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Notes on effective usage of double exponential formulas
for numerical integration.

Hideo Toda and Harumi Ono

1. Introduction

We shall describe the results of numerical evaluation
of an integral
(1-1) I =5Lf(x) dx

@
using the double exponential formulas (DE formulas), and
empirical evidences derived from these results.

The DE formulas have been developed as a class of
numerical quadrature formulas by Takahashi and Mori [1] ,
and they offer one of the most powerful methods to evaluate
an improper integral on [a,b] , in which the integrand is
singular at one endpoint or both. Moreover, we shall show
a method to evaluate difficult integrals, where the integrand

is highly oscillating.

2. Comparison of results by some numerical integration formulas.
As a numerical comparison of formulas among DE, IMT, CADRE
and QUAD we show in Table 2-1 the number of integrand evaluations
and the relative error estimated from the following convergence
criterion (2-1) by choosing 15 test cases of Patterson [3] and
Ichida and Kiyono [4].
A convergence criterion of our program is satisfied when
(2-1) |Sii = Si| S €8]
where §S; is a value of DE formula with mesh size h; , and S;.
is a value of DE formula with mesh size h;uw= h; /2 , and ¢

is some preassigned tolerance (e.g., 107%).

._{.-.
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2.1 DE formula and IMT formula

Table 2.1-1
DE imMT
I = Sff(x) dx I=§'£(x) ax
x =¢(u)* x =4 (u) = % S:exp(-% - %t) at
Q = { exp(-3 - £25) at
I=§T@w) ¢'(w) au I=§ 264(w) ¥ (u) au

~ I, = hZ £(¢(nh)) ¢' (nh)

based on the fact that the

trapezoidal rule gives the

&:?(u)du

with mesh size h .

best result for

~ 5= 32 E(+E@) v @)

msy

based on Euler-Maclaurin

summation formula,.

* where
(2.1-1)  x =¢(u) = tann(fsinh w)  if I = ['£(x) ax
(2.1-2)  x =¢(u) = exp(} sinh u) if I = S:of(x) dx

(2.1-3)  x = ¢(u)

L}

w

(2.1-4) =¢(u)

exp(u - exp(-u)) if 1

sinh(% sinh u) if 1

i:;xp(—x) f(x) dx

j:;(x) dx
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2.2

i)

ii)

Choosing a quadrature formula

Table 2-1 supports the following statements:

For integrals over finite intervals, if the integrand has
no singularity through the interval, CADRE or QUAD gets an
advantage over DE (P2, PS5, P7).

For improper ingegrals over finite intervals with singu-
larities at the endpoints of the interval, DE gets the

best advantage and IMT gets the second best (P1, P4, P11).

iii)For integrals over infinite and semi-infinite intervals,

iv)

if the integrand is not regular at infinity, DE is better
bo

than all the other formulas (e.g.,joexp(-x)-log x dx).

However, if the integrand is regular at infinity, it can

be reduced to the case i) by suitable change of variable

;o 2
dx = S’ cosd de ). But even if DE

SDO
(e.g., , CO8% + sin%e

s T4X#
may be used to evaluate the original integral, it will
give slightly worse results than CADRE or QUAD.

For integrals with singularity close to the real axis

in the interior of the interval (e.g., K1), it is hard
to evaluate the integral with desired accuracy using any
of all the methods presented here, and DE is the most
unsuccessful among them. But by splitting the integral

into two integrals at the real part of the singular point,

it can be reduced to case ii) .

-_ 17 —
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3.4 Notes on usaggqu_DErfqrmgla on digital computer.

Some notes must be necessary to effective use of DE

formula.

3.1 A numerical technique by Takahashi and Mori to avoid
subtractive cancellation by the factor (1+x)* (1-x)f,
0() {3 <Q .
In the case of integral jjf(x) dx, f(x) having a factor
(14x)* (1-x)F, 4B <0 (e.g., £(x) = 1/{T-x , 1/4 tan@®/2F(7+x))),

the number of its significant digits decreases as x>+ 1 .

Thus the relative error in the f(x) will be greately
increased. In such a case, following Takahashi and Mori [1]
p.735, we must make the change of variable to avoid the
cancellation; splitting the integral into two integrals,

we have

(3.1-1) I = ilf(x) dx = ijf(x) ax + j:f(x) dx = I, + 1,
and we make direct substitution of 1ix as follows:

exp(g-sinh u)

(3;1-2) -t = 1+x = 1 + tanh(ﬂlsinh u) =
2 T
cosh(i-sinh u)

ve[-1,0]

exp(~g sinh u)

(3.1-3)  t = 1=x = 1 - tanh(% sinh u) =
cosh(%—sinh u)

te [0,1]

Then we obtain

0 o g-cosh u
(3.1-4)  I,= [2(-1-t) at = { £(-1-t(u)) —Z— au
-1 ~oa cosh (é-sinh u)
{ ® 5 cosh u
(3.1-5)  I,= { £(1-t) at = { £(1-t(u))- 2 iu

coshz(% sinh u)

_.[3._.
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3.2 Note on mechanizing DE formula on digital computer.

The essence of the technique described above is to
substitute 3 exp(tgzsinh u) / coshC%-sinh u) directly into
t = 31-x . Thus, it will be of no use to avoid cancellation
to make the change of variable x = -1-t for xe[}1,0] and
x = 1-t for xe[O,{J in library programs and to write f(x)
in its original form. Since the term 1+x will be evaluated
not by -t but by 1 + (-1-t), the loss of significance will
be very large. Then we must transform f(x) into the
expression g(t) of the independent variable t = -1-x for

xe[}1,0] , and t = 1-x for xe[b,1]. For example,

-1 £
f(x) = (1+x)?(1-x) *®
we must make transformation as follows:
L L
£(x) = g(t) = ¢ (-t) %(2+t)7 te[-1,0]
L L
{(z-t)‘t s t6[0.1]
The same situation holds for the integral JYf(x)dx, if £(x)

has a factor (x—af*(b-x)@,d,@<0 . In this case we must

transform f(x) into the expression of the variable

t = -—Ega-(x—a) for xe[é,-ﬁggj and t = bfa (b-x) for xe[égh—, ].
If this transformation is very tedious, we can transform the
integral into an integral over [O,&Q by suitable change of
variable (e.g., x = exp(-t)), and then apply (2.1-2) or (2.1-3).
For H1, by the change of variable x = exp(-t), we get

H1! I = {“exp(-t) log t at
In this case, there is a problem how to choose the initial
step size h, for H1. We shall consider this problem in

the next section.
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3,3 The initial step size h,.
Our starting algorithm to find M, N such that
Sgﬁéiﬂf@P(nho))‘¢'(nho)’ where S, is the first approximation

of I, is as follows:

Input
¢ (some preassigned tolerance)
h, (initial step size)
Algorithm
he—h,; S<f($(0))-¢'(0); N<-0; M<0
for n=1,2,... do
if N=0 then T <« f(¢(nh)) ¢'(nh)
if |T,|% |5 [*max(e¥103,16") then N<—n
else S,< S + T,
endif
endif
if M=O then U,<—f(¢(-nh))-¢p'(-nh)
if |U.|<[S,[¥max(e*107%,10%) then M<—n

else S<—S5 + U,

endif
endif
endfor
next:
Thus,
(3.3=1) ENEIEAG max(s*107,10")

[U.|= IS,/ max(e*1072,107)
must hold befor nh,, n=1,2,..., exceeds a certain threshold

value which depends on representation of number by computer.
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For example, in the case of H1, we have

I

[}

S;log ‘log x|dx =_i:%rlog [1og 15X|dx

|
ifﬁ% log llOgGﬂg)ldt +_L-%-1og | 108 2Etldt

where

exp(%:sinh u)

-t = te[-1,0
cosh(g:sinh u) ’ ]

exp(~§;sinh u)

t = te[0,1]

cosh(% sinh u)

Since 2-t and 2 are considered as the same values (additive
no contribution) for nh,>3,45 with double precision arithmetic
in T-56, the second integrand —%—1og |1ogg§E-'is regarded

as log O (error message "not allowed").

In the case of P7, we have

[ | d4x
1 2
I= X _ax =\ —- dx
» €Xp X - 1 _iIZ exp(15x) - 1
o _E t L= v
=5“;_ t2 dt *5 % 2-*% at
-t exp(-g) -1 ) exp(—é—ﬂ -1

In the denominator of the first integral exp(-%? is considered
to be 1 for nh,23.3%1.

In both cases for large step size h,, our starting
algorithm results in failure by evaluating f(®(nh,))-¢'(nh,)
or £f(¢(-nh,)) ¢'(-nh,) at a point nh, beyond the limit 3.45
or 3.31 respectively. In contrast, it can be expected that
by taking h, small enough depending on the tolerance &€ (3.3-1)
can hold before nh, exceeds that threshold value. This is
illustrated in Fig. 3%.3%-1.

— -



o~
o~

¢T=18%98 0~ HOHYI

(3NIyA NTWI =LINS3Y
(INIVA NIWI=LINS3Y

L-¢*¢ 2aInITd

80982€GT06H99GTZLLG 0= 3NTIVA INHL  €T=F9%66°0 = ¥H3 $Z€CT06H99GTLLLG 0= §
QGLH106499GTLLG 0= €T €1 0006z*'0
72— H 000ce 0 = oH TT=3000T*0 LNINININOTY HOHMH3
9¢+39,¢0660,66869202"0= L 9 0000¢‘0
C 03794y ? 040 =94y 5010 (1290207 1y ¥CHY¥3 #1Teld
¢ 037194y ) 0'0 =94V 5074 (129020 Ly ¥CHY3 MTT6LS
L= H 00006°'0 = OH 17=30001°0 INTWIHINOTY HAUY3
9T=386€T'0 = d3 €84Z2TTHE9906LLL' O = S
T1=3T0L2°'0 €8%Z2TTHEIHOGLLL'O 92 q2 006210
6LHTOTTIHEIHOGLLL'O €T €1 000620
Z-L 4 0006e2'0 = OM $1=3000T'0 INIWNIYINOIY YoHu3
91-3HTET'0 = ¥3 €8hZ2ZTTYEI9NOGLLL D = §
17-31042°0 €8%2ZTTHEIHOGLLL'O 92 92 006210
60=3772L'0 ELHTOTTHESH0GLLL O €T €1 000¢2'0
1860924L,2066%LLL'0 L L 0000¢*0

¥23HD 3Q1AlQ

0000¢°*0

|- Ld

oH

(T€6020) Ly MCHN3 MLG6Ld

»T=3000T'0 INIWININEHIY HOM¥H3I



38

3.4 On the criterion of convergence.
Since the error term for DE formula with mesh size h

is roughly estimated (Ref. [5] p.265)
(3.4-1) |aTp| == exp(- 4)

where A 1s a constant, we have
(3.4-2) [Alg‘r_\:‘ﬂ,g[z

So that if we halve the mesh size, then the number of signifi-
cant digits are doubled. Thus we can usually get the desired

accuracy when

(3.4-3) |1 = 5: 1 syE |52l

holds, except in the case where the integrand oscillates
(e.g., P8 and P10). .

In the above-mentioned case, however, on the safe side,

we should like to test whether both
ISI:*I - Si‘ SZISZH'
and
,Sl+z - SZ+|‘5 g lsi+zl
hold as the criteria of convergence. From Fig. 3%.4-1, we see

that (3.4-2) does not hold untill mesh size h becomes small

enough.,
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4. Difficult problems of integration

4.1 The restriction imposed by the number of bits for exponent.
The number of bits for exponent is usually taken to be 7
or 8 . Then, for example, the integral to get the abscissas

of IMT formula
T 1 1
I =S°exp(—-f————1_x ) dx

w 1 1
= tifxp(—§—3§ir:§7) exp(- P exp(—x)) exp(-x)dx

with t = 3/512, 2/512, 1/512, has the value far smaller than

104? Thus, if we wish to evaluate this integral using DE
formula (2.1-3), our algorithm will fail, since (3.3-1) is. not
satisfied before nh=5.5, with this nh x = exp(nh-exp(-nh))
becomes 243.7 and exp(-x) vanishes.

Such a problem requires the use of multiple-precision

arithmetic [6] .

5. Conclusion

We conclude from the experiment described above that DE
formulas offer a very powerful method for numerical integration,
except for the special cases described in the previous section.
It is recommended to use DE formulas especially for integrals

over infinite or semi-infinite intervals.
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Appendix.

Dr. Rabinowitz presented the following problem when he
visited ETL at Tsukuba on June 4,1980,.

. 1

I —

sin X

I =S:f(x)dx =‘S _lf;__

dx & 1.00813 41238 139

at x=0 wvalue=0

We will show the results obtained by DE formulas below.

—_2 | -
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