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Abstract
For these five or more years a number of applications of matroid
theory have been developed in Japan to various engineering systems -
problems, and several novel concepts and techniques in matroid theory
itself have also been introduced. The present paper will  summarize

those results from the author's own unifying viewpoint.
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Introduction

Matroid theory hedgbeen till‘some ten years ago; or may sfill be, regarded’
as one of those branches of combinatorial mathematicé which are the remotest from
practical applications. Indeed, it had actually been so. Since H. Whitney's ini-
tiation of the theory [49], it had been sfudiea from purely theoretical standpoints,
and the few trials that had beenvdone for applications were,'in fact, merely_to
rewrite in terms of matroids ——- br, at best, to extend only COnceftually - SOome
of knownifacts which had been, or could have been, obtained by means of graphs or
linear algebra, and that in a less legible fashiom [3], [33], [46].

However, there do exist several problems of systems—engineering character that
can be recognized; fofmﬁlated and/or solved oely by the help of matroid theory, or,
at least, are much easier to treat and understand by means of matroids than without
matroids. Many Euch examples have been developed for these few years, for the most
part by Japanese researchers.

From the mathematical point of view, the most useful part of matroid theory
is that part which deals with the problems concerning the minimum-weight maximum—
cardinality intersection of independent sets from twq different matroids (or poly-
matroids) and which J. Edmonds and D. R. Fulkerson began to intensively investigate
about ten yearsago [9], [10]. In applying that part of the theory to practical
problems, we had to substantially generalize and refine the theory itself in order
to get more systematic results. Thus, we have been led.to a concept which is the
(poly—)matroidal generalization and refinement .of the Mprincipal partition" origi-
nally introduced with respect to graphs. |

For expository books and papers on the mathematics of matroids and on its
connection with combinatorial optimization problems, see [3], [31], [44], [b5],

[L8] and [50].
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1. Mathematical Tools )

S

The conceptsqand theorems which are‘of fundamental importance for our exam-
" ples of'applecation are as lelows.

19 Submodular functions, polymatroids and matroids-[9}, [L8], [50]: ——- Let
E be a finite set. A set function p: 2E + R (real numbers) is said to be sub-.

modular if.

(p2) p(X u YY)+ p(Xn Y)E p(X) + p(Y) for any X, Y < E. ' (1.1)

If, furthermore, p - is nonnegative and nondecreasing:

1134

(p0) p(X) 2 0 for any X < E, L (1.2)

(o1) p(X) 2 p(Y) for any X, Y € E such that X 2 Y, (1.3)

and satisfies p(@) = 0, then (E, p) is called a polymatroid on E with p as the

rank function.

- -The nagative of a submodular- function is-a supermodular function; and a func-
tion which is at the same time submodular and supermodular is called a modular

function. A function x:E - R .may be regarded as a modular function by defining
x(X) = EeeX x(e) for every X e E. o (1.h)
The cardinality IXI of a subset X of E determines a modular function such that

[{x}] = 1 for every x ¢ E.

If the rank function p of a polymatroid (E, p) is integer-valued and satisfies
(p0') p(x) 2 x| for any X < E, (1.5)

then the polymatroid is called a matroid.
For a polymatroid (E, p), a modular function x is said to be an independent

vertor if

x(X) 2 p(x%) for every X < E, (1.6)
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and an independent veétor x such that x(E) is the largest possible, i.e. that
x(E) = p(E), is called a base. If a polymatroid is a matroid and if an independ-
ent vector x is integer-valued, then, by virtue of the conditions (l.S), (1.6),

x is 0-1 valued and is the indicator function of a subset of E, so that integef—
valued independent véétors(of a matroid are identified with those subsets of E

which are called independent sets of the matroid. Directly, an independent set-

of a matroid (E, p) is defined as a subset I of E such that
|T] = o(1), . s ()

and a base is an independent set with the greatest cardinality. The family T

. of all independent sets of a matroid satisfies the following system of axioms:

(10) ¢ e 1.
(11) if T el and J<I then Jel;
(12) ir 1, J3e€1 and |Z] < || then there is

an element x € J = I such that T ° {e} ¢ I.
Likewise, the family B of all bases of a matroid satisfies the system of axioms:

(BO) B # ¢};
(B1) no element of B is a proper subset of another;

B, € B and any x ¢ B, - B,, there is

(B2) for any Bl’ o 1 5

a y e Bl - B2 such that

(B, - x1” {y} ¢ B, (B, - (y})° {x} ¢ B.

A subset of E of a matroid (E, pb, which is not independent, is a dependent

set, and a minimal (with respect to the set-inclusion) dependent set is called

a circuit.‘ The family C of all circuits of a matroid satisfies the system of

axioms:
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(co) g ¢ C
(Cl) no element of C is a proper subset of another;
_(C2) if Cl, 02 e C, Cl # 02 and x € Cl n C2’ then

U

€ C such that C 1

there is a C ccC ¢, - {x}.

3 3
The closure c¢l(X) of a subset X of E of a matroid is defined as the largest
superset of X such that p(cl(X)) = p(X). The function cl: EE s oF is well=

defined and satisfies the system of axioms:
(c10) X < c1(X) for every X c E;
(ec11) if X c cl(Y) (X, Y € E) then cl(X) c c1(Y);
(c12) if x € c1(z Y {y}) - c1(Z) (Z < E)
then v e cl(Z Y ix}) - c1(Z).
If T el and x e cl(I) - I, then there is a unique circuit in I Y {x} which

_is expressed as .

c=cx|1) ={y | (TY{x})-{y}el} (1.8)

For a matroid M = (E, p), there is another matroid M¥ =Y(E, p*) on the same
set such that every base of the former is the complement of a base of the latter,
and vice versa. The latter M¥ is called the dual of the former M. Obviously,

M is the dual of M¥. The rank functions of the dual pair of matroids are con-

nected with each other by the relation:
|X] - p*(X) = p(E) - p(E - X). ' (1.9)
The reduction of a matroid M = (E, p) to a subsefﬁfof E is the matroid
M|U = (U,~p|U), (1.10)
where plU is the restriction of p to 2U. Sometimes, we senote M[U by M-~ (E - U),

and say that M{U is obtained from M by deletingv(or reducing) subset E — U. The

-k -
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femily I]U of independent sets of M|U is simply the subfamily IIU ={1|TIel,

-t
|n

U} of the family I of independent sets of M. The contraction of a matroid

M= (E, p) to a subset U of E is the matroid

i

M XU = (M*[U)* = (U, o). - ' (1.11)
Zhe rank function Py of M x U 1is expressed as
py(X) =p(X” (B~ 1)) -p(E-U) for XcU. (1.12)

Sometimes, we denote M x U by M : (E - U), and say that M x U is obtained
from M by contracfing subset E - U. A matroid obtained from M by a sequence of
overations of reduction and contraction is called a minor of M.

For a family F (E_EE) of subsets of E and a map ¢: E > E', the family ¢(F)

OoT subsets of E' is defined by

o(F) ={ ¢ (X) | X e F. (1.13)
Then, for a matroid M = (E, p) with the family I of independent sets and a map
¢: E > E', there is a matroid M = (E', p'), called the image of M under ¢ and

uniquely determined from M and ¢, such that M'" has ¢(I) as the family of independ-

ent sets. The rank function p' of M' is expressed as

p*(X) = min { &(HYM +|X-Y] | Y<X} for XcE. (1.14)

For two matroids M =.(El’ pl) and M

4 ='(El, p2)_ with the families Il’ 12 of

2
independent sets, respectively, their union M = (El uE,, p) is defined as the

ratroid whose family I of independent sets is expressed as

I={1uI, | I, el

The rank function p of the union is determined from pl and p2 by the equation:
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o(X) =min {p (¥) + [x -Y| | Y X}
=max (p (¥) +p,(X-¥) | YcX} for XcE. (1.16)
" The concepts of dual, reduction, contraction, image and union are naturally

generalizes to polymatroids.

2° A variant of the Jordan-HSlder theorem for lattices?.-——~ Although the
Jordan—H3lder'theorem'is not stated in ordinary -textbooks. on algebra in the'form‘
in which we shall make use of it in the following, the fact itself will be evi-
dent for those who are skilled in the art [22].

Let E be a finite set and L be a family of subsets of E which is closed under
the operations of taking union and intersection: if X, Y e L then X u Y el
and X n Y_e L' . (L is thus a distributive lattice.) Then, L has both the mini-

mm ¥ =[, , X and the maximm E - E" =l X . Every maximal chain E =

=35 S-SRI : ~E - E (X, ’ me ch,
X, ¢ 5 §%, g < Xh-l S Xﬁ =E - E (Xl €. L) has not only the same length,
but the partition of E into blocks:

E=E v [Uigl‘(xi - X )l E (1.17)

is independent of the choice of the chain. The family of blocks in the middle ,

term of the right-hand side of (1.17) will be denoted by F:

E=E ull ;W uE. - o (1.18)

A partial order £ can be introduced in F by defining Wy z W, (Wl, W, € F) ir

c X (e L) whenever W, < X (e L) . With respect to this partial

and only if W 1

2

order, a monotone dissection of F is defined as a partition of F into two blocks:

+ - 4+ - +
F=F uF (F nF =g¢g) such that there are no two elements LA F' and

. Then, for every monotone dissection of F into

W2 € F which satisfy W W

2 1

-6 -
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+ - - R
F and F, X=E wu WeF~ W is an element of F, and, conversely, every element

of L is expressed in this form, uniquely,
In the above sense, either L or F represents essentially the same structure
of a family of subsets of E, but, in general, the latter représentation is far

simpler and more suitable for practical manipulation than the former.

3% Principal partition:. <—— The origin of the concept of prinqipal parpition,
which we are now intensively making use of in the siructural analysis of vgrious'
practical engineerinétsystems, may be traced back to the decomposition theory [51,
(6], tT] for bipartite graphsiby'Canadian mathematicians A. L. Dulmage and N. S.
Mendelsohn, and the term "priﬁcipal,partition" was first used by G. Kishi and
Y. Kajifani [28] for a decomposition of a single_graphyinto three parts. These -
ideas have been extended and refined in a number of directions, and have been
given a formulation from the unifying viewpoint by-MA'Iri'[2l]}behe formalism-
adopted in the present paper follows that in [21] with detailed results worked
out by M. Nekamura in his master's thesis [34a].

If we are given a submodular functidn p: 2E -+ R +together with a modular
function w: 2E + R which has positive value'except for w(¢3 = 0 (in most cases,
w is the cardinality function), then we may consider the problem of finding the
subsets X of E whichAﬁinimizeé |

P(X) = p(X) - aw(X) (X<, (1.19)
,whére A is a real parameter running from -« to +w, If Xl is a solution to the prob-
lem with paraﬁeter Al and X2 is a solution to the problem with parameter Az, where

Al bl 12 5> then simple calculation will yield the inequality:
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PA (Xl u X2) + P, (Xl n X))

1 2 2
<P, (Xl) + Py (xz) - (Al - Az) w(x2 - xl) . ‘ (1.20)
1 -2
- < < KR <
Since PAl(Xl) : Pxi(xluxz)’ PA2(X2) < ng(xlnxg) and— 0= (Al--xz)w(x2 Xl),

we should have

le(xl) =P, (xlsz), PAQ(XZ) = Pxe(xlnxz)’ and (xl-xg)w(xg—xl) = 0,

1
S (1.21)
i.e. X, U X, should be a solution to the problem'with parameter'kl, and
X1 n X2 a solution to the problem with parameter 12, and, if Al > Ag , then

w(x2 - X

1 Therefore, if we denote the family of all the

) =.O or X, <X .
subsets of E which are solutions to the problem with parameter A by L(A), the

L{A) is closed under +the union and intersection operations, and, furthermore, .
\ L={, LV | (1.22)

is also closed under those operations. It is not difficult to see from these
properties of the minimizing solutions of (1{19) that the partially ordered sets

F(A) associated with L(A) and F associated with L are related to one another as
F=1U, FO, (1.23)

that if Al > A, then, for any Wl € F(ll) and any W, € F(Ag) ,” we have

2 2

wl g w2 , and that

E = Ux UWeF(x) W. | | (1.24)

What is most important is the fact that, since everything is finite, there are
only a finite number of values of A for which F(A) is nonempty. We shall call

those values the critical values. Thus, the unions in (1.22), (1.23) and (1.24)
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are essentially taken over a finite.set A of critical values of A.
The partition (1.24) of E with a partial order among its blocks is the prin-

cipal partition with respect to p (and w).

If we take the edge set of a graph for E, the rank of the'subgraph‘(=partial
graph) generated by a subset X of edges for p(X), and |X|/2 for w(X), then we
shall have N. Tomizawa's refinement [41] (what..is -essentially the same.isifound
also in ‘H. Narayanan's' [34b]) jof Kishi and Kajitani's partition of.a graph [28].

- The most general and unified treatment of the principal parttioh willbbe '
for the. structure which consists of a bipartite graph G =.(U,A1V) (U'andAV being
the left vertex set and the righf, and A being the edge set) and - two polymatroids

M1 = (U, pl) and M2 = (V, p2) on its two vertex sets. We shall denote this
structure by (pl|G|p2) =j(pllU,,A, Vjpz) in the following.

We consider the covers (X, Y) of G, i.e. those pairs of subsets X<cU and
'Y'E_V ‘of vertices which cover all the edges: A < X x Y. The family of all the

covers is, as is well known, closed under the operations of union: (X, YJ) U

(X., Y2) = (Xl uX., Y n Y2) and of intersection: (X Yl) n (X,, Y2) = (Xi n X25

2% "1 1’

Y. uY

N 2). Among covers, those for which

PAX> ¥) = (1 +3) o (X) +1(1 - A) p,(¥) (1.25)

takes the minimun value play an important role, where A is a parameter running

from ~1 to 1. We shall call those covers the minimum-rank covers (or, simply,

minimum. covers). If (Xl’ Yl) is a minimum cover with parameter A

a minimum cover with parameter A,, then it is a staightforward calculation to

27
derive the inequality:

n +
P (Xl Xg, Yl u Y2) P, (Xl U Xg, Y nY,.)

Ay 5 1 72
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< - ) ]
S le (XI’ Yl) + PAQ (XZ, Y2)

_(l+(ll+}\2)/2)(pAl(Xl)-Fpl(XQ)-pl(XlUXE)—pi(_}&nxg) )
-(A=2)/2: (pl(Xl)—pl(XlnXe)+pl(xluX2)-pl(X2))

~(1+(x;+2,)/2) (9.2(Y1)+p2(Y_2)—pz(YlL'Yz)'pZ(Yl”Yg))
={A

ENVACKCAE RN RENCALAENCH)

. P, (X, Y. )+, (X,, ¥,)
2N SR A, 27 T2
~(A=A,) /240 (o (X, )=p (X 0K,) )+ (p, (X X, )=p (X))

(o150, (1 1) 140, (T U8 )0, (1)1

(1.26)
By an argument similar to.:the foregoing, we can conclude that, if kl z A? s
(XlnXQ, Y1UY2) is a minimum cover with parameter Al and (X1UX2, Ylan) is a
minimum cover with parameter A2, and that, if xl>x2
3
< =
)cl__ c cll(Xlnxz), XlUX2 c clL(Xg),
, (1.27)
= U = .
Y2;f c%}YlnYz), Yl Y2 € c%éYl)

Thus, we have a distributive lattice L(x) of the family of all the minimumarank"
covers, for each value of A, and hence a partially ordered set F(A) (each of
whose element is a pair (S, T) of a subset S of U and a subset T of V). The union

of L(A)'s for all A's also forms a distributive lattice, and the associated par-

tially ordered set F may be expressed as UAF(A). This time, however, F(A)'s for

different A's are not in general disjoint, but, as before, there are only a finite
number of critical values of A.

As special cases of the problem of this bipartite structure, we have various °

- 10 -
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Troblems already studied to some extent. For example, the Dulmage-Mendelsohn
dacomposition of a bipartite graph [6] corresponds to the case where both Ml and

¥, are free matroids (i.e. pl(X) = |X] and pz(Y) = |Y]) and A = 0. Tomizawa's

sertition of a matroid [41] corresponds to the case where U=V =E, A = AE
(the diagonal set of E x E), Ml = (U, pl) = (E, p) and M2 = Ml*.

For the algorithmic approach to the principal partition, the dual problem is
im;ortant; as is the case for many other problems of mathematical-programming
character. The problem dual to that of finding the minimum covers of (plIU, A,

v]pz) is to find a flow &: A + R which
maximizes zaeA_E(a) (1.28)

subject to the conditions:

g(a) 2 0 for every a € A, (1.29)
Lacsx £(2) 2 (1#X) p (X))  for every Xc U, (1.30)
2a€5¥ E(a) £ (1-1) pz(Y) for every Y c V, (1.31)

where 8X (or 8Y) means a set of edges incident to the vertices of X (or Y). We
2y consider a more general problem of finding a £ which, if thé solution of the

2bove problem is not unique, minimizes
Y,cp W(a)E(a) | (1.32)

with respect to a éiven weight function w: A -+ R.
Ir Ml and M2 are free matroids and A = 0, then we have the maximum matching
oroblem (or the assignment problem in the weighted case) on a bipartite graph.

If:Ml and M, are matroids and A = O, we have the independent matching (or assign-

ment) problem [26]. The well-known matroid intersection problem (see, e.g., [30]

ang [48]) of finding, for given two matroids Ml = (E, pl) and M2 = (E, p2)

~-11 -
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on the same set E, a subset of maximumxcardinality which is independent both in

Mi and in M, is simply the case where U=V =E, A= AE, .and A = 0.

2

If pl and p2 are nonnegative modular functions, the problem is no other than

the Hitchcock-type transportation problem.
A number of algorithms are available for solving the‘problem of this kind.

It pl as well as p is‘an integral multiple of the rank function of a matroid, we

2
can make use of the algorithm proposed in [26], and, for the genafal case, S.
Fujishige's algorithm [13] works. It}should be noted that the concept of "aux-
iliar& graph" is very powerful to develop computationally effiéient algorithm for
this kind of poblems [20], [26], [42]. The determination of the critical values
of the parameter A requires a trick, due originally to Tomizawa [41], which.is
suggested in [21]. | |

In general, the solution of the entire dual problem is decomposed into sepa-

raté ‘solutions of the subproblems '(;si‘i |u., A,

10 A Vilﬁzi), where (Ui’ Vi) is an

element of F, Ai =An (Ui x Vi)’ Mli = (Ui’ 511) is the polymatroid obtained

from Ml = (U, pl) by deleting all the U-blocks which are lower in the partial
order than Ui and contracting all the other U-blocks except for Uilitself, and

M, =(V.,»p

.) is the polymatroid obtained from M, = (V, p.) by deleting all
21 i 2i 7 2 2

the V-blocks which are upper in the partial order than Vi and contracting all the
other B-blocks except for Vi itself. Furthermore, if (Ui’ Vi) belongs to F(A),
then

"ﬁli(ui) Fh, (V) = (L= 2) s (1 + ). O (1.13)

2, Examples of Problems for Which Matroids and Polymatroids are Useful

- 12 -
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The following problems are examples to which the concepts of (poly—)matroids,
especially those connected with the principal partition, are applied effectively.
They will show how powerful the technique of principal partition is ;for a wide
.variety of systems problems appearing in engineering science and how clearly the
relatlonshlp among seemingly different problems is revealed in the light of
mat01ds. Moreover, it is expected that a number of novel appllcatlons of practi-

cal use and importance will be found in the near future.

2.1, Spenning arborescences

The problem of finding a minimum-weight spannlng tree on a graph {whose edges
are given real welghts) is well known and qulte a few eff1c1ent solution algorithms
have been proposed [11], [29], [37], [52]. The problem is a special case of that
of finding a minimum-weight base of a matroid whose elements are given weights
[hf], and the simplest-minded algorithm, which J. Edmonds called the "greedy
algorithm"; affords the solution. ’

In contrast with this, the directed version of the problem, i.e. the problem
of finding a minimum—weight arborescence, with the root prescribed or not, on a
given (directed) graph is much harder. (An arborescence with root v is'a spanning.
tree sueh that, for every vertex u other than v, the path from v to u which con-
sists of edges of the tree contains all the edges on it io the positive direction.)
In weetern countries, Edmonds' paper [8] and its improvement by R. M. Karp [27]
are usually referred to in this context, but it can hardly be said that the probm'
lem was ‘treated simply and elegantly there. (It should be noted that, in Japan,
R. Mandbe and S. Kotani [32] published a fairly simple method for solving it in
1973, and that the paper [3a] published in 1965 by Chinese mathematicians treated
the problem most elegantly and gave a 51mplest method of solution.)

If the problem is v1ewed in the light of matroids, 1t w1ll readily be seen

- 13 -
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that any algorithm for the minimum-weight independent assignment . problem or the
weighted matroid intersection problem can slove it. In fact, a subset X of edges
of graph G = (U, E) (with vertex. set U and edge set E) is an arborescence if and

~only if it is a base of the circuit matroid of the graph M, = (E, pl) (vhere p

1

1
is the function which assigns a subset of edges the rank of the subgraph they

form), and at the same time, it is independent in the matrpid M.2 = (E, 92) where

Py is the function assigning a subset of edges the number of vertices at which

they end. (If a vertex u is prescribed as the root, it is not counted by ppo)

1 5 satisfies the axioms (p0) ~ (p2}

(It is not difficult to see that p. as well as p
in 1° of §1.) Therefore, if a minimum-weight maximum-cardinality common indeperd-

ent set of Mi and M2 forms a spanning tree on G, then it is a required arborescence,

and, otherwise, there is no spannig arborescence on G.

»:Thg matroidal -algorithms- applied to this intersection problem are as simple
as those algorithms devised specially for this problem without resorting to
matroids.

What will result if we apply the principal-partition technique to this prob-
lem? It has recently been investigated to some extent by Nakamura and Iri [3bc].
To mention some of their results, a spanning arborescenceiexists if and only if
2ll the critical values of the parameter A is nonnegative; those parts of the graph
Vhich‘correspond to the blocks of F(A)'s with negative A are responsible for the
nonexistence of the spanning arborescence where the magnitude of A indicates how
bad the condition is. When G has a spanning arborescence, the principal partition
is a refinement of the decomposition of G intc strongly connected components.

The sigleton blocks of F(0) with rank 1 are those edges which are contained in
~every spanning arborescence, whereas the singleton blocks with rank O are never

used for forming a spanning arborescence.

- 1h -
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2.2. Principal partition of a bipartite graph without matroids

This is obviously the extension of the Dulmage-Mendelsohn decomposition of
a bipartite graph (U, A, V), and has the obvious application to the structural
analysis of a large sparse systeﬁ of linear and nonlinear equations, where U is
the set of equations, V the set of variables, and A denotes the occurrences of
variables in equations. The principal partition classifies the equations and the
variables according to the degree of indeterminacy; i.e.; th¢ underdeterminaéy
takes place in the blocks of F()A)'s with positive A, the magnitude of A indicating
the degree of underdeterminacy, whereas the overdeterminacy takes place in the
blocks of F(A)'s with negative A, the magnitude of X indicating the degree of
overdeterminacy. Furthermore, if there is only one critical value of A which is
equal to zero, then the system is "structuraliy" well posed, and the partial order
among the blocks of F(0) affords us the information according to which we may
reduce the solution of the entire system to a series of solutions of subsystems.

Besides the obvious application such as the above, we have a curious appli-
cation. We consider the field data on the usage of a language by some group of
people: they consist, for example, of the set of symbols (words), the set of
objects (or collections of objécts), aﬁd the denotation of objects by symblols,
i.e. the informationfabout which symbols denote which (collections of) objects.
We interpret the set of symblols as the vertex set U, the set of (collections of)
objects as the vertex set V, and the relation of denotation as the edge set A, and
we principally partition the bipartite graph (U, A, V). Then, the‘set U as well
as V is automatically partitioned into blocks among which a partial otder is deter—
mined. This mathematical decomposition is shown to have meny desiréble properties
which the linguists require the method of extracting the "concepts" from the
observational data of language users, or of categorizing words in a hierarchical

structure, to have. Therefore, this technique, if combined with some auxiliary

N

- 15 -
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means of preprocessing the data and postprocessing the results, will be of use for

automatic extraction of concepts and for automatic construction of a thesaurus [40].

2.3. Minimum fundamental equations for a linear systenm

The analysis of a (linear or nohiinear) physical system such as an eléétric
network:and an elastic structure‘usually beginsvwith setting up a fuﬁdamental sys-—
tem of equations for the system. There are two kinds of physical variables
associated with a system, one called "intensive variables" and the other “extensive
variables". In an electric network, intensive variables are "currents", and exten-
sive variables are "voltages". In an elastic structure, the former are "forces",
‘"moments (bending and/or torsional)", etc., and the latter are "displaéements", -
"elongations", "deflections", "bendings", "torsions", etc. These variables are
subject to two kinds of constraints, which together determine -—- usually uniquely
——— the values of the variables. The constraints of the first kind are topological
or geometrical, and are linear equations to be satisfied by intensive variables
alone (Kirchhoff's current law, equilibrium conditions for forces and moments )
and those to be satisfied{by extensive variables alone (Kirchhoff's voltage law,
compatibility conditions for deformations). These equétions are determined by
the purely tdpologicai/geometrical structure of the system, and the set of con-
straints among intensive variables and that among extensive variables are
"contragredient”" to each other. The constraints of the other kind represent the
physical properties of thé elements constituting the system, and are ordinarily
called the "constitutive equations". They have nothing to do with the topological
/geometrical structure of the system, but depend only on the physical properties
ofvthe elements. The system is linear or nonlinear according as its constitutive
equations are linear or nonlinear.

The fundamental equations of the intensive-variable type (such as the loop
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or mesh equations for an electric network) are set up as follows. To begin with,
a minimal set of intensive variables is chosen such that all the intensive varia-
bles may be expressed as their linear combinations by means of the topological/
geometrical constraints among the intensive variables. Then, the constitutive
equations are used to express all the extensive variables as functions-of the
chosen intensive bariables. Finally, substitution in the topological/geometrical
constraints among the extensive variables yields & system of equations with the
chosen set of intensive variables as the unknowns., It is noteworthy that'the size
of the system of equations of this type, which is, of course, equal to the number
of chosen intensive variables, is determined by the topological/geometrical struc-
ture of the system alone, and does not depend on the choice of unknowns. In the
case of an electric netﬁork, the size is equal to the "nullity" of the graph repre-
senting the topological structure of the circuit diagram of the network, and in
the case of an elastic structufe, it is sometimes called the degree of "statical
indeterminacy" of the structure. Similar statements obtain for the fundamental
equations of the extensive-variable type (such as the nodal equations or the cut-
set ;quations for an electric network). The size of the system of equatiocns of

" this latter type does not depend on the choicé of the variables either, and it is
equal, e.g. in the case of an electric network, to the "rank" of the underlying
graph.

There are fundamental equations of the third type, i.e. the so-called
‘"hybrid" or "mixed" equations, where some of the intensive variables and some of
thé.extensive variables are chosen as the unknowns of the equations. ynknowns
are chosen in such a way that, for each element (or each degree of freedom of
elements) of the system, either the intensive or the extensive variable associated
with it may bé expressed as a linear combination of the chosen variables. Unlike

fundamental equations of the "pure" type, the size of the hybrid system of

N
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equations, or the number of unknowns, does depend on the choice of unknowns.
Thus, there arises the problem of how to find the minimum-size system of fundamen-
tal equations of hybrid type.

To be speéific,!let us con§ider an glectric network. One current variable
and one voltage variable are associated with each edge of the underlying graph
G = (U;-E). Thekcir;uit matroia M= (E, p) vis defined oﬁ‘tﬁe'edge set E-é;wé
as in §2.1. qu an arbitrary dissection (El, E2) of E (El n E2 = ¢; El U E2 =
E), if the extensive variables, voltages, across the edges of a base of M|E

1

1

are chosen as unknowns, then the voltages across all the edges of E are expressed
as linear combinations of the chosen voltages. If the intensive variables, cur-
rents, in the edges of a base of (MXEQ)* are chosen as unknowns, then.the

currents in all the edges of E, are expressed as linear combinations of the chosen

2

currents. Thus, we have a hybrid system of equations with

. plEi(Ei)'+’pE2*(E2)"‘~ A R Y

unknowns and as many equations.

Here arises the question: What dissection (E E2) makes (2.1) smallest, and

l’
how can we get it? Obviously, the question is answered by finding a subset El of
E which i; a solution of the following equation:

ZQ(El) - |E11 =min { 20(X) - |X|] | X<E 1}, - (2.2)

since it can be shown without difficulty from the definitions of reduction, con-

traction and dual that

plEl(El) = o(®)),
. (2.3)
DEg*(E2) =0o(E) - |E | + (|E] - p(E)),
and since |E] - p(E) 1is constant. As was already noted in 3° of §1, the problem
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of finding a subset El minimizing (2.2) is equivalent to finding a minimum cover
of (p|E, A, E|p*).

Hiétorically, the minimum-fﬁndamental—equation problém,was solved for the
electrical networks by means of graphical techniques by G. Kishi and Y. Kajitani
[28] and T. Ohtsuki et al. [35], and for the more general systems by means of
linear algebra combined with some techniques from combinatories by M. Iri- [17]

——=~ almost simultaneously. However, at that time, they did not note the rélation
to matroids, and\their methods were considerably complicated. As has'been demon-
strated, a little knowledge about matroids will enable us to understand the essence
of the problem and the principal partition will afford practically efficient
algorithms for choosing unknowns. In fact, the elements of L(0), and only those,

associated with (p|E, AE’ Elp*) are the solutions of (2.2).

‘2.h. Topological conditions for the existence of the unique solution in an elec-

tric'network
In the analysi; ofvan electric network with mutual couplings among its
branches (=edges), the problem of the following kind arises. For the sake of
simpliéity, we shall consider a linear electric network whose circuit diagram is
represented by the graph G = (U, E) and whose branch characteristics are given
in terms of self- and mutual admittances. The fundamental system of equafions
of thé voltage-variable type, then, has the coefficient matrix of the from:
DYD™ (2.4)
where D is the. fundamental cutset matrix of G (with columns correspond&ng to
edges) and the (k, A)-entry yKA of Y is the admittance from branch (=edge)
A to:branch «k . Here it is noted that the matrix D (as well as its transpose

DT) is determined from the topological (i.e. graphical) structure of the network
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without ambiguity, whereas the numerical values of yKA's are observed or mea-—
sured physical quantities contaminated with various kinds of.noises. Therefore,
it will be admitted to assume that the "nonvanishing" valuéé of yKl's satisfy
no algebraic equation with integgr%coefficients, i.e. that the "nonvanishing"
yﬁk's are "general {or generic)" over the ring or field to which the entries of
the matrix D belong. The network has the unique solution if and only if
iet(DYDT) # 0. Under the above assumption, tﬁis condition is equivalent to the
following condition:
There are two sets I and J (c E) of edges such that
(i) the subdeterminant of D with all the rows and those columns which
correspond to I does not vanish,
(ii) +the subdeterminant of D with all the rows (i.e. all the colummns of
DT ) and those columns which correspond to J does not vanish,
and
r(iii) the subdeterminant of Y with the rows corresponding to I and the
columns corresponding to J does not vanish.
Since the matroid M = (E, p) (where p(X) (X ¢ E) represents the rank of the
submatrix of- D consisting of the columns corresponding to X and of all the
rows) coincides with the cirecuit matroid of G, the conditions (i) and (ii) are
eguivalent further to
(i') I 1is a spanning tree.on G,
(ii') J is a spanning tree on G,
ena (iii) to
(iii') there is a one-to-one correspondénce between I and J such that
yKA # 0 if «x(eI) is in correspondence with A(ed).

It is ready to formulate the problem now under consideration in the form of

finding a maximum-cardinality independent matching on the bipartite structure .
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(p|E, A, E|p) with the two "vertex" sets both being identical to the edge set E
of the graph and the "edge" set A representing the existenée of nonvanishing -
self- or mutual admittance between the edges {corresponding to a left and a right
vertek) of E, and the same circuit matroid of G attached to the left and the
right ;értexjset E. If the maximum-cardinality independent matching has as many
elements as the rank of G, then det(DYDT) # 0, and otherwise det(DYDT) = Q.

The above formalism is essentially due to Tomizawa and Iri [25], [Lk2]. T.
Ozawa could derive a purely graphical method for solving the problem [36] with
some observations on the structufe which is self—evident_from tbe‘standpoiné of
principal partition. His method made use of the artificially introduced:conceptS»
of volﬁage graph and current graph and did not give clgar insight in the connec¢-
tion with other related problems. A. Recski of‘Hungary’[38], [38a] (see also the
. references cited there) and B. Peteféen of Denmark'[365] have investigated similar
problems from a similar matroidal standpoint and have obtgineﬁﬁsim;;ar.rgsults
ﬁﬁdef éameﬁhat more general circumstances.

)

If the principal partition is applied to this problem, it can be seen where-
from‘the inconsistenc; comes and how large the 6ver/underdeterminacyvis at such
and such places when det DYDT = 0, and when det DYDT # 0; the decomposition of
the enéireisyétem into subsystems is given in terms of the blocks of F(0) and
the partial order among them [34b]. Thus, viewed from our standpoint, the analy-

sis of this kind of problem proceeds in quite the same way as that which we

explained in §2.2.

2.5. Order of complexity of a linear electric network

We shall use.the same terminology and notation as in §2.h. In the theory of
linear time-invariant 1umped—c0nstant electric networks, it is well known that

the number of independent eigenmodes (with nonzero frequency) of the dynamical
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performance of a network (which is called the order of complexity of the network)

is equal to the difference between the maximum pmax and the minimum Pmin of”

the exponents to the time—differentiationfoperator in the expansion of

P P :
det (DYD') = y e cp( gt ) (2.5)
P=Ppin

where the admittances yKA are regarded as integro—differential operators with

respect to the time +t which are one of the forms c—%{ =c (_EE_)l .
a4 -
e =c ( EYs )O and cfdt =c ( gt ) 1. 1¢ Adet(DYDT) # 0 (see the previous

subsection), there is at least one nonvanishing cP. A nonvaniehing terﬁ in the
expansion corresponds to a maximum~cardinality independent matching on the bipar-
tite structure (p|E, A, E[p) in §2.L,and the exponent to the differentiation
operator of the term is equal to the sum of the exponents to fhe differentiation
operators of the admittances represented by the edges of that matchlng.

"Thus, the order—of—complex1ty problem is evidently reduced to the 1ndopendent
assignment problem on the 5ipartite graph where the Weight of an edge is put equal
to (the negative of) the exponent to the differentiation‘operator of the admit-
tance the edge represents. The solution algorithm is ready.

In the light of matroids, the formulation and solution of the order-of-
complexity problem was immediate [25], [43], but, fwithout matroids" it had long
remained to be a difficult unsolved problem for electric network theorists.

Needless to say that, in applying the principal partition, only F(0) will
appear, and that the entire problem is decomposed into the subproblems correspon-
ing to the blocks of F(0).

Recently, Petersen proposed a systematic method for finding not only the
order of complexity but;also for seeing which of the coefficients cp's (in the

denominator det (DYDT) as well as in the numerator which is a certain
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T .
subdeterminant of DYD ) of a transfer function do not vanish [36b].

2.6. Existence of a hybrid immittance matrix of a general linear n-port

Y; Oono once posed the following problem [35a], which is one of the most fun-
Adémentél problems in elecﬁric network theory. in general, a linear electrical
n-port is defined as a device with n "ports", with each of which one voltage vari-
ablew u_ and one current variable iI< are associated (k =1, "** , n). The
characteristic'of an n-port is described by an n X 2n matrix [P[Q] of rank n,

which is the coefficient matrix of the system of homogemeous linear equations to

be satisfied by port-voltages uK's and port-currents ir‘s :

~

n oK no< . _ =1 Ll b :
=1 Po u + 2K=l Qi =0 (a=1, , n). (2.6)

The system of equations (2.6) has many equivalent expressions. Especially,
if we can choose a subset K of {1, *** , n} such that (2.6) may be rewritten in

the equivalent form:

i o= ). + i <ek),
1= heg T ™ Lk B 1 (keK),
' (2.7)
= N + ) i .
u = Lk o™ ch Zea T (kéK),
then we say that the n-port has the hybrid immittance matrix:
G Z i

For the existence of a hybrid immittance matrix, it is evidently necessary and
sufficient that it is possible to choose a set of n linearly independent columns
of [P|Q] such that no pair of columns, one from the P-part and the other from the
Q-part, with the same index k may be chosen. Once we look at the problem with
tﬁe matroid intersection problem in mind, we readily see that it suffices to con-
sider the maximum-cardinality intersection problem between the fifst matroid

Ml = (E, pl) on the column set E of the matrix [PIQ] where pi(X)\(X < E)
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is the number of linearly independent columns among X and the second matroid
M, = (E, Qé) on the same set E where p2(X) (X € E) is the number of different
k—indices among X. Thus, we have an efficient algorithmic solution to Oono's
proﬁlem. Furthermore, the principal-partition technique)will reveal a fine struc-
tural;p;operties of the g—po?t."In fact, the appearance'o£.7F(A)'s with A
different from zero indicates the giisteﬁcé;of singular ports, such as those which
electrical engineers call "nullators" and "norators", and  F(0) affords useful
information about how to enumerate all the hybrid immittance matrices.

This kind of formulation of Oono's problems is originally p?oposed by Iri
. and Tog?zawa [25]. Recski treated a similar problem in a more general setting of

"terminal solvability" [38a].

2.7. Controllability/observability of a linear dynamical system with combinatorial

constraints [23]

A discrete-time linear dynamical system in R. Kalman's sense is defined by

a system of difference equations of the following type:

x(t+1) = A x(t) + B u(t)

(£=0,1,2,00+), ' (2.9)

y(t) =C x(t) + D u(t)
where x(t) 1is the n-dimensional state vector, wu(t) the r-dimensional control

vector, and y(t) +the p-dimensional observation vector, respectively, at time t,

and A, B, C and D are constant matrices of appropriate sizes.
It is the famousétheorem due to Kalman that
the system is controllable, i.e. it can be brought to any state starting
from an.arbitrarily given state =x(0) by choosing an appropriate sequence
of controls wu(0), w{l),+-+, if and only if the rank of the wide matrix .

[B, AB, A%B, .- , A" 13] (2.10)
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is equal to n,

and
the sysfem is observable, i.e. the initial state x(O) .(and, hence, all
the subsequent‘staées x(1), x(2), «++) can be identified based on the
sequence of observations y(0), y(1), --- (together with the information
about the control sequence w(0), w(l), «-+), if and only if the rank of

the tall matrix

2 ' ' (2.11)

is equal to n.
This theorem relies substantially upon the assumption that no restriction is
imposed upon the way of controlling or observing the system. However, in practi-
éal‘éifbﬁmstances,éthe way of”céntrolling and/or observiné‘it Wouldiﬁe subject to
various restrictions. The typical smong them will be:
(i) every control terminal cannot be used more than a prescribed number of
times, i.e. ui(t) may be differenf from zero at»most a certain pre-
\ - secribed number of times for every 1 ;
(ii) at every time, at most a prescribed number of control terminals may be
used, i.e. at most a.prescribed number of ui(t)fs may be different
from zero for every t 3
(i') every observation terminal cannot be used more than a prescribed number
‘of times, i.e. at most a prescribed number of yj(t)'s fof every Jj
may be used in the estimator of the initial state;
(ii') at every time, at most a prescribed number of observation terminals

may be used, i.e. at most a prescribed number of yj(t)'s for every
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t may be used in the estimator of the initial state.
In the case of controllability problem, if we set E = {(t, i)|i=1, -+- , T}
t=0,1, 2, +++}, make element (t, i) of E correspond to the i-th column of

AtB in the (infinitely) wide matrix

[B, AB, AEB, Y (2.12)
and consider the matroid (E, p) with the rank function p which, for any subset
X of E, givés the number of linearly independent columns among X, then Kalman's
theorem may be restated thatf%he system is controllable if and only if the rank
‘of the entire matroid is equal to n and that a base of the matroid can be chosen
from the subset {(t, i)| i=1, ++e, r; t=0, 1, 2, +++, n-1}, The combinatorial
constraints such as (i) and (ii) define a family K (E_QE) of subsets of E such
that each element of K corresponds to an:usable set of pair; of control terminal
and time. In entirely the same manner that we prove Kalman's theorem, we can
prove- that the system is controllable under the combinatorial constraints if and
only if there is an element in K n.I whose cardinality is equal toAn, where . [
is the family of independent sets of M = (E, pj. If the family K satisfies
the axioms (I0)~(I2) in 1° of §1 -—- this is indeed the case for consraints of
'types (i), (i'), (ii) and (ii') -~—-, then anothér matfoid M' = (E, p') can be
defined on E, so that the controllability problem of the sysfem is redﬁced to the
maximnm—cardinality.intersection problem of two matroids.

The matroids here concerned, however, are apparently defined on a countably
infinite set E. This might seem to invalidate the solution algorithm for finite
matroids. Fortunately, it can actually be proved, for a large class of constraints
including all tﬁe above examples,!that, if. K n 1 has an element of cardinality
n at all, then the:rf'e is such one in K n I n {(t, i)]i=1l, «++, r; 1=0,1, oo,

n-1 (or 2n - 1)}, so that the pfoblem is reduced to the intersection.problem of

two "finite" matroids.
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2.8. Information theory [1h], [15], [16], [16a]

The most fundamental concept in C. Shannon's information theory is the
entropies of information sources, in terms of which the amount of "information"
emanafing ffom the sources can be measured quantitative; . If E is a set of a
certain finite number of inférmation sources, the entropy function h is defined
as a mapping h: oF + R, h(X) %being the entropy of a subset X of the sources.
It is well recognized that h satisfies the conditions of

(i) nbnnegativity: 0 = n(x) for any X (< E),

(ii) monotonicity: 0 2 h(X) 2 n(Y) for any X and Y

such that X ¢ Y c E

(iii) submodularity: h(X u Y) + h(X n Y) 2 h(X) + h(Y)

for any X and Y (< E).

These three conditions are the same as the axioms which characterize the rank
‘functién.of a polymatroid (séé 1° of §l)..

Sé, it might be expected that a fairly iarge part of the Shannon-type theory
of information could be nicely rewritten in the language of matroids and
polymatroids. In fact, S. FPujishige pointed out this relationship between the
Shannon theory and polymatroids, and worked out a number of examples along these
lines [14]. It will be interesting to investigate which part of traditional
information theory depends only upon the polymatroidal structure of entropy func-
tions and which part depends essentially upon the specific form —-—- z P log p -
T.-S. Han [15], [16], [16a] investigated in the same‘vein several ﬁroblems such
as, that of encodipé correlated information sources for multiple channels [L4], [39]
and of multiuser channels [34], [51].

When an information~theoretical problem is formulated in terms of polymatroids,
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the principal partition will enable us to recognize new concepts and new structure
in communication systems. For example, Fujishige‘{lhj showed tﬁat the prihcipal
partitién classifies a set of correlated information sources according to the mag-
nitude of conditional entropy (per ;ource) of‘the sources of a class with respect
to those of lower classes (lower in the partial order defined among the biocks of
the pértition), and gave, based on Edmonds! "greedy algorithm", a systematic method
of encoding correlated information sources to be t?ansmitted through separate

channels. T.-S. Han [16a] treated this latter problem in more detail.

2,9. Scene analysis

Quite recently, K. Sugihara is applying the concept of submodular function,
as well as the technique of principal partition associated with it, to a kind of
so-called scene analysis. His problem is related to the degrees of over- and
underdeterminacy of.a configuratiop on thg plane which is supposed to be the pro-
,jécfion‘of a polyhedral complex (hidden lines being exlicitly shown in some cases
and not in others). The reconstructability of the polyhedral complex from its
projection is also a problem. These problems have been shown to be tractable
combinatorially by the help of submodular functions defined in connection with the
incidence relations among points, lines and faces of the projection [L0a].

Similar techniques will apply to the analysis of the statical indeterminacy
and the structural instability.of elastic structﬁres and link ﬁechanisms, and to

some problems in descriptive geometry.

2.10. Dual networks and inverse networks

This is an example not directly related to principal partition, but one for
showing that reflecting upon fundamental concepts in some field of engineering

science from the matroidal point of view will lead us to deeper understanding.
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Reformulating and generalizing the fundamental concepts in electric network theory
such as dual network,inverse network, adjoint network and reciprocal network, Iri -
and Recski recently pointed out that there are two "different" kinds of voltage-
curreﬁt symmetry {22#]. Usually, the duality in electric network theory is con-
nected with the operation of interchanging the role of voltages and that of
currents. This coincides with the mathematical duality in vector spaces., when

we describe the performance of linear electric networks by linear equations, if
——— and only if ~—-- we deal with Kirchhoff's laws and/or.reéipr0cal networks.

In other words, the interchange of voltages and currents does nqt in general
coincide with the mathematical duality. If we call the nefworks'connected with
each other by the former operation "inverse networks" and those connected with
each other by the latter "dual networks", then we can define the "adjoint network"
as the-inverse of the dual under a very general condition, i.e. eVen’for networks

coritaining singular elements: such as nullators and norators. _By so doing, the

mutual relations among the concepts mentioned in the above are made clear.

References
The "IECEJ" stands for the "Institute of Electronics and Communication Engi-

neers of Japan". |

[1] Bruno, J., Weinberg, L.: A constructive graph-theoretic solution of the
Shannon switching game. IEEE Transactions on Circuit Theory, Vol. CT-1T,
pp. T4 - 81 (1970).

[2] Bruno, J., Weinberg, L.: The principal minors of a matroid. Linear Algebra
and Its Applications, Vol. 4, pp. 17 - Sk (1971).

[Sj Bruter, C. P.: Eléments de la théorie des matroides. Lecture Notes in

Mathematics, 387, Springer-Verlag, Berlin, 1970.

- 29 -



[3a]

[4]

[5]

(6]

(7]

(91

[10]

[11]

[12]

[13]

149

Chu, Y.-J, Liu, T.-H.: On the shortest arborescence of a directed graph.
Scientia Sinica, Vol. 14, pp. 1396 — 1400 (1965).

Cover, T. M.: A proof of the data compression theorem of Slepian and Wolf

for ergodic sources. IEEE Transactions on Informatiqn Theory, Vol. IT-21.

pp. 226 - 228 (1975).

Dulmage, A. L., Mendelsohn,er‘S.: Cove{%ng of %ipartite graphs. Canadian
Journal of Mathematics, Vol. 10, pp. 517 - 534 (1958).

Dulmage, A. L., Mendelsohn, N. S.: A structﬁral theory of bipartite graphs
of finite exterior dimension. Transactions of the Royal Society éf Caﬁada,
Third Series, Section III, Vol. 53,‘pp. 1 - 13 (1959).

Dulmage, A. L., Mendelsohn, N. S.: Two algorithms fog bipartite graphs.
Journal of the Society for Industrial and Applied Mathematics, Vol. 11,

pp. 183 - 194 (1963).

Edmonds, J.: Optimum branchings. Journal of Research of the National

‘Bureau of Standards, Series B, Vol. T1B, pp. 233 - 240 (1967).

Edmonds, J.: Submodular functions, matroids and certain polyhedra. In:
Proceedings of the International Confefence on Combinatorial Structures and
Their Applications, pp. 69'— 87. Gordon and Breach, New York, 1970.

Edmonds, J., Fulkerson, D. R.: Transversals and matroid partition.

Journal of Research of the National Bureau of Standards, Vol. 69B,

pp. 147 - 157 (1965).

Ford, L. R., Fulkerson, D. R.: Flows in Networks. Princeton University
Press, Princeton, New Jersey, 1962.

Fujishige, S.: An algorithm for finding an optimél independent linkage.
Journal of the Operations Research Society of japan, Vol. 20,

pp. 59 - 75 (1977).

Fujishige, S.: Algorithms for solving the independent flow problems.

- 30 -



[1L]

[15]

(16]

[16a]

(17]

[18]

[19]

[20]

[21]

150

Journal of the Operations Research Society of Japan, Vol. 21,
pp. 189 - 203 (1978).

Fujishige, S.: Polymatroidal debendence structure of a set of random

variables. Information and Control, Vol. 39, pp. 55 - T2 (1978).

Han, T.-S.: The capacity region of general multiple-access channel with
certain correlated sources. Information and Control, Vol. Lo,

pp. 37 - 60 (1979).

Han, T.-S.: Source coding with cross observations aﬁ the encoders. IEEE
Transactions on Information Theory, Vol. IT-25, pp. 360 —'361 (1979).
Han, T.-S.: Slepian-Wolf-Cover theorem for networks of channels. Paper
presented at the 1979 IEEE International Symposium oﬁ Information Théory,
held at Grignano, Italy, on June 25-29, 1979.

Iri, M.: A min-max theorem for the ranks and term-ranks of a class of
matrices —-—— An algebraic approach to the problem of the topologiqa;
aégrees of freedom of a network (in Japanese). Transactions.of the TECEJ,
Vol. 514, pp. 180 - 187 (1968).

Iri, M.: The maximum-rank minimum-term-rank theorem for the pivotal

.tranéforms of a matrix. Linear Algebra and Its Applications, Vol. 2,

pp. 427 - LUé (1969).
Iri, M.: Combinatoriél canonical form of a matrix with applications to the

principal partition of a graph (in Japanese). Transactions of the IECEJ,

Vol. 544, pp. 30 - 37 (1971).

Iri, M.: A practical algorithm for the Menger-type generalization of the
independent aésignment problem. Mathematical Programming Study, Vol. 8,
pp. 88 - 105 (1978).

Iri, M.: A review of recent work in Japan on principal partitions of

matroids and their applications. In: Annals of the New York Academy of

- 31 -



151

Sciences, Vol. 319 (Proceedings of the Second International Conference on
Combinatorial Mathematics; edited by A. Gewirtz and L. V. Quintas),
pp. 306 - 319. New York Academy of Sciences, New York, 1979.

[22] Iri, M., Han, T.-S.: Linear Algebra -—- Standard Forms of Matrices (in
Japanese). Kyoiku-Shuppan Co., Tokyo, 1977.

[22a] Iri, M., Reeski, A.: Reflection on the éoncepts of dual, inverse and
adjoint networks (in Japanese; English translation available). Papars of
the Technical Group on Circuit and System Theory of the IECEJ, September
1979. ' |

[23] | Iri. M., Tomizawa, N., Fujishige, S.: On the controllability and
observability of a linear system with combinatofial constraints (in
Japanese). TrahsactionsAof the Society of Instrument and Control Engineefs
of Japen, Vol. 13, pp. 225 - 2k2 (1977).

[2k] Iri, M., Tomizawa, N.: A practical criterion for the existence of the

’ ‘ﬁnique solution in a linear electrical network with mutual couplings (ih
Japanese). Papers of the‘Technical Group on Circuit and System Theory of
the IECEJ, CSTT3-48 (1973). Also in: Transactions of the IECEJ, Vol. 5TA,
pp. 599 - 605 (1974).

[25] Iri, M., Tomizawa, N.: A unifying approach to fundamental problems in
network theory by means of matroids (in Japanese). Transactions of the
IECEJ, Vol. 58A, pp. 33 - 40 (1975). |

[26] Iri, M., Tomizawa, N.: An algorithm for finding an optimal "independent
assignment" (in Japanese). Papers of the Technical Group on Circuit and
System Theory of the IECEJ; CSTTL-69 (1974). English version appeared in:
Journal of the Operations Research Society of Japan, Vol. 19, pp. 32 - 57
(1976).

[27]  Karp, R. M.: A simple derivation of Edmonds' algorithm for optimum

- 32 -



152

[281]

[29]

{301

[31]

[32]

(331

[3v1:

[3ka]

[3kv]

branchings. Networks, Vol. 1, pp. 265 - 272 (1972).

Kishi, G., Kajitani, Y.: Maximally distinct trees in linear gréﬁh (in
Japanese). Transactions of the IECEJ, Vol. 51A, pp. 196 — 203 (1968).
Kruskal, J. B., Jr.: On the shortest spanning subtree of a graph and the
iraveling salesman problem. Proceedings of the American Mathematical
Society, v01; T, pp. 48 - 50 (1956). |

Lawler, E. L.: Matroid intersection algorithms. Mathematical Programming

Vol. 9, pp. 31 - 56 (1975).

Lawler, E. L.: Combinatorial Optimization --- Networks and Matoids.

Holt, Rinehart and Wiston, Neﬁ York; 1976.

Manabe, R., Kotani, S.: On the minimal spanning arborescence of a directed
tree (in Japanese). Keiei-Kagaku (Official Journal of the bperatipns
Research Society of Japan), Vol. 17, pp. 269 - 278 (1973).

Minty, G. J.: On the axiomatic foundations of the theories of directed

linear graphs, electrical networks and network programming. Journal of

Mathematics and Mechanics, Vol. 15, pp. 485 - 520 (1966).

Meulen, E. C. van der: A survey of multi-way channels in information
theory: 1961 - 1976. IEEE Transactions én Information Theory, Vol. IT-23,
pp. 1 - 37 (1977).

Nakamura,‘Moz Principal Partition of Polymatroids and Its Applications to
Electric Network Theory (in Japanese). Méster’s thesis, Department. of
Mathematical Enginéering and Instrumentation Physiecs, University of Tokyo,
March i979.

Nakamura, M.? Iri, M.: Fine structures of matroid intersections and their
applications. In: Proceedings of the 1979 International Symposium on
Circuits and Systems, held at Tokyo, Japan, on July 17 - 19, 1979,

pPP. 996 - 999.

- 33 -



[35]

[352a]

[36]

[36a]

[36b]

[37]

[38]

153

Nakamura, M., Iri, M.: On the structure of directed spanning trees --- An
application of principal partition (in Japanese). Papers of the Technical
Group on Circuit and System Theory of the IECEJ, September 1979.
Narayanan, H.: Theory of Matroids and Network Analysis. Ph.,D,
dissertation, Department of Electrical Engineering, Indian Institute of
Technology; Bombay, Febfuary 197k.

Ohtsuki, T., Ishizaki, Y., Watanabe, H.: Network énalysis and topoiogical
degrees of freedom (in Japanese). Transactions of the IECEJ, Vol. 51A,
pp. 238 - 245 (1.968).

Oono, Y.: Formal realizabiiity of linearinetworks.r In: Proceedings of the
Symposium on Actife Networks and Feedback Systemé;;held at the Polytechnic
Institute of Brooklyn, New’Ydrk, on April 19 - 21, 1960, pp. 475 -~ L486.
Ozawa, T.: Common trees and partition of two-graphs (in Japanese). Pépegs
of the Technical Group on Circuit'gnd System Theory of the_IECEJ,_CST73uhT
(1973). Also in: Transactions of the IECET, Vol. 5TA, pp. 383 — 390 (1974).
Petersen, B.: Investigating solvability and complexity of linear active
networks by means of matroids. IEEE Transactions onvCircuits and Systems,
Vol. CAS-26, pp 330 - 3k2.

Petersen, B.: The qualitative appearance of linear active network transfer
functions by means of matroids. Proceedings of the 1979 Interﬁational
Symposium on Circuits and Systems, held at Tokyo, Japan, on iny i7 - 19,
1979, pp. 992 - 995.

Prim, R. C.: Shortesﬁ connection networks ahd some generalizations. Bell
System Technical Journal, Vol. 36, pp. 1389 - 1401 <l957)°

Recski, A.: Unique solvabilify and order of complexity of linear active
networks containing memoryless n-port. Circuit Theory and Applications,

Vol. 7, pp. 31 = 42 (1979)-

-3 -



154

[38a]

[391]

(ko]

[k0a]

(b1]

(k2]

[43]

[b4]

[45]

Recski, A.: Terminal solvability and the n-port interconnection problem..
Proceedings of the 1979 International Symposium on Circuits and Systems,
held at Tokyo, Japan, on July 17 - 19, 1979, pp. 988 - 991.

Slepian, D., Wolf, J.: Noiseless coding of correlated information sources.
iEEE Transactions on Information Theory, Vol. IT-19, pp. L71 - 480 (1973).
Sugihar;, K., Iri,'M.: A mathematical approach to the determination of the
structure . of concepts. Proceedings of the 1978 International Conference
on Cybérnetics and Society, held at Tokyo and Kyoto, Japan, on November

3 -7, 1978, pp. 421 - L26,

Sugihara, K.: A step toward man-machine communication by means of line
drawings of polyhedra. Bulletin of the Electrotechnical Laboratory
(Ministry of International Trade and Industry of the Japanese Government),
Vol. L2, pp. 848 - BTL (1978). | |

Tomizawa, N.: Strongly irreducible matroids and principél.partitions of a

matroid into strongly irreducible minors (in Japanese). Transactions of

the IECEJ, Vol. J59A, pp. 83 - 91 (1976).

Tomizawa, N.,Iri, M.: An aigorithm for determining the rank of a triple

matrix product AXB with application to the problem of discerning the
existence of the unique solution in -a network (in Japanese). Transactions
of the IECEJ, Vol. 5TA, pp. 83L4 - 8kl (197Lk).

Tomizawa, N., Iri, M.: An algorithm for solving the "independent
assignment problem" with application to the problem of determining the
order of complexity of a network (in Japanese). Transactions of the IECEJ,
Vol. 5TA, pp. 627 - 629 (197h).

Tomizawa, N., Iri, M.: Matroids (in Japanese). Journal of the IECEJ, Vol.
59, pp. 1350 - 1352 (1976).

Tomizawa, N., Iri, M.: On matroids (in Japanese). Journal of the Society

- 35 -



(6]

[47]

(48]
[u9]

[50]

[51]

[52]

155

of Instrument and Control Engineers of Japan, Vol. 16, pp. 455 - L68 (1977).
Weinberg, L.: Matroids, generalized networks, and electric network synthesis.
Journal of Combinatorial Theory, Series B, Vol. 23, pp. 106 -~ 126 (1977).
Welsh, D. J. A.: Kruskal's theorem for matroids. Proceedings of the
Cambridge Phillosophical Society, Vol. 64, pp. 3 - L (1968).

Welsh, D. J. A.: Matroid Theory. Academic Press, London, 1976.

Whitney, H.: On the‘abstract properties of linear dependence. American
Journal of Mathematics, Vol. 57, pp. 509 - 533 (1935).

Wilson, R. J.: An introduction to matroid theory. Ameriqaﬁ‘Mathematical
Monthly, Vol. 80, pp. 500 -525 (1973).

Wyner, A. D.: Recent results in the Shannon theory. IEEE Transactions on
Information Theory, Vol. IT-20, pp. 2 -~ 10 (197k4).

Yao, A. C.-C.: An O(|E| log log |V]) algoritim for finding minimum spanning

trees. Information Processing Letters, Vol. L, pp. 21 - 25 (1975).

- 36 -



