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ON WlLl's TQUATION AND NEUMANN SYSTEMS
Rims & Unw. of ARIZONA 1. TLASCHKA

0. Preface (apoleay). This isvot Yhe falk qiven ak N
Yo conferance. Bofore the conference , T duscovered
| (ovnce aci)—a\vﬂ ercors An The main resulin, 3nd so
Aeseribed on\ 4 Seme {au\_\& \ﬁa\\mmavj examples - T have
ot resolved the &:%\w‘u.\ﬁe_s; hanea , ¥ T ighY be
beller TF T deseribe 3 mew project, . wWhich Vs in
any case More diredi\y relevant To soliten resemccin,

The queshion des\t it belew is Mot Yoo hard

o Qx?\'ain. Lo Q) be an N- coliten \:ohm\s‘a\ ({op
SC\moAmoer S »Qﬁ\u{&.)hor\ —yt ) «-C\b\)\lﬁﬂ < E 3(x\
6 the N Q\Z‘U\\Ia\u\eS avre T = =3, e, ~Ku , and i§
$,. ., b are the vazs?onémi e_\:oxzv\—g»un@vms ( Yﬁbdx :\3

Phen .
Q)= —4 2 K& 0.
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This Formola was fond by Gardaer,breen, Krockal, Migra
in CPAM (31 4) Subshilfe F for q) in
SN e qdy s lds L N

o cle_* | )

4 (2 s g
This is 3@ system o} N Y\or\\"\he’a\“;QQu\i)\eX o rdinary
differenial equaTons. One may o.xs:u:\' ¥ » hove
many m’Yo.\»e.g\w‘“j ?voxm’has , Since Yhe N-sc\iten
petetials o Sncsdinger’s equakian 4o

TS &) completely 'm‘\ai\*a\n\Q 7 [Yes: The
Solilen was Qiven in VI8 by R. Garnier).

Te *here a lax paiv ra\?cgsani’v\'nﬁ? (Yes -
Tephict in Garnier's \oa\\?u).

Wha¥ does the gqeneral solulien R, - D)
of (¥) \ave Yo ds with Sc\«w&sétnju’s OVQXGJTQP—*
for, enly one soluon watl\ \rg?méugg Pre N-wo\iten
-Q_\‘Sm-gunc’v‘\ons . (DL and &V, Choodnovsky, 1973+
the o@nes a\ se\uRan b&\gw_sm‘\s eiy,v\%uncf?{ws o%

a o\\}\as\?oj(o}u‘Q) N-qa¢ yetential — Phe “cnordal’
ar\a\oj of the N-solilon potenhial ).
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Promiem. Find Comx?'zwa\o\a vesu\ks for ofher Wnear
O\?a'e;\*ovs_ . D D +p (Boussmesq)) ZaX harov~
Shabedl, L) for mateices (Toda lattice, o)
~ s bas twe parts. -

() Derive formulas for potedhials intarms of
eteenfondlions '&v\a\omous o G\¥ Sy 2 bt

WD Show thal the Sﬂg\‘am aﬂ§\030u3 to &)

s \\Y\te?\\-a\b\e.

At \xesgn’t, sﬁ? G) s “—Qaw\n well undersiond,
requiring some contoor \t\’?zcya’ﬂ'sns ‘O\u\i‘\(o‘_v—g’amﬂ\‘&r
N inverse Scaﬁarmi caleu\= §n30> . When one
deals wit\ fiette- oap potentials ) There is a very
beauhiful meted based on the asseciated Riewann surface
theory . This was develeped by T. Cherednik (Fonkis.
Ana\. Prilozl., 1978 ), bot net in encugh deYail to
aive a\l fmmu\as v The needed Qmm. Checedmi s ‘
methad s i\W\usheated belows.

WD T Kawg, SAMT Appl. Math 1976 5 AQ Newel\ ) in Solitons,
ited by R.BoNough, P Dedft and ETobowitz, CPAM 979 ;
P.Desft, Rlung, E. Tru\o'o\n(\%) QOMV\;\. Math . Phys 1920. Tor Ke\'s
eﬁ\ua\-\‘on) B.P NeKean and P.van \\\ner\oac\<z) Trvent Mafh. 1978,
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Step (), as far 25 X can Y\, i net 3t al\
underctocd. Te each case, ‘mkﬂva\o‘\\ﬂj ox The
8“1\03 ol &) s shoun by brote calculationt
constante og» vachion ave oxuesgeé (fhere (3 A commen
\Bé’t\am\ , and \JAV\RS\'\‘\nﬂ of Poisson oradels is
et Yo Yhe ceader. Belew, s\xcﬁ,ﬁs’\ a cwociruction
Wi will (3 remaining details, and aeneralizations, qo
Horouah) enable one Yo prove '\‘\"Vecya\o{\'\\‘i for mosh
o¥her examples.

There (s wore Yo This Phaa one mioht Fhink at
Lot cﬁ\ancz- |

a) There is 2 5\:«3\\\\:\ c\_(‘y\&re,n)T NRXSIOn e% &)
(caWed CReumann's sqsters), hids T Moser has shown
o be m’r;ma‘m\l re\ated Yo laoke;cc Qlow on an e\lipseid
i T (aotes of leckure ot Chern Sympesiom, 131 ).
T torn, N Kndrree ( Tnvent Math, 10,20 ) hae connected
s agodesic flous oith Hhe alqebraic qeomdivy of
quabvics. Thexe s undoo bted\y o e ‘W\"ngdt“j
oesme ey to be A\*SmVUgé in the av\a\o'iouS \)ro\D\Q/mS
for Brossinesq and other (non-hapecalliphc) sol fon

Q»‘\\LE \‘i anS
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b)  Andlogs of ) aish alse for Painlend equstions
(e} 2 yager by Alan Nowel 3nd we ; in preparation).
B differant representaiion ssuch as G, may provide
stalts into this class of "wall-behaved sddems.

C) A hor\—av:\'oncmcuS sjs‘&e‘m Te,la_\eé \n 3 CQY)‘&“\Y\

)
way Yo @), was encoonte Ted \nj Timbe, Miwa, Meri,
and Sate ([ Phyeice D, 1980) in a2 studg of the
‘\m\xméﬁ—a\o\e Posen %as-”'T\'\Q_ velation o§ ana\ois og
#) o shhshal medhanics models amd hdlenemic
C\k@v\'\‘um fw‘e\&s 'S S\‘:\\ un@«?\umé) bot seems % be

\ J\'\‘Lre.s_\\‘ r\3 eno\ﬁ\\ Yo warrant S'\“m\j '

T\\Q —&ivs* Ske\: ) \)agore one Can \no?a '\‘c‘\"&c\“a ‘P(\Q
FQ_E\\ \\V\*Q,Tc_,&)“\f\l Vro\')\ems 2)) \o), C)) iS"\-'D UY\AQVS)YQY\A
' A ralional way w\v\’a‘\' \r\a_\ SO ga\» been écng
»rY\oS'\'\A \Di D(?&r\‘mev\'\- 1 \\a\!e ’\‘\*iaé ’\‘O V{\)‘r@éuce
\'(Y\OUDV\ Y esSJ H‘S gvcr \X—(\\\S Q_C\Q&*’CQ!\) W\EK{Y\g Sure 6-\. QQC\'\
S'\YASQ ‘\‘\r\i\ ’(lv\g 3&v\exa\§%a+\‘on t+o Boossinew\ was
dear — 2t leagt in ?H\’\Q{\:\Q. Boussinesq, as well as
other \‘A‘DQVQ,\\'\V'\“\\( ‘?To\:\@.mg) QAve a\“ ?re_smwd“ \:Ur\j
3‘\\6\‘9_& \)3 R. Sc\r\‘\\\inﬂ ( Univ. o& Ar\'%m\a> ) our Yeqy \\'A
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ave 1\ “?w.\imiwa‘\s and nab ready Yo be docer ibed here.

T next sMeteh the outlines of what 1 expedk o

become @ ogneral wethod  as F apphies o s
equaliion. Most o the formulas vequired maybe
found in the corvey by Dabe and Tonaka (Prog. Theor.
Phos: Soppl. 59 (0101,101-125 ) | 2nd i dheir vecent
momosraph (T ek so,because T cosld vead the
formalas, i wek Fhe FEF Lehueon Mem ).

1. Trace Formiles. »

I Wl 2 fovmala Vike g =“‘NZ\\<SC\>Sl a trace
focmola | follouwsing Tradition, even though "traces "
don'} really come into Play veey wods.

As an iWNosteation oJS e origin <_>§ such {o‘wu\a&)_
T decive the trace formulas foe the Jacebi matrix

r" B

. b\ av © --- Ay
o bl 31 ) O

L'-: 0 da \95 ©

L an | ~8‘N:.; bN J



o
familiar from Toda \athice theary (M-Todn, Physics
Ragoy*s ¢, 975) . Leb Ayoos An be Poe Q‘\iu\va\uu)
b 47, 4™ be the normalized eigenveckors,

I S N T
and leb Lo Mo mateix ok Qizev\\zcc*ors (ccdomn ¢
e b)) N = diaq (N, M) Thos,

Le= 3N,
.OY L
L=BA%" - BAE Gy
Since D s an Q\‘\\«\OiOY\é.\ ynateix.
I, o)y Compare Et\’\riﬁ&‘- e very easy to

See Ythat (W. Fex quson Ma\-\\ Qom? > \qouses Prese gm molas for comru¥\n3)

b( - Z) 4)(\‘3)_

N
)
3= \?.-. >\ u,_\ (».

(Su‘oscr;\,‘i‘ dencles com \mnuﬁ \aj C‘_ov\\mw\inn, c\)(:)ﬂ:_: <b:k)).,
This-is Yhe a\na\ei of 9+ -4 2“ &*
If one sobshitoles Hhese formolas o L7 =), dp‘”
or nte the difference wquation il +andl +b a0 )
one aels the defferenca Ansley ol @) [ Whedh Nas net 50
far, bean sodied)  Tf one leds the mateix L chanae
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'accmé‘mj o LU = EB, \:k)

0 ady o - .. QN
B -3, © aL
- O “a)_O
-ay - - - o

( basically Fhe Toda u\@ﬁws\ co Pt &P - BEY,
o 4;:3) = a,de — A dan , and fone han
teplaces 3 by SAETEL, ome st asystew
Sy covpled nonlinear A flecenkal CL\U\E—‘\'\QAS %o C\BM
whidn cordains the Tola equations. The Sm&*ﬂm (s
feducel Yo fomar onlnowns in Desth, Lond , Tubowita, Joe.cib
This dea of rewnk iney linear Q\'Zznv’a\uk\i:fo\p\em'ﬁ)
aad Fheir isospecical flows , in a“ge\g_mﬁg:dm‘v" way
by coupling Fooether al\ Fhe important etz_mfgm\én‘ ons
IS Very powesful + was wnfroduced by Dedt and
Teobowta  (CPAM,1978) Tn a Therogh stody ol
inverse s@llering fer —DD__-H\ ,and s used in Fhar
fortheoming analysis of scaffecing Hhesrs  (or rather,
\v{ugfga S’?ai\ra\ %@\13 for D3 +(\"D+\o .
Undortonadely no other Trace formolas seem Yo be as
&\m‘?\e as Hote for Yhe Dacbt mdlvix. In aQV\Qr& ) one
needs detailed informahian sboot houthe @isgnfunchions degend
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on the spectval parametec. Then one applies Cauc\\j‘s
Theorem Yo 2 cleverly choten h\"\l«y’&\m& ' aﬁ‘in‘“‘ d2 =0
Torns ) foc example, tnhe  q- 425" = o.

Th 2 moment) this 1dea will become completely
©bscure Phanks Yo the infrodudion og .a\ua\iah AC« -
Yevtials, Y\Qh-S\DQCia\ Aivisers, and other recondile
chca?*s- To arque Prat Phe \ﬁouéu re 1S, in ANy
Concrele cate, (oSt conlour ‘m*qzva\‘con (pocsibly,
with mm\s\ccﬁeé branch eute);, T show how to
devive the bymow popular formula q=-4Zkd”

The Togb fondlions for tha N-seliton \m*(m‘\\a\ are.
cOv\venien’\\j dariveld by Baklund Trans %Or watians 5 fom,
eq, The formolas qiven in Flasdhka- Melaugdin, Springer

Lecjmci “Q&Qs 519, one maj AQr‘\VQ

3 A W(e;k‘)ms\\} 64:"-)‘:*‘35\"@‘*’) s
= “\'(KJ‘LL{-> » W (COS\'\ 6/\ PR Cm\qu) }

’:t\()(\\t

where W denotes Hhe WronsXian, 6, - ke be=xg ), xe

a consStant. J\‘ s the solution °§ ‘3““(\‘31‘;“}
lex . |

w‘m‘c\« 30&&\%\'@ e as X —on . Sinc,o;
Kyx ) - »

e ¥ Cje % 'S \ﬂb\»ot*‘\ova\'fO C_os\r\'\()'(s(-xs) an Son\é
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soitable ¢p, one finde Yhat  flxjx ) = o Qa(g,_\-@
for a certain ¢, (This s the basis of Date's dired
soliYen con sku&mn', sees Proc. Tapan Acsd, 55 (1979),23).

One. mow \nﬁelyaﬁas

kLG R) k- de

Aavound 3 cirdle \k\= ¥ \3(3@\003\\ Yo enclose all K
A k=co, the residue is -39 Kf)) and at the finite
poles |, £ ik;, the residue s ‘?ro\?or\“\‘onl\ oo Cleik)s
i[BJ.Ch-l(xB . The Y\qorma\{?&&"\‘\‘ov\ Qons\'an'\) heeded Yo make
L& =4, qives exady Mo required formola.

Now Yo Will’s equatisn. Tf q is 2 finite-qup
Potential, the analoq ol the Tosh fonction {4 s the
Baker- Ahieer funclion b=t Dlie meromorphic for P on
a Riemann socface®iR*= T (E-5 ) has poles at
porats Doy, DpR fndepondent of €3 anl aoes like
™ (A+ 0™M) ab E- ooy ke VE . The analoq
of §ilx, ) 15 2 funchion & =4, ) whidh, in
this S‘\w\'?\& case, it jush ' on the cther sheed. More preciidhyy
® Ang product B obtun solutions of -4"+qy =Ry, suchas

F= L605(5-%), solves gf"-qF'-4q F= -€F', Cxpand F: A4 cE“+ ~ 34T 200.
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Tha surface R s the 2-sheeted cover of Fhe com F\Qé rEfF«\ane)
eut so a8 To wake \/ﬁ) S\hi\e-va\ue’é-’ N point P %
s EeC ‘\‘ocse:\'\\e.r with a4 t Sign o deturmine Hhe sheek;
§ P =le, ), ek <P=lg,3) i\ot Yhe \gah\* on Tha
other shect. Then o

dlx, ) = ly, <p) 5 e Cordinuation og $ avound

2 brandn point.

‘Sheet 4

Sheet 2

Tn e solitoncase,  £000) flil) automatically
has poles ot the decived points wiky, and only +here.
Tn Pha finite-qap case, ¢ has poles at D, szD\,.r..;DNf}
¢ ot D={Dn, Dub Belore inteapskng db
acoond & big aircle, one wost Yake oot the extea
poles D 3D, and jud in The"correct omes at the
"Q\‘l@(\\:a\\xeslj Dand D come %o'm\\am‘v\_ox qenus >0 .
Dencte Pha ponts Do, oD o R by (R, (R 5),
respechively (te, Py e on oppesite shat) . From
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&a\Q~T2haka) W hav e N
(E - Hs(x) )
‘-\’(.X,ﬂ‘ﬂh‘?): \\‘\ FT
-)[Or Ce,\'-\e‘m %\Jé\{\.‘(\‘\‘iai \ks(x) (“-}‘QA S‘)gg‘\“(‘umk).
et o
, T (&4

J
B
®

|
L \@% no g‘ih‘\\‘& \m\es )ané ?es \{\ag —'E ¥
’a* E=o0o (a b(av\c\—\ \YQ'\,\'\'B‘

bl Db w = ) Y\\—f"’“m AL
(it -5)

d E

kz—zj\,)

o =

has wo fym\*m \go\e.S y Bnd So cannat  heve 2 vesidue
st o : 2w inYeqral 3vound 2 big circle weould vanich
(a5 wou'd Fhe ntesral of il bl k) , waith oot
e odva facor ol k).

One now mu\‘\r\‘*‘\\‘QS_ dpuw by .so‘me‘\\/\\nj a\n&\ozous
b Ahe ' et wolbiphied ([ GGW) ], G-k v 2 fonchon

w\f\\‘c\'\ \as ’?o\es a’r ﬂ\h ) Q\‘aﬂ\(\\l a\uegu) H’\Q 'é‘na.\oag o& ;h‘kj)

), _dF
\/E-\:_;

) Vs ‘\vx‘\aara\o\g neavr E“S .
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and produces 3 pole with residue at os

In previous papers (eq, Meser's) ) ¥he “e\‘zama\u;s“
have been chosen aF B, €5, 85, ( he bbb end poinks
ol the Drandn e ) y but there ig no compelling yeason
Wihe -g\'\'\i'\‘e-ﬂa\a cage, to YU& Phe “e\‘gamz\uas” Fhere
the oenereliaghion of the ¥, .,xy of the N-soliton
\)o*e_x\—ka\ 'S oveally the whole Riemann suvgwx 92@
Tndeed, T qet some vew resuds by placing the “eigemalies”
avkihavily. b E.LEy (e gu?u_m“ﬁ "0 s Nme )
be diskind Sinite my;\\ms_) and Vet T, Py be a
chotce of points on R where E =By ie, B= (€D
or (E$> . There exisTs a wnique %uvnci\iﬁh N oo X
which Rhas gim?\e \)0\6,5 at the —\:‘) and a s(?m?\e Zero
st Eeve, h~ €4 ot @™ -

U) When one consvdars 0o *3’&\3 ‘m*ca“‘\-\‘a\s) as do McKean amd
T\—u\oom’}s) e clotce °S E.,... may well yagtter. Thic T dont know .

B hine RO a0 R e
‘ 'ﬁr(l:“(?%'-:j) > ° J) :

‘) & a \?0\1‘\0\“‘.3\ oé c\-ej\-ee <N %OT UO\\\"C\'\ '\(’(El')é R(?() .
The denomi pator f\g Zewo af E=E| ow yoth S\'\QQ*S)' P vumera-

Yo s R(?g >“f P\K?S) on Nk S\nee*) —R(?\Q-& R(%) o The other.
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Finally, consider Yhe dvfferetiol hdp b o T hes poles
at PP, ik residues b Lo IV Y= B
end 3 yole a¥ o0 with residue -4 Lone et by
ex parding  Fhe various functions) . Thesum o residues =0,
and so N |
A= 2 pbd (1.2)
Now raolkiply by Bt a5 fo the vesidues of  Ehddus,
w}\o‘r'\;‘mi c\ﬂmy;g ucQ\a\ a [adw- By ivYroduced at F;)
while N veaidoe at oo becomes 39 thay ) Where hy

s Mo coefliciont in e apansion Lx £ 4T, E R
at E=ow. Hone N
S = AZEpRg R

T\\;s s Fhe \?u:oé\‘g ang\cﬂ o& om\.far\'a'\n%\ (*)
The remarkeble thing s Fhab Cherednik's method
Comoves a\\ ng\\faes °1Y %Qess‘mﬂ {“vom the vavious
Sheps: Wece s 2 completely 3mua\ Version o} what
T Wavedeseibe .

Lt R be a Rirmann cordace, with dishinquiched
pont © . Lv £ R —>Coufoed be mo_\«omm\a\\cc 9n2)
vf\—& D be a

with 3 5\“3\2) nMordar, \)o\a al o=.
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nonspecia\ diviser o beqree = g = nus e\”R(? S
ol covrse, compad and smooth). Tx\m oasts @ un\c\\u\
fondion Yl B), PR, el ﬁmwm\)\u on
R85 hos peles in D, and 3@\\@ 44400 ~‘f;
o} b s E%). By Riemann - Reck, Hlare gwdﬁm
oy vo2 m.\s\uc\a\ Lviser D, and 2 A-Hum'\\’é
L dwh ey as s on\y @o\a P ‘szr\"\ o, wheea i}
behaver as = k2 c\[‘) and Wik has 2eres af DH‘)
There aasts (by e same 'ar3umem-} Yot \oroé\w.s by
see MeKean, Sprinegr Latvea Nebes 756) 2 unique $6,?)
witn pole divisor €D, goins like 7 {4 + 0] faton

Thes is @ Q‘\m?\: and \w.auft\{w\ i*a;gu ¥{nﬁe~3a§>
Theory starhs with Yo Baker-Ahiczer fonchon . Now,
® and w, introduced vers Ay\&c_&\ﬁ for WA U\u@%\'on
eac\ler, aride o_om?\ae\3 naturally, their axy Shemcs

xw\é um«»\\mmsg \')e;mi iuavav\"\ad ‘o: cyvr\evb\ Rk_mémf\
S\ng&& ‘\'\'\kor'j\

Now \e,*“ \\ \)JL a —guv\c\‘{m\ \’\f\aJr lﬁ'aS Sim‘:\a ’yo\as a+
yoes Ty QJ’DH“’K in Su\ua\ y N :&‘}\ . The statimen

u

" Sur 0% Y‘&s‘séue5 o& EL l\ 4/ cl>uo = O w\l\ \D\-OA\ACQ "l’raCQ :
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formulas ke (22,09 - Chevednik develops 3 cledlus
Hat makes it \ms\l,\e Yo compule residues ab w of dbw
feom Yhe Qog‘gamﬁ of ¥ operstor L, (anales of Diq)
Fhat hes ¢ as eaenfonciion, L§- €Y. |
EVexl‘“r\mS 'S Veey inTrinsic o R, bot \ao\\e_v\ one \eaves
Me hperighic case ) net mudk can ‘be written down ex\i)\\mjr .
Ben for Boussinesq (o\,m\ar D +qPip) 5 T don'} Krow
Shat o and b ook Wike, and Fere are independend brace
fordne getren from  J Ehfbus =0 .. These are maters
corrently bang inveshoakd by Schilling and me. Agal,mm -
o} ’r\me deas to 34 Zakharov- Shabat systems and 2" orden

c\ %(ef v e.c\\.\é\\cﬂs iS S\m?\u‘ - \'* \n\\\ \JQ_ Aamr\\oeé n

Yé\{e_v N \S{L\)&va}ﬂmn.

92\ N&um’e«vm ‘&v\é\ /\QOSOC\\’E_\‘\‘.US gjﬁems-

T‘\' 'S Now *Qm?*\r\n \‘0 Su\pg¥—} J‘Q (\ %) \\"\'\'0
“.\'\’/'4_(“{/ =E k{/ _‘$\”+f\cb‘—(:\<b|) \—,D Y‘Qéuuf

— s (; \\5421;:1;[3);43'43 )&\)\- : E\W;

1)
— a?;” ¥ (l\n—ﬂi%{‘:fkﬁ\\:)&g = E\'(\); -
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Cavnier solvel (2. \) tn \o\\& A \oxi\no(\uc\ [Y a S\wg\j 4
reduced Schlesinger <quations; DV.and GV Choodronky
devleped the theor o) (0) Y‘ccan)(\~3) i conmedtion m%«
W\ <o\\,ﬁ\on As (\\3\- as L Can \1\\) (a\) has a
Seveve. éa«\a} Even '\'\r\oui\'\ \\: & m‘\&Ta\o\a S\is'\‘Em )
Wit Lax \)an , it Ricmsnn so !iam has aenos N+l D
Wi 3‘nu by 1 then e oy o of e Riemann s\n{age
o} W\ equstion, Lot whhi el ev@ﬁ(\xml larted, Mj aim
'3 Yo condiudt the lay pair for (2:1) fvom Yhe or\Tna\
dafa — R, D, &, d,ws h — , and T do nat
see how to increase the qenos of my Riemam
gurgau. W any Semsible Wy,

Womce |
wodificalion of (21) whick leads Fo Wamiltenian

S\SS\‘QAY\S S'&uc\igt\ ¥3 Qar\NQ\smanv\ in ‘25(" ,,am\ \Dj

T wow éescr{\ae a SuM\a ané VU3 (n'\er{s‘\\“is)

E.Rosochativs in 1877 (C\UO'\‘ac\ by Moger).
With * denching T, (hddw)' s aaain an
abelian differentialy and Z Residue =0 says
9 Z(”ja?s“\’; -2 E‘&?\’s%g + —Z(’Jd')s"]ﬁ""g J
s;“&/bg(\,z) ;2 065&5% =), Hhis Tqives
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G- T 26 G
Tnstead of Q1D Yhere arises the Sis‘\'&m
{ s (284 -3 84 b 6, @3)
4t U Zpe b - 2 b
This is Yo be supplemented by (1),
PASE R IELY | (2:4)
and Fhe x-deciative of (AW
Z(”j(‘\’;“lg ’r%’;“"gl) =o (25)
One can thek Frat \‘9 Qv , (2.5 hold 'm;\«'e\\{l, they
ave preserved bu @3) . Thus, (4.3 =5) (s @ system
with 20031 -1 = 2N dearees of freedom. This
sqstem, furFharmere, U5 invariant under scaling
Yoo ade, o= < _ Phés removes N more
&uﬁmg of freadom. T cne seis
B 5= %) ((5—; ‘\D;”se——es)
ﬂs)- \3(6’ - siegi y 3y rseei/\vxj ég).’zsjs{ej - ?8 vy f-ej)
Hen 3\25?3’- =y, - const., 2nd afler 2 redudven vmx\ika
Yo eliminalion of anouler momentum in the Kopler preblem)

o he afméi Yhe {—o\\owmi vassrvm }or Y‘S and Sé) )
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SRR bIAE 2 L L S TS
This sysfem was  shudied (and , apparentiy salved) by
Rosodnativs. Nokice Mok Yhe veduchen by scaling
s in eplicsble ik By is 2 brandaypeint o Ry for
Then dia b T) a2\l § are brandh pants, e |
hoo pairs of s foms (2:3) become iééa\\‘cé\) sincg

‘-%?5 =-\\*)» %or ta(\\j) and e cyﬁ Rl Newmann
S5 2= 2k Ry,
subicd s e Q5 (es), | |
Moser ( Chern Vedrore ) loc cid.) aMiribotey tha
redudien 0} (2.3 o (2.6) 4o P Deilh, bt &
Las not realized Yhad Qa&oc,-\'\é*\\uS)SﬁS\\bm.
arises vaturally %mm the 3@%;\»3\ Trace formula fon

Bl g Losua¥ion .

SN —ggw remarXs avoot Neomann and

Ro sochalios Sjs‘\tmg.

TV\ 'S S \N\’]QVQ Yaa\\: \n*gres\\‘nj \'\m‘r\y_. g-'ma\\j
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Yeain To \na\: pen; bat to descrybe them woold just

be a rez&m’v{\ﬁw\ o} the papers cited a\maéj\ A e

remarks, Yo indicate wha anysne W\Jl\\’r want ‘o %'\‘uéj

Phece fonny sqstoms further, may nonetheless B inordec.
Form nsw on, T ladk only at Newmann's S\ﬁ'sﬁm)

Sefiag X, T R 1N N T

wsua\l Lovm

| x;“ = —e v LZgep-Eya (27)
S\)\E\L(_* o .
. .Z)S’La \ 5 Z)SJ\’\\ =~ Q, (2—&)

) Newmane's sustem man be intergrabed 2 The
@o\u@'\Vr\'wS $ascvi\p§a3 Doee osaxllaters | X2 - Ex )
consrained to e sphere 24724 in confiquratio
Spece. Thus \\Y\\\LYKWQ,\‘é*{V;\ s shown ¥o have ;wa\03§

for The lineav problems o) Sine-Gordon, NLS jand the
Toda latfice | by DUl ) Lond )Th\pw;#i.(\% ad)
Yere s vo a-prisri Yedsan Cor the &-m\ 333\‘%\

;"= _E.x: Yo \nqéucg an fu\‘\rczra\o\a >‘3§*‘Wv\ e
constheaind  Fo M trders edion oxy quadeics 2:8). TF wou d
be Vex 4 ‘\v\‘\PJLSSY\(\ﬁ’\'D have this mechan sim Q-X\\a\neé.
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\\5 T\ﬁ{ )ssram\\\4oh‘,'ay\ 535\“% mi\‘\;\ \’\tﬁm"x\“ﬁn‘.a\r\
B= 2262 (27;2?7.‘\ kix.'v.-)z)

'S ‘”’\*zj\ea\o\ﬁ / N+\ \‘Y\'\an\'a\s XN \\r\\lo\\f\*\‘ﬁh ave

Py

/ (x5 ~Y5‘lg)2
F“ : K\L4 Z E_‘-. "E . ] )
&) ) A

) T s Yoo nan S\is‘\em s reducad E‘j e\imination
of P inteqral 25 and s conjugte variable,
he Newmann gﬁﬁw is ostained. Honce, Mo \atler i
‘\n‘nj\—a\o\e, A i iaher it Phe condhants o[ mtien o{
‘\'\'\k Sy*% \n {\) . o . ‘

W) The Hawmi Weonian f\mu’c% i) preserves Yhe
quﬁwum of

Ly )= (T-BIE —yoy (TP
hece G ® v =YY, & = diag (E,,.,E), and T is
projechion onto the veetor x,
P X©X p o x

X o I x\> ) N

V> ( T\'\ VS S'\Y’a"\amu\,‘\- s Ae\\'\;@‘a)?&\l \‘V\Correc‘\w :
T’c‘rka a \\‘v\L \-\\muz\\ X= (x° Yyt @'(EN“ iw *MQ A'\raﬁxﬁw\
- \\“ e o \).. Uné\ar *\\Q \\am;\%v\\av\ \om “)) JY\’\Q Q'\o’\'\‘
9 Mn+ ?
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OSS '\E‘\‘EQY\C: 0&— ‘\'\’\\S \\ne_ w\\'\'\ 3(\'\1 Q\\\\-.SO\A {:‘2=\
\\’\Q E_\Cxevws\ves o% \_\/ X) Kw\'\\c\\

MmoVeS a\o\'\/o\\ aﬂmoéa&i(.
are NoT E.\) Ave '\MOS& Y\UW\\)Q(S >\) ‘g—or w\m\‘c_\-\ \'\'\‘L

Wne xasy Youdhes the quadec Z\i(—}t\ +1=0
confocal with Z X2=1. A P poind of contdad
Pre normal Yo tha quabeic o5 e etqenvedor of L
for etaenvalue ¥;.

Whad s ncorredd s Bt the Flow %or which
all these miraculous ‘\'\’\‘\r\ns \rnwm s not the flow ()
T have written, Yut b s close moui\\«. As Moser
QKY\E\Y\S tn dadail, Thes %aome*nc inYexpreYation
\mv\éeg Tae first example n whidy every 'ag\pic)r of
an T=1T8, 01 isospecdival Ae%mmﬁmr\ admits 2
concrete translation (Fhe Nigher constants of motion excephed).

One quite naturally warts to ofv\ara\i%e Prigr what i
Fae next most complicated qeometrical sefing ! Prasumably,
s astocialed with P Dovinesq P ovder o\»ua*rm)
D rqDap Here 18 e problem  none of the resulls

O - ‘) \us\’ C\\LO"YQ_A wer e derived with and \‘Q«Lman

Yo WS U\u:a'\hor\ At best | e \’\&Jh‘\x l_ Q_mzrc\as Ay one 9{

Q \f\vﬂa Q\aSS O(S majﬁ\ces \\avmz 8\'\;\»3733\\& \503}; %\ra
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C\Q{otma'\iéns bj vi\'\\m o&‘ \\3\n30n e Kac~Nbcc\3 \s‘e a\zegf&
oxe % (M\u— van Moerbecke, MAdv. Math. \9qgl) . _“\\‘5

‘ﬂ\a*"ar’ S "Ya\kev\b’u\> Sr\ax*-

5 On L-B® pairs.

Adler- van Moecboecke (o e id) show Hat tha
Newrann squakions imly 3 commulator equaion of tha
forrm (one shoold seb e cocfficted of ead power of el 10 sepuatd)

B - T, CWT,
where BW) = &L M(x@y-j@x\ - X® x’l) | |
L= &L « X®Y -yOx € =&-33(E;,ﬁ)e‘\ ) mgany
3ferumbialion with respedt o the % ol WAV @\ua\m) |
to mrotd conlusion with Ha vedor xe beris xed ) A dale T2 35
Papemmiale in o paremden sudnas b, with makets couljiciads
belonagng to seme Lie &\?m q, ere sacd *ﬁ\oe\o“g to
5" Mac - Moody axfemsion o 4. Adler - vanm \Aw\ouke
avexe ak ) & a very $Vu\a\ (\cw *&\mer\s\ona\> Q&a
4 spinning—top ype cqpalions on Lic algdras. By cpanding
(*) abost =0, one arrives at Moser's [ (x,y).

T princifle, one can Seardn for more complicated

' (\r\ios\r\er Ae&ve& ogy g-ruénm\ NV exgions og ¥) \n 2 Sxxg\’e,masﬁ'i.
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N2y 5 by (oMewing  Adler- Yan Woerbeckes Qreses tpRons -
To et br evample, e torrecgonding Kac-Moody
sysfems for Fha Boussinesy or DNLS \inear problem,
one must comvert the latter tato Nevmann Type Qn\ua\\'cns
ed compare with cand (dates %r @) . Vat is, oneworks
from Lot ends and hopes tomed ¥ midile.

T+ would be mudh more elficied To decive ()
dicedly Gom Pow dale givon abost WS eaualion, and
e te the K:rojec'k.

Beet of al\, 1% shoold be noted thal avery Kac- Moody
u\ua’vow o} ‘the Type @) is equivaled to & commalator
condion on diffecential Lor integro- dfferential V)
opurstors. Spgase Ly B ace mabeix ddferenol operstos,
aad TL,8 30, Thn et Clx, %,E) be a So\kiun ymadeix
of LC=EC, Clxe,%,8)=T . SineelBC- R\Q = ER,
BC = C %k, E) (or Seme mateiw B(x,®) . Aleo, if =a%1,
Le=E¢, so €= Clln,8). Compalibilibyaus

0BG, = LRGs), Le)].
This 353 "Kac-Moody” equation . The Ricwmann surfac
enters bucause Fhe dnevaderidic equation  of B
A (BWE) -%I) =0,
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whc\ Ae%‘ nes an a\gf\owa\‘c r_urv‘s‘a , s ‘m&qxsmém\ 0& Xo.
Convugo,\3 R 3{““ % = tg, \t‘& , @ @an reconsiucy [L)EK:O'
(Tox exomple ) finide - oap WW theory 15, intie way,
convertd Ho an equalion in a ¥acs Meody edension of
SLI2,RY. O the chher hand,; the Toda w\u;\ms can Ye
fonslormed from Yheir Koc-Moody form 8218, 01,

~ b,‘a.\ ° iy ay ~ °d(
B (o )oe o ) (0") L C R0 )

0

+ E"(O aN) b (L,B]-o — intearod ferential , Like
cine-Gordon, because of B Nether of Frese Foyics bas 5o
fac been Aol tee Toda question is probably re\akal
bo Milhadlov's Tola- sine Gocdon chain ).

T any case ) Yo Adler - tan Moarbedke La\ua%'m )
can 2asily be reconverted ito [L,®] =0,
where L= - e ' D- Eq(x@\'- YO XY, B = (Q__‘Dl—\' &~\(x®1- \1®x)D
€ (x@y- y@x) ~ x® x . These mabeix operatucs, intorn,
ooaht Fo be constructed dicedly from e Riemam
Sorface R, Baker-Ahierer funcion b and frace-fuomola
foadsion N (e one with poles at P, %y, EB(R)= E;)

® T. e wsual F\Oc\\kt* "\’“LO\‘A 2ppro ach , E s ‘5\&5’\’ the F\oc\\:.e.'\

YY\u\"r\\:\hr -‘;or Yo discrer Sc\«\v‘déx‘nger ec\ua*\lor\.
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of the orvainal W\l ee,\wéﬂon T4 i mat hard o see
Hat the yveckoe Baler- Anteaer finction W definina LB
will satsiy s o
L§ -\ T

« BE=wE Y,

Whare b is he b Com Fre drse fmdda B .reo\uwel

-5kt

foogo Wke (S O ) e+ ab hepale Pyoof b
Rochermere, 1= Fe™™ o replardt B ¥, and ges
like Qu At €. T concheoct L, R, ‘Hf\&‘(g{om ;o |
one needs b Gad Gunciiens X, T~ 5y o P
amd e 2k Exoo. They dioold be epressed in Faoms
of e W ), Wik apes Ve o & oo

T have fome candidabis for & ) bub Aoy ave so
CompMeated  that alwost nothing can bechedked jand T
oo} Ntk Hhem verg much - s, as of Mhe moment i

’\'\'\& "(Lma\n\i\; ‘?fO\'D\‘Q-W,\ v o

‘ ’45 v Qo\r\c\us\‘ on .
| T ‘\\A\rg teied '\—o ou"?\'\he a (S‘\\\\ \Ie,\"\j s\na\»(j)
frafntwov\( GQr ‘P‘(\'\r\\(\\\r\i S\ig\‘ama\‘ica\\l a\o ou\~ VU3 f&ce.w\‘
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discoveries in sobiton theory. Let me once more List The
wmain \?Jo‘m‘\‘s"', since Vary \i\(g\: Yhay were obecured &33
My seculalions: |

() From evary Wnear eigentalue problern ) one can eliminate
e -\Yo\a“‘v‘\z( () i -g\avov ol squared QQSQY\-F\N\Q\\'OV;S.
The \‘#gsu\\\‘ni now linear ’s‘ﬁg\‘uﬁ i >i¥$e.\§ “\*(C\Q'ir'a\o\to.

AW e (SO$\§LQBY(A\ fDows Yranshale neatly into tamiltonian
sqfems e e etspnfonciions (T 1id nol describe aidd.
Recent Papers have convincel me Ynat s may _\ae o

Tnatecal” way to vepresent icospedval flowss) one need only
Compare wonshrosifes WiKe the Ph-odder KAV with Hu coresponding
Nesmann syflom . T alee believe Hoat Hese vepresentaions may
be parlealarly “wabsral for Painteue’ ~Fype equations - We

WiV vepod some resuldt o sudw U\MW;M in mm;;;gx,u
sospeeal probloms , Seon 'y Fhere are many obher axaraples
et A e workel ok ).

(.l) One can Concheudd an L)B '\‘c‘;mséw\a*hh gor He |
nenlimear sstirn of ), and henes edabesh inbeqealoi ity

™ AS ‘:u& \33 T(u\aouu\'\% | 'f—&{mev\S\‘owna\ nvevse sca‘\‘\u‘ml

Can be done be causa & 'S an '\n*pya\o\e )r\am&\\‘nm‘ah sgxs*zm.
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('f\«:s s @ con'yéwm, wWhida T Yaled o b\L\DQow'\‘ alsove) -
(3 These linear ?m\o\e‘ms AWt 3{,0»«\&)?(\‘( N Qre‘\i\«'ms ;

(LK eenldastc §lows on elipsoids. More preeviedy, T
Pk Hrat e each "ass® of deformaion problems,
Whe Hhe" -Dirq chass ™, or Phe "D qDap class
there il be one 2dwmiling 2 geomedvic aplanation: The
sthees Wil be Vese divedly meowmevrical being constructed
from eoramuting \*am\\\-nm‘anQ-

Forther doun ¥ \ine, one exyeds Yo encourter Lic
a\y\mas, qeometry o O\UJAA\'\‘CS ;e Al these vaatters
Seera Yo be very iy undersiool ¥rey Cartainly are diemly
wndarstosd by e TH woold help Yo bave Yoo mang
A flerent approaches s in A \‘Bn«i\.\’azl&“. Warote's method,
h\oho&\'omx~- presexving ée&ow ma\\‘ons) - —&UY\C'\\‘OV\S, -
There vaay be mudh wore exku\‘men\'ﬁﬁo'\ ahead belore

"

anj “rea\ \meanmz \oac,omés C\ear.



