and with their in-
trusion into the region between the elliptic cylinder and twin

vortices, the initial twin vortices separate suddenly from the
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cylinder symmetrically if asymmetrical disturbances are careful-
ly reduced.

In order to see this separation process it is essential to
take into account of the effect of the backward flow due to the
twin vortices just behind the cylinder, then at least four vor-
tex filaments must be introduced after the second step, two for
front boundary layer, two for rear boundary layer. The flow
patterns thus obtained are shown in Fig.6, in which sudden sepa-
ration process of twin vortices is well simulated. The corre-
sponding experimental results are shown in Fig.7.

The relation of the length of the twin vortices to the non-
dimensional time T =Ut/a, where a is the chord length, are plot-
ted in Fig.8 for various Reynolds numbers. The agreement be-

tween the measured and the numerical results is excellent.
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Fig.l Vortex arrangements and stream lines (45°).
Mark + and @ are vortex filaments with clockwise and
counter-clockwise rotations respectively.

Fig.2 Particle paths (45°). Fig.3 g;ggi‘i‘m;ge% 42"
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Fig.6 Vortex arrange-
ments and stream
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Fig.7 Stream lines:
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PART IT OSCILLATING AIRFOIL

1. Introduction

An oscillating airfoil in pitch and/or in heave with its
maximum angle of attack larger than the static stall one,
experiences peculiar hysteresis in drag, lift and moment coeffi-
cients. It is believed that these phenomena are caused by the
formation of the leading edge separaticn vortex, its convection
along the wing surface and its shedding into the wake (Carr et
al., 1977).

The linearized unsteady airfoil theory has been widely used
for the analysis of the smaller amplitude oscillation than the
dynamic stall angle. It was first developed by Theodorsen(1935)
and Karman & Sears (1938) and was improved since then by
including the airfoil thickness and the wake deformation etc.
However in order to treat the dynamic stall, the unsteady
separated flow theory is needed.

The flow field around an oscillating NACA0012 airfoil in
pitch was analyzed by solving numerically the two dimensional
Navier-Stokes equations for fairly large Reynolds numbers (Mehta
1977). In this calculation the process of the dynamic stall was
clearly presented. But this calculation was quite computer-time
consuming. The leading edge separation was taken into account
by Ham(1968) in the potential theory, in which the strength of
the shedded vortex was determined using the Kutta condition at
the leading edge and the trailing edge. But some phenomenolog-

ical argument based on experiments was needed, and the

10
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satisfactory results were not obtained.

In the present analysis the boundary layer formed on the
surface of the wing was replaced by a finite number of discrete
vortices at each time step and their interactions were calcu-
lated to determine their convected positions. Thus the process
of formation and convection of separated flow mass could be
simulated. In order to determine the strength of newly
generated vortices, the "Non-Slip" condition was introduced
instead of the usual Kutta condition (Kuwahara 1978). So this
theory could be applied to the analysis of the dynamic stall

without further assumptions.

2. Mathematical Formulation

Let us considér a two.dimensional NACA airfoil (its chord
length 4a) oscillating in pitch and/or in heave. The pitching
angle a (pésitive in the clockwise rotation) and the vertical
displacement of the pitching axis Yh (assumed on the Y-axis)
vary following the next formulae:

a = a - o coswt,

(1)

Y, = Hsin(wt+ B).

h
where B is arbitrary (Fig. 1). The flow field around the oscil-
lating airfoil (z-plane) is conformally mapped outside the
static unit circle (¢-plane) by the following transformations:
(Fig. 2)

2

_ . c _ -io , . -
z = [a'(g +Y +E¢7 ) -ble +1Yh G(z,t), (2)

11
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Y = EO +ing,

(3)
1

(£o + (1-n2) 2 (1-6) .

I

C

Parameters a', c, b, go, § are determined according to Mehta
(1977) .

Laplace equation must be solved under the boundary condi-
tion that the normal component of the difference between the
velocity of the body surface (X,Y) and that of the fluid
particle attached to it (u,v) is zero: (Fig. 3)

(u-X) -cosf + (v-¥) -sinb = 0. (4)

On the unit circle in the ¢-plane it is represented as

Re[¢-F,] = RelT-G_-G.], lz|=1. (5)

So the complex potential at time step N is as follows:

P = a'u(ze T%el®/2) +i6a'2(a/C+B/ (C4+Y))
- i?ha'(eia/C+cze—ia/(C+Y))
N M . . R
+i V7 «I®an(z-23%) -1n(-1/7Ky), (6)
521 k=1
A = Y-—b/a'-+c2/Y, B = cZ(Y-l/Y)-bcz/a~+c4Y/(Y2-l),

where M is the number of discrete vortices generated at each
time step and Ejk is the location of the k-th vortex genarated
at time step j.

The "Non-Slip" condition is introduced to determine the
strength of vortices. The non-slip condition for the viscous
fluid is represented as

(u-X) -sin6 - (v-¥Y) -cos® = 0. (7)

12
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It is also expressed on the unit circle in the Z-plane as
follows:

Im(g-FC) = Im(;'GC-at), lz|=1. (8)

Within the framework of discrete-vortex approximation, it is
impossible to satisfy eq.(8) on the entire circle. So by
integrating eqg.(8) along the unit circle, the following equation
is obtained for the velocity potential ¢:

b
_ _| k+1 v F
k

0y = arg(zy). (10)

Eg.(9) means that no net flow exists on the average sense along
the wing surface between two points Ty and Cal® This is why
eq.(9) is called the "Non-Slip" condition. In order to fulfill
eq.(9), a discrete vortex is generated just outside the unit
circle between Ty and ST at each time step (Fig. 4).

The induced velocity of the k-th vortex generated at time

step j is as follows:

jk 1k
dz3* _  ar
dt - ( dZ ) _ jk r (11)
Z=2Z
K = - icI¥in (-5, (12)

So in the g-plane it is represented as

jk Jk
dg= _ [(( ar- " | dg ) - dz ) . dg ] . (13)
dt dg dz dt dz Cijk
The new convected position is determined at time tN+l=tN+At

with the following equations:

13
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ko _ 3k

dgjk
SN+l T °N

at N'At. (14)

+ (

The drag D, the lift L, and the moment M are calculated using

the following formulae:

D-iL = —i}p dz,
1 -
M=-3 Re[% pz dz}, (15)
) 1 drF , dF
p = Po(t)"g% - 3 dz ( dz ).

3. Results

Numerical calculations were carried out chiefly for the
pitching oscillation of a,=10°-15°, a=10°-15°. The reduced
frequency K=w(2a)/U was 0.125-2.45. The airfoil surface was
divided into two parts, one was the forward half and the other
was the rear half of the wing. Two discrete vortices were
generated near the leading edge and the trailing edge. The
computer used was HITAC-8700 at Nihon Univ.

In Fig. 5 the vortex distribution and the instantaneous
streamlines are shown on the case K=2.45. TIME means t/T, in
which t is the elapsed time from the beginning of the oscil-
lation and T is the period of the oscillation. The process of
the formation of the leading edge separation vortex, its
convection along the wing surface and its shedding into the
wake is clearly demonstrated. The reattaching process near the
leading edge is also shown.

In Fig. 6 drag, lift and moment coefficients versus the

angle of attack ¢ are shown for the case K=0.5 and 0.25. The

14
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results of the linearized theory are also shown by dotted lines.
When the angle of attack o is small, the difference between the
calculated results aﬂé those of the linearized theory is small.
But when o is large, their fluctuations become remarkable and
their discrepancy is significant. Judging from the instantaneous
streamlines, the leading edge separation bubbles were formulated
in both cases, but in the case K=0.5, the 1lift stall does not oc-
cur, though in the case K=0.25, the sharp dynamic stall of lift
takes place. This is probably because when thé reduced frequency

is large, the growth of the leading edge separation vortex is not

sufficient on account of the quick decrease of theangle of attack.

4. Conclusion

The unsteady separated flow theory by the discrete-vortex ap-
proximation was developed and was applied to the flow field of an
oscillating airfoil in pitch and/or in heave. The process of the
formation of the leading edge separation vortex, its convection
along the wing surface and its shedding into the wake was pre-
sented. When the reduced frequency defined with the half chord
length was larger than 0.5, the 1lift stall did not occur. On the
contrary when K was less than 0.25, the sharp 1lift stall curve

was obtained.
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(to be continued)
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O A vortex with clockwise rotation
x A vortex with counter-clockwise rotation
Fig. 5 The vortex distribution and the instantaneous
streamlines (U=2cm/s, T=2.56s, 4a=4cnm,
a=15°-15°coswt, K=2.45, TIME=t/T)
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a=15°-15°coswt, K=0.5)
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