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| historical notes

Xz compact BEIBMA O £ Xnde Rham complex ¥ 33
Zovx ¥F % spectrdl sequence

Y =HIX, Ok ) = HOX O = HIXC)

B33 X Kakler 2. ko spectral sequence 1B T BALL,
Hodge vumwber 9 = dime (X 0%) 13 X rEX AR vuz o
HHABIES R R azon BRR ozt
de Rham coltomology Hoe(X/& )= H(X. Oa) 13 B O vz
KanzwzB LS e B>tz o at Bp>0 ovsn it
oS een By 8o Betu number £5 2101 ).

—ohE o R0 213 Sere o Witk vector cohomology
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T®H35 (Cerre 111'58): bt p>Oqalgebraically dlosed feld,
Xz b ok EH AR ﬁﬁi\ AR W=WIL) z hak n\Wicx vector
0¥ v32 Xaafine open Ui A=T(U.0k)aka Wite vectorn™
WAVEHR e 232y 12 5,2 X o ko Forma) shedt WX HEE Thz
- ZowE HOOWOKE W Serre 1x H(X W) % X mHoo\g\e number
Wit 53340 THBYLELET ER X 4 hokizsmooth completeT
Waltan \rg\tmg’ ¥ EHLE dim H OO WK K, Kis W o A AR 13
X Hodge number A v =% 33 ¥ Xrhaki:smooth complere
T3 HIX WK 15 $ree Womodule of finice type YR ZLET LR,
32312, Serre 13 X4 b b1z smooth complete 153~k HOUWN)
FRBREWIE L2238 (e 3rtd izl e o
(Serre [12])
remark |1 X1 hak i smooth complete 0L P=Peyyt Xo
Picard scheme 3 bz, THWXLF,V Y i3 Sormal completion
(P/o?;ea o Cartier wodue 12XT 7233
Zhd + AT EF R ok A BN, Monsky ¥ Washuitzer 13
diferentiol o ¥ p H2TEH O Aq \tg“tm% outn A AR e T
AR €47 nu. Yormal onomo\ogg AL B (Monsky-Washwezer
(71 '68-"10). 5. Grothendieck 18 Monsky Woshwitzer a A1 % -
%8 (, schemea ilfintesimol site £ 2% L BEQayLs,
Sinfiutesimol cohomelogy Smooth vanety 1= (T de Rham
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cohomology 253221 ¢ T (k. LhLAE% p>O n R A,
inFinitesimal site T3 KRR THBTLH2. scheme o
crystalline site tER L crystalline C.o\fwmo\ogg B Lopodic
Co’ﬁrxomdogg 51z HZYLRATR (Grothendieck [57), E¥E
Berthelot 5 Qv&f;“ta“me Cokomo\ogg TR pﬂéic c‘_ohomo\ag%t‘
BELET LR My, ke Bp>00 peSect Tield, X £ smooth
proper b-scheme YFnit, HOUWens 3AFERWIIEE © 3%
b= Qo H OV W deris® K 13 Weil- De\\%vzedw Y- odic Retti number v
“BIZ; R X Wakao litting X £8ovs HOX/Wes >

HEL /W), exc. (Berthelot [21)

Che, \'\oc\%e number £E%H FZIRE®HITE, S@éc‘cm\ Sequence
' 2EE * k2 Sleeation T T &3 H. Grochendied-Berdelot
o erystalline cohomology 1= explicit 12 complex T ¥ L0
TN Blod i3 2%k v KT oW 1363120tk K-theory
AF>7 crystalline cohomology £52% complex £ARM LT (Blodu 4]

remark 1.0 % 4ot ¢ BE LT BB 4T vz v edia
T3, _

*212. Deligne llugie 13 \<—t\«€ovg fFov 1. Mo schemer
T crystalline cohomology £ 23 Complex LT de Rhom Wit
complex £8% 12 (Mussie [61) de Rhow Wite complex 13 Serve
o Witt vector cohnw\o\o% v Grothendieck: Bcrt\r\e\ot mcv%g(a\lme
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cohomology Yo BR w & vfi=tt 5170z
remark 1 3 Sz scheme X £ S-ccheme ¥33. X0 Si-fsz
infinitesimal site Inf (WS) 155 = EFH 13
() o\b')e;t : S-worphism U-;T Ui X o Zariski open, U=T1
Or o il 1deal § 125,24 xz closed immersion ;
() worplusim : Commutative c\ta%'ram
U——>T
]
U—->T
U~U" s mcusion, T=T 13S-morphicm ;
3) covering : HU.~T:) = (U-TH, RT.=T # open immersion
T UT=T. | |
remark | 4. Ogus iz Smaulqr VO&Y(E"C% wrzE inffinitesimal
Colw\mo‘og% 1 de Rhom Qo\aomologa 15z -vETilzuz
(O&us o))
remark 1.5, (S.3,7) £ PD-scheme . X S-scheme ¥.L, v # X1z
N =2 REIZ XoQ /133 CY%ST:O«“IVIE site Crs (WS )i
oSS EE 13
(1) dhject : (U-T, 6). Us Ko Zariski open, U=T 13 Or o
vil-1deal J 12 % % iz closed S-immersion, & \‘&Y‘cgompa‘ub\
i Jo ko PD-Structure ;



- () morphism : Commutative diagram
U
bt
U —70' i1 inclusion, (T.3.8)-(T.2.8) 11 PD-Structure ¥
compotible - S-morphism ;
®) covering + {U~T.8)»(U-T.8\ . R T~ Tz open
Smmevsion T UTi=T
remark 1.6 Rt EHp>0 p/F W=WHE) £ hota Wict vector
OFRYLIZB. Zovs Y= aY/il 125,27 pWo ko divided powers
T=(oo T EETHZ EE. prW s pWao PD-subided oz
Wa=W/p"W o k1= PD-structure f v 713 348 xhz T, W. W,
£ PD-styucture ¥ £4 > PD-ying ¥ £22 %212, S=Spee W, 3R1T,
SpeeWa, X S-scheme Ydmuy, TuX = LE 052
LT, de RhamWice complex n By EAeh 6 =501z
T Az 3T C\r\ﬁs‘ca\\me Co\/wmoiog& =outis Berchelot 121
Beychelot- Ogus[31 €., %£. de RhamWiee complexizouizis lusie
6leBanro,

Ul
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2 deRham Wer complex nTER
.&iﬁi“zmo apertect feld. W=W(h) £ koW vector 0¥z,

Wa= W/pW v3Z

T 2.1 (Poincaré lemma) §=‘S9m\/\/m XY tomooth e S-schene,
§.q- XY £ S-morphism L. § ¢ - O~ (g Lk § %“f\b’;’%é
Th deRham  complex o ERR YIZ —ovE S-gluwd p) s R
Iz HUE)=H (g ) H Qe )= H Qive) Y% B § trmed p Y
3 H§) e ETR

TR Y5 Sokizsmoot BT Y a sy 3T yaopen neighbour
hood U, g7 Bk v 20, ke érdle Sworphism U-SIT,. T 1xkh 33
P 112, Erale C-morphism @ Y =Z=G(T, . T1#RRszr/RE
su.zovs, ABC teheh X Y. Z aofine ring YU 3R, §.g.¢12HR
BROERT L3R Y.q. ¢ TROT T=T) wvime ARENS. gkl
%i‘twspa.t asAoT, vEnz Tmr AT E TETRET w33 @o\&mwual
A-clgebra with divided powers Y3lis, 15 T - )+ Ta 12 5.2
W B o SRR o CoACT 38R i T O (&30, T~ ™I,)
(N>0) 1= 5T Mtk o ETR w: AT~ A (82018, U KT = AV 18R
“h3 Zovr wd=fop, urd=gry. Tz (T =%V\T)'i T (10)
prA=0nnz. AXTY 0 augmentation deal §ATY i iulideal LE
17 BisCokiz éude 1oz, §=u-B. B@=al LRZ 5T TR &R
B:B-AT =R ehBT29% vz U-p-9=g-¢. BuCoks
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étrdle mot Up=g 11T Qhirmesr= Q& AT S JTA (%&A(T»,
AT T AT AN = (T AT Awe+ T duod) = T*dTA dogew,
Vo 1T O, e 0TE . LT ATTEE v complex Oaermwat E/(‘%%
21z, U 0* Oaownct = O LM U, U2 AR Thz Complex o
EEE vl EE KlosdTAR) = | Add) Ge KIT™ aTA)= g™ M)
25 ERE K Qo= Qi £8E Thir. 0'-w =Kd+dKyz
B2 LENT, g -1 = (Kd+dK)gt Zhns 453 €83 (Kaez 1233
ZEeR)

remark 29 (7= T T HEEK w32 Free Amodie T 0k
i, TOT™ = %T”‘"" =R CER Sy, AT s Mesynz
~0xE Y (T)=T" 12 5.7 AT o augmentation ideal QAT 0
tadwided powers Y=uhao FEE shz PD-AKEKRAT) 2 T
TETL L33 polgnomml Au\gehm with divided powers ¥t PD
polynomial A-dlgebra vy

= Xt smooth b-scheme Y33, Zov® L7291 72 [IE
H OWIO=Hd Un/Wad= H Q). Uit X o offige open, UnizU gy
W mh«m\‘%“m& 25T Xo ko (Zansk i 1233 32)) WIS 0
HUOV W, HEZBr1Z 20, UL X o cfipe open Uz UoWa
Eno Flar p-odically complete 1 lifting L33, Zoxz, Un=Ug,W,
LIk, c,omplex M EXGCT sequence
0 — Q== Qo= Qigp,—0
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B3 (1T, X 205 m D Section, Lt XY=L L3 Oivw
section LIy, dv'= Py B3 ZO%w 0 Section g" H I3,
Y4EYD Qe 12 &113 imaae NET i SV Loyt LB ERE
do’ HseUW.) = Hik (Un/We) #EF <z 222 Ut U aWaka
o Hlat podically complere f lfung . §: U—=U" £ W-morphism XL,
Ua=U'g,W. L3hz, Commutative diagram
H (U2 W) —2 2 (DLW
I¥ I
e (U /W) —2— s (U2/W
3 Tz R EET - HOVW) -~ H (W) ¢83. Zaxs
Hitiz =0, Ttz H XYW s X aka grao\ed derential
Wi algebra iR
remak 23 AR B-@ B z positively graded Algeba,

$E, d=(d"B B t AR otk LYz

(D XY==DTgx, Ly 13 elcn B B oT ;

@ X=0, vuuB. (5% o

Q) d"-d'=0;

G A () = (g + (1) dy L Xy 18 e BB
HRLIZLE (B d)is gm&ec\ differential A-a\ae\)ra TH3Y
LS. Mas, R £ (commutative) A-olgebra Y3nix. de Rham

complex (pp 13 graded dferentia Aa\ae .
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Xz, WalX) &£ X ko B 1 no Wi vector o, F £ WdX)a
Frobenius em\omorpkism ¥3%3 XaWeakao Smooth \tgr\tma Ko ¥
J(ZZE $ZLREIZ —0vs O=(Q......0u ) £ WilX) arlocal section.

,,,,, Gt £ ZHETH Q.. Qe @ X D EAG ﬁ't\ﬂ& Yy, W
a- a7 +pa¥ e+ A 128 T B oB o R B WK,
T EE 1z —avs ERY 0 L G F WX~ WalX 1= Ox 0
tmage 13 differential d: O~ Ouw, nkemel 128 w43, Thnd
WAt 0 0 ERE O, WalX )~ F7% H 0ol F Hoa X/ Wa ), Fi
Wa=W.A%) 0 Frobenius endomarphisim, 1483, -faRa Xoko
BAL v By &b ey ERE 6, W,(X) - FLH(XVWa 1
TR T3 TOYLE.

#4824 6,13RF
graded differential We-olgebra 08 FIHOVW.) £ X alevel n g
de Rhom-Wite complex L8307, g Wk T my. @824 2,
Wo Q% v WalX ) 2 R4 < k3. 1 W Oy 1x de Rham rompiex (@17

AT TRAT LY

©¥9S gmo\ec\ diferential Wn-a\ge\ara WOy 13 WX 2 5,7
R vz e A8 o WOk 0 local cection w iz T adda.adl
o ks Wald =W.(X) @ local section, ot cE iz

Zhd . vestriction R-WaX) = Wei(X) 12§, 7 graded
dfrerencial &\ae\ora 0ERY R WO ~WoQly T EE xuz

q
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graded dSerential a\g‘ebra WOk = by Wa QO £ X o de Rham-
Witt complex Y. &i: FR 75 WOk 13 X ok o Wit vector n %
WX) =@~ T£3. 227, B Transition wop R Walx = We
SAE w7, BELERE WO WO esrAR
3, décalage VWK 1= Wa(X) 1250 SRR V- W~ Wi O
TEE thz. covs |
th xVy=VIFRx y), X WulXlp, Y13 WOy 0 ocal section;
@ Virdy) = (V) dVy. X 13 Waldx. 15 W  avoca section;
3) (di)V% =VIrdey). 130y 11 W QO 0 \ocal section,
L13 Xa W) =113 muluplicative representative.
TRIAL33 22T RV=VR 1oz limeAa®fi - 5t WOy o B2
ERR VB3 o |
ay x Vy=ViFryl viswiXlo, s WQ} nYocol section
@y \/(Ic\g\) = (Vl)d\/% L L3 WO, Y WO nocal section ;
@Y (dx) Vg=Vixrdyry) x13Oxn. y WO alocal Section,
115 X0 W (X) 123492 mutiplicatve vepresentative
$T, M aEEL RE-FR WX )= Waa(X) 1285:T graded
algebra o ERE T W, = WOy 18R <03 —ors
@) FV=VF = p - WaQx =W ;
) FaV=d : WO = WaO'
(6) AF=pFd : WO =W O+ Vd=pdV - Wl = Wael OO
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(1 1Vy=V(Fry). X3 Welxr. y 15 W, Q) alocal section;
x 22 lime And AT 1252 qraded dfferentiol ge\am WQ'x 082
ERIE F 2483 Zovs

& FV=VF=p .

S FdV=4d;

6) dF=pFd; Vd=pdV,

(W xVy=ViFry). '1\§W0§m;g\3WQ5x anlocal Sectiou,
AL IZ. e ) 3 €T 6K E3)

Rz X £ smooth k-scheme of Tinite Twpe Y332, (X Walens
tWaizR832 X o crystalline topos. Ouw, & (X Wi @ STructure
sheo . 51, Xt X 0 Zariski Topos, Uy M Wilers X 28R
TOpos o worphism L33, Z0vE, DX W=z FE

(1) Ruywas O, = Wl
T BILIZ i3, DIW,) 23113 RIE
(T} RV O/ Wa = ROV Walerc, Oy = KT (X W Q)
T3z, Cckomo\ogaﬁmmg
M) H O Walerie = H O W)
1483 12 b Xokiproper 12, & HIX Walk) 1= Wamodule
of finite \evxgt‘nfz.", DIW) =813 B 1 ERE
M RT (X W) = Rl RTIX W25
R CRinT CO\AOWLO\O%‘A%’% o ERIR

il
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WV HAOX WO ‘m HAOC W)

3 EE A C.ohomoog&%’?m B

) O = b HEOU Wl s & HIOU WO

w43z
temark 26 G<(S.7,v) £ PD-acheme . X £ G-saeme XL TH A

o . sl 7% Ve TOT AL E T
128 202w RE 43 ZovE Crsl XS o WE(UTS) e MTCAET

TTETLIL T Lr‘su/gm,mfié;’m}% G’x/s n‘i’% TG Uxm £51EC

Cris(X/S)an 7213, Topas (X/Sle 0 STruUCTUre shedt © 5.5,

3 de Rham Wiz complex 124% 5 specrral Sequence

_xﬁlé

k M‘ch mpergea held Wewik) £ hoko W vectorn
KeEWamed 51 X £ Smoath proper b-scheme Y32 ~qv s
T a0t pF T WOio complex n BZEEE £ 484
“hE 20 E B s HOUW) 0 GTERR 4 crystalline
Q&Qm\oad 0 £ Frobeniug endomorp\\\sm LIS

hEY ciecreas«n% Yitration (WO WO -war - - Vizo
¥ T spectral Sequence

B = HOX WO = HOX W)
ie%e Rhon-Waee complex 245 (the Sipec spectral sequence ))
LLESE MCIEasing fleravion (WS : 0 -W0= WA ZQ-0),
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18T speczral Sequence
=H(X HIWOR ) 2 (X/W)cns

(de Rham: Wn:t complex 14 ¢ the opposite Spectrdl sequence))
133 2. Rhs 3 xios R B0~ H W0 s ASY.
LM, projective system (HIW Qo 1& M'&tta&le%“er/%/ﬁ‘z%? |
¥, o2, HOX, HWON = i HOC W) | :

EHE 3 (Uusie- Paamud ) (1) the Sirst Spectral Sequence 13
torsionE B Lz Bz BAL 32, 220, X WQLIR K 15 HOW @K
opart of slopes [ i+1D1zAIG3Z. iz HIX WXDe K 13
H (X Wleris8, K 0 pare F slopes (0,10 12833
(2) the opposite Spectral Sequence 13 torsion £ Lz B BAC
32, %210 HOCH WQ)IR K 13 B (vw)e, K o port ov slopes

)] Iz TT);\ 33

MBQ FH 311 13 Serre ], Arcie Mazur (11, B loch 14 0
£F o - 1mRT0B |

remark 33 E=H(XV/W o8, K 3. Eslinear opevator F &
BoKa o ARRTAEEN —ovs A A=s/r,S.x1=), 1z
1Lz Ey={aeE; Fa=pal vamy. Bamhik E-QL, 143 Bz
Ea part of Slope A YEA

EI R
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£ 34 (Tlusie-Ragroud ) 0 the first spectrdl sequences
finite \evx.gt\n tRurE.TEALIZ
(2) the opposite spectral sequence 15 Tnite length 2HuT
E.cBALYZ
3) the first spectral sequence T By T BALYZ & the opposite
Spectrd Sequence ¥ B, ALY
CRA 2, Ed= Ker(HOOWO-HOWQSY T (HIOXWOR)-HX WO
AR WIEE E.irEao good Gpproximation TEILERB
T, EE340)0ARMF L EAZ
Rt WO THRTFV 52, Wik ERTd 1 .2, Ko
AR 1yt B Tz Qraded W-algebra ¥.3%
(WF a=FQF. aV=VF@ asWaT;: FV=VF=p;
Q) ad=da.asWaT: &*=0: FdV =d
“ovE R=ReR" R it Dieudonné-Carvier a\%e\om. R'iadizix
R hz Rokobmedde 1. H (X WQK) 13 operaxar F.V.d
$T Rk o graded module Y2
=z, M2 RME w33, M Vadic topology 1R T complete
7 R0 IERT MV M) o hute \ev\%t\r\ iz s Mg
V-Sinite @20 AR e, HIWOhaV-Fwte,
ﬁ‘f@_ 35 M1 V-Sinite K5 MoAQ\e Y3IZ "“DOLE,
WMo V-torsion part 13 of Fite lengdh.
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@M V-torsion-free 5.2 AR RET ¢ Smooth Formal growp G
# B Lt GoCarver module tMeRB Y. 212 ok,
Mr free W-modde o Fce type & Gt p-divisible. 3T,
M# F o3 w0112 & G wupotent,

L2 Yormal group nexact Sequence

0-—G—G—G—0.

G 1z Gomaximd p-divisible subgroup, G 13 upotent., 12

fie LT, RIMB¥oexact sequence
O— M —M—M—0
M isfree W-modde. MaFapzmz 0 =13, 433
v ry
A8 36 MzV-fiite R*module Y33, 200Lx M s successive
Quotient Youdknol¥ o V-fnte modde THzE5TLARARS
£855. (1) of Site length ; (T) W o 1z free & frnice ype ;
@) Go with F=0.
Wiz, M =@M £ qraded R-module ¥33. oz, FIM(M )=
VMO +AV'IM) i R M) =@ FMY) 15 M ) graded
W- Su\oMo&u\e T,
FEMMNCR™MY
V(R M CRIM™MY
d (R M CRI" (M),
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FIMM e M o decreasing hitration £5 2% Az, M = H(X WO
3T, FIt (M) = Ker (HIOXWOK) = H X WaC3 )

T30, 2= Ker (MDM™) B =Tm(M ™M) L3¢ 20 eE,

(1) Z' 13 Fostable w831 Vrstale v tiv, 5= Vot 2ok
B3 0tER Z'oT. LEN,T 2 5M o V-torsion part 2% ¥3i
VHZ)=10e M Moo O s VI Z ot YiRE Y LT,
V(2913 Ve stable BB L 0 Z o TAWINRE
Q) B 13V zstable T&3N. F e stable Ty, FR(BY=\)F(B)
EHIMY, F(B8) 15 Frstadble T B LT ® Lo M o2t W ITEF
—OYLFE, |

OC B CFI(BYCV™ZICE M
LHZ.

R Mg Qraded R-module Y32 M # FI*- topo\oa Y 12 33LT
complete T, & n.Lizkre MYRIMM) 1 of finite \en%t}«\ iz
YE M3 provinite THZLLY. |
3T (profwite wodule ofBE) ML - AR % profnite
%’(&o\eo\ R-module ¥33. — o *, | |
() FAUBY B E/V ) 13 oF Five length.

Q) FrBI M zclosedw. Vaszthe O mt3. &, FI"M 1282
FBY) ok HE cnZ AR 3 V(MY 252 F Tz AT v %
32 ¥ 212 MY/F (B )iz V-Fte.
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@) MYV 1 V-torsion free V-Sinte wodde 77, F o %3t
Oz | |
Xz |
38 M 2AR % profinite %raded R-module Y33 ~o*
M’ (3. Successive quotient T kaLI Ao o profinite wodue
THIHTART LR,
(1) (one de%vee) @ of finite \evlat\« (b) W ok =Yree oy
finite Type () C W\t\n F=0
(@ (involve two degrees) RITTSALTT, on the lef F"-O
VIT")=T""; on the right V=0, F(1=0.FIT")=T"" (n>0), 2
@ ditAH cErYakermel £Ho e d(1)==d(T)=0 AT
=T" 5 d 1 E8 T Ex Do cokernel €55 e d(T=TY -
Y- PR -3z 013 cohomol @? H{M )= Z/B" MI:\FE Ji
H3. TMzOoue, | |
ﬁ% QM ZE%T& progrwm:e aradecQ R-module ¥33. -m\c*,
o Bl 1 FUE s
@ & { ¥z VZY/ PR w ARTEE iz,
b A Cizkce HIM)=ZYB s RIRR WITES
O RMBEM o BRI = 45838 0 (1) 0% o RINE s Hibimw,
groded R-module M1 BR = profunite T AHEE39. mrMET:L
ABEERILE M \“;Lo\rterem THILLD. ‘

U
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EE310 graded R-module H(X. WQi) 1§ coherent.

S Ths, BESwERREWIIEE 227 the firet spectrdl
sequence \¥ TOrsion tBuE 8 3Z07, fpite lena’t\'\ %
ButBE.vENMIZZYr b3

4 agplications
ERI4 13 the first spectrdl sequence m B termizout

£on iR MR sz

&3 41 HX WOk 13 Tree W-module (oF Finite type)

S8 4.9 (Torsten Ekedad ) H' (X, WQK) s RRE WNEF
3T N=di X e3bus, Fre WOY ok 7 TRET, ez, HOX WAL
ok RRET. THA2,

SE A3 HX WA s RER WA
LRI T 8 |

2 bt (Nygoard) X £ Yoko complece Smooth surface ¢
33, 2% the first S(pectrd sequence 15T BAC ‘wYZ T30,
R o &M 3 SUE
Q@ the Tirst spectral sequence ¥ &, T ALY,
b) d: HX WOk = H (X W) 1B
(©) HPOX WOk ) v TR WRE

I8
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(d) X oFormal Braver Qroup gr/(\X) ne p~AiV!SiHe
superstngular K3 surbace wEHA b pRUE R AM £ R0 E
TRuME S22 (Nygoard 181191
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