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Non-Monotone Perturbations for Nonlinear Parabolic Equations

Associated with Subdifferential Operators

Mitsuharu OTANI

Department of Mathematics, Tokai University, Japan

§ 1. Introduction.

In the present paper, we consider the existence and regularity
of strong solutions of several types of problems for the following

abstract equation (E) in a real separable Hilbert space H
(B) W(r) + 3605 u(t)) + B(t,u(t)) 3 £(t)
at ? ' ’

where f(t) is a given function, gqF is the subdifferential of

a time-dependent lower semi-continuous convex fuhction <?t from

H into [0,+®] with c9t¥_+ oo, and where B(t,-) is a possi-
bly non-monotone multi-valued nonlinear operator with D(B(t,-)) 2
D(QQF), which is regarded as a perturbation for gé?t in a sense.
Here and henceforth we are concerned with strong solutions of

(E) in the following sense.

DEFINITION 1.1. A function u(t) 1is said to be a strong solution

of (E) in an open interval I of Rl, if the following

properties (i) and (il) are satisfied.

(i} wu(t) 1is an H-valued absolutely continuous function on
any compact subset of I.
(i) u(t) ¢ D(agp) for a.e. t¢I and there exist two functions

g(t), b(t)e Lioc(I;H) such that g(t)e aqP(u(t)), b(t) € B(t,u(t))
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and du(t)/dt + g(t) + b(t) = f£(t) hold for a.e. telI.

Actually our main concern here is to study the existence of

strong solutions for the following three types of problems :

(I) Cauchy Problems (E)o: For each initial data a given in

d3 o p(QCPD) (0<a<1l/2,1<p<+ ), interpolation classes

between DCaq% and D(3¢), find a strong solution u(t) of (E)

in (0,+a) with u(+0)= a.
(II) Periodic Problems (E) : When 4?%-) = qﬁ%-) , find a
m
strong solution wu(t) of (E) in (0,T) with u(0)= u(T).
(IT) Almost-Periodic Problems (E)aﬂ : When f(t) is an H-valued

almost-periodic function and q;: varies almost-periodically
with respect to t in a'sense,’ find an H-valued almost-periodic

strong solution of  (E) 1in Rl.

When ‘B(t,-) is a monotone-type operator ( or B(t,-)=0 ),
many results on the existence, uniqueness-and regularity of
strong solutions for (E)O and (E)TT have been developed so far.
In particular, we here refer to Brézis (9],'Watanabe {301, Maruo
[21], Attouch-Damlamian [2], Kenmochi [17], Yamada [31] and
Yotsutani [33] for (E)O, and Bénilan-Brézis [4], Nagai [23],
Yamada [32] for (E)_ . On the other hand, when B(t,.) is
not‘monotone, the study for (E)O has been made recently by
several authors under some compactness assumptions on D({ft)

= {ué]ﬂ ; fft(u)<<+ oo } similar to each other. For example,
Attouch-Damlamian [3] and Biroli [5] dealt with the case where
/acft =99 and B(£,°) belongs to a class of time-dependent

upper semi-continuous operators. The case that QC_Qt Eaéf and
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B(t,*) = - 3P was studied by Koi-Watanabe [18], Ishii [16] and
the author [24,25]. Our main distinction here is not only to
treat periodic problem (E)Tr but also to allow tfdependence of
D(éft) and to treat a much wider class of perturbations B(t,-)
aiming at an applications to Navier—Stokes—type equations.

As for (E%MT, the study in this direction seems to be very few.
when the perturbing term B(t,-) 1is absent, Biroli [6] studied
the case QéftE d¥P . 1In relation to this problem, we aiso refer
to Amerio-Prouse [l] and Foias [11l], where the almost-periodic
problem for the ﬁavier—Stokes equations in cylindrical démains

+ (E)

is teated. We shall discuss abstract problems (E)o, (E) -

m
and their applications for the Navier-Stokes equations in bounded

regions with moving boundaries in §2, §3 and § 4 respectively.

§ 2. Cauchy Problems.

2.1. Subdifferential operators and interpolation classes.

Let H be a real Hilbert space with the inner product (f,-)H

and the norm which are often denoted by (:,-) and

T , N
respectively. We denote by & (H) the fémily of all lower semi—
continuous convex functions QP from H into (- oco,+ o] with
45’ Y+ co. For each 4j>é ®(H) , the effective domain D(&4) of
is defined by D(¢) = {ueH ; P(u) <+ oo } and the sub-
differential 9¢ of if is defined by

IP (u) = {feH ; G(v) - YP(u) > (£,v -u), for all ueH}
with domain D(G(P)‘ = {u¢H ; ggx(u)- X 4 1. |

Then, as is well known ,‘9{9 is a maximal monotone in H , and

QP) , the closure of D((f) in the H-norm, coincides with

—_———

D (
D(¢) ( see Brézis [91).
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Let A Dbe a maximal monotone operator in H with domain D(A4),

and put JX = ( I+JXA)_l , A\ > 0. For each o €(0,1) and p ¢

[1,+00], intermediate classes ﬂsu (A) Dbetween D(A) and D(A)

P

are defined by
= D(A) . -Q - p
@a,p(A) {ue DA ; t Yu JtIHé Lz (0,1) },

where 1Y(0,1)= {f ; |f|

1
P =(fif(t>\p L)/ <@}, 1<p <+,
* 0

and L,(0,1) = L (0,1).
Then it is shown that (B L) C B, q(A) for all ae(0,1) if
l<p<g<o , and that@qp(A)C@Bq(A) for all 1<p,q < ®

if 0<B<oa<l ( see D. Brézis [8]).

2.2. Local existence.

First of all we introduce the following three conditions, which

will be assumed throughout this paper.

(A.gF) For each te Rl,Cfte d(H) and th > 0. Furthermore,
there exist constants K>0, 6 >0, Bel[0,1], and a continuous
monotone increasing function m(-) on [0,+o0) such that for

each toe Rl and xoe D( gfo), there exists a function x(t)

satisfying
(2.1) [x(t) = x|y < m(lxel) [t -t (ftO(xo) + k)P,

Pt < grolx,) + milxgly) [€ -t grolxg) + K )

(2.2) ﬁf

for all t e[ty -3, tot+d] .

(A.1) For each teIg' and L € (0,+a@) , the set {ueH ;

fﬁ%u) + [u[H <L} is compact in H.

In what follows , we always assume that B(t,-) 1is single

valued , for the sake of simplicity.
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(A.2) For each interval [a,b] in Rl, the following (i) and

(ii) are satisfied.

(i) B(t,*) 1is measurable in the following sense : If wu(t)e

c(la,bl;H) , du(t)/dt € L2(a,b;H) -and there exists a function
g(t) € L?(a,b;H) with g(t) €34 (ul(t)) for a.e. t ela,bl,

then B{(t,u(t)) is measurable in te¢ [a,b].

(ii) B(t,-) 1is demiclosed in the following sense : If u, *u
in C(la,b];H), g + g weakly in 1% (a,b;H) with g (t) €
gaft(un(t)) » glt)e g(ft(u({:)) for a.e. te [a,b], and if
B(t,un(t)) + b(t) weakly in L2(a,b;H) , then Db(t) = B(t,u(t))

for a.e. t ¢ [a,b].

Next , we introduce the following three types of boundedness

conditions for B(t,-).

(A.3) There exist a function M(-)€4m and a constant ké [0,1)
such that
(2.3) [B(t, 02 < kgt @2 + M(gT) + uly)  for all téIt{l
and uéDQ@RQY").
(A‘4)oc For an exponent o €(0,1/2), there exists a function
M(-)edMm such that 1- g
(2.0) [Bee,wly < MOl e Sl + m(2) | g P2+ 1)

for all ¢ >0, teRl and ué D(atft).

(A.5) There exist a constant Y¢(0,1) and a function M(-)ééhL
such that
o t l—Y t l—Y
(2.5) {B(t,u)lH < M(uly) ( Igcf (], + Icf ()| + 1)

1

for all t €R and ue¢ D(?éft);

Here and henceforth, ’;)’L denotes the family of all positive
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(-]
monotone increasing functions on [0,+o) , and gfft the minimal
section of 3q>t ,yi.e., ngt(u) is the unigque element of least

norm in Qéft(u).

Then our local existence results are stated as follows
according as initial data belong to D(§f°), ﬂ3>a,p(939) ( 0<a<1/2),
and 5?@37.

THEOREM I Let (A.¢%),(a.1),(A.2) and (A.3) be satisfied.
Let ace D(@o) and f(t)e Lioc(b,+o®;H). Then there exists a

positive number T depending on Ieah and qw(a) such that (E)

has a strong solution wu(t) in (0,T) satisfying
(2.6) du(t)/dt, g(t), B(t,u(t)) € LZ(0,T;H) ,

(2.7) éft(u(t)) is absolutely continuous on [0,T].

THEOREM I  Let (A.gF),(A.l),(A.z) and (A.4), be satisfied.

Let ae (3, @F) with pell,2] and £(t)€ L2 (o, +oos H) .

Then there exists a positive number T depending on hi% and
* R

Ia[a(pl) such that (E)_  has a strong solution wu(t) in (0,T)

satisfying

2

Y _ Y v _
1-o 2 -0 A=%g (t,u(t)) € L?(0,T;H) ,

(2.8) t- %au(t)/dt, t- %g(t), t

(2.9) t" Yu(e) - al; , t&_ulgF(u(t)H ¢ 13(0,T) for all gel2,~].

THEOREM II  Let (A.4%),(A.1),(A.2) and (A.5) be satisfied.
Let a€ D(gd) and f(t)e Lioc(@,+aj;H). Then there exists a
positive number T depending on fal, such that (E)_  has a

strong solution u(t) in (0,T) satisfying (2.8) with o =0
and

(2.10) <j>t(u(t))e tlo,m), t 4% (u(t)) ¢ L (0,T).

_ -0 _ -1
(*1) J|a | = |t7% Jt—(1+t33=°) .

a-4Jd
0,P

calglep

-6
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gketch of proof. These theorems can be proved in much the same
sketch O DPrOY-
way » SO we here give a sketch of the proof for Theorem IT .

Let Xg be a Banach space with the norm
S 1
1-20 2 i
”u”cx,s = (Jot lu(e)|zat) ™ , 0<a<l/2 .
For each h(t)e Xg ; let us consider the equation

. {(Llh du, (£) + 4% (w, (£)) > - h(t) + £(£) ,0<t<s,
(E)

(2.12) uh(O) = a .

‘ *
Then , under assumption (A.@F) , it is known that (E)O has a
unique strong solution uh(t) in (0,S) ( see [31] and [33]).
Therefore , for each ae (qu), S €(0,+o0) and f(t) € '
0,pP

LZ(O, S ;H) , we can define an operator ZEa £ s from Xg into
r ’

(h) = U, - Furthermore we introduce

by B

C([OIS];H) by IEa,f,S

another operator B (h) (t) = B(t,IlEa £ S(h)(t))

a,f,s a,f,s
= B(t,uh(t)). Then , making good use of the nonlinear inter-
polation theory introduced by D. Brézis [8] and energy estimates

*
for (E)O , under assumptions (A.gﬁ) and (A'4%x , we find that

for an appropriate positive number R and a sufficiently small

a - o, o
S, B, ;g maps the set Kg p {tléXé, "uH(LS <R} into
' *
itself. In order to obtain energy estimates for (E)O ;, We much
rely on the following proposition.
PROPOSITION 2.1. Let (A.4") be satisfied and u(t) be a

continuous function on fa,b] such that the set JC = {t:e[a,b];

du(t)/dt, dw?t(u(t))/dt exist and u(t)e¢ D(agﬁ)} . Then

Seet e - (o, Gy |

B
< m(lu®lp laly (9T @E) +X)+ n(lu®) | (7)) +K)

holds for all t ¢ L and geglft(u(t)).
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Furthermore, by using energy estimates and a compactness
argument ( Ascoli's theorem ) , we deduce the following continuity

of :Ea,f,s and :Ba,f,s .

LEMMA 2.2. Let (A.@F),(A.l),(A.z) and (A.4) ©be satisfied.

If hn > h weakly in x* as n > +o , then IE (hn) -
S a,f,s
. n

:Ea,f,s(h) in C([0,8];H) and :Ba,f,s(h ) > :Ba,f,s(h)
weakly in Xg as n > +m.

Thus, for a sufficiently small S, jBa £ s is a weakly
continuous mapping form the weakly compact convex set Kg R

4

into itself. Then , by Schauder's fixed-point theorem , there
exists an elememt b = Ba,f,S(b) , 1.e., :Ea,f,s(b) = u
satisfies

du(t)/dt + 3§95 (u(t)) + b(£) » £(t) for a.e. t €(0,5),
b(t) = B(t,u(t)) for a.e. t € (0,8),
u(0) = a.
That is to say, u(t) is the desired local strong solution of
(E)O in (0,8) .

As for the cases aeD(¥% and aeD(@°), we can apply the
¥

same idea as above by replacing Xg by L2(0,S;H) and Xg =
S 1 S (2+v) /2

{u; (J|u(t)|§1t dt)/2+ (J}u(t)!H dt <+ @ } (y 1is the
0 0

exponent appearing in (A.5) ) respectively.

REMARK 2.3. When B(t,+) is a multi-valued operator , as a

matter of course, B becomes a multi-valued mapping. In this
case, however, instead of Schauder's theorem , we can rely on
Fan's fixed-point theorem for upper semi-continuous multi-valued

mappings ( see [3]1,[5] and [10] ).
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2.3. Global existence.

Firstly we give a sufficient condition which guarantees that

“every local strong solutions can be continued globally to (0,+m®).

THEOREMW  Let (A.4"),(A.1),(A.2) and the following (A.6) be
satisfied.
(A.6) There exist constants o>0 , C >0 , ke [0,1) and a

function M(-) € 7M. such that

(2.11) g -B(t,0) ,ul +d§t@ < c(lu +1)

for all t ¢ (0,+m®), ueD(aﬁgt) and geafft(u)r

(2.12) |B(t, w2 < 1<|;)‘Zj>t(u),|§I + M(July) (§F(u) +1)?
for all t €(0,+om) and ue D(gqﬁé.

5 ‘ t+1 9
Let f(t)é¢ Lloc([0,+oo);H) with | £ 9 = SUP f |£(s)|zds < + .

t>0 “t

Then every local strong solution of (E)o can be continued

globally to (0,+®) as a strong solution of (E)O.

Proof. Let u(t) be a strong solution of (E)O in (0,8).
Then it is easy to see that (2.11) gives a priori bounds for

S .
max ]-u(t)lf1 + ( qF(u(t))dt . Hence , by virtue of Proposition
0<t<S o

2.1 and Gronwall's inequality , multiplying (1.1) by g(t) =
- du(t)/dt - B(t,u(t)) + f(t)e ggF(u(t)), we can obtain a priori
bounds for fft(u(t)). Then the assertion of the theorem follows

from Theorem I.

When condition (A.6) is absent , it is known that there are
some cases where if a and f(t) satisfy certain conditions ,
then the corresponding local strong solution u(t) of (E)O

blows up in a finite time T_ ,i.e., |u(t)h{ > +00, Q?t(u(t))

> 400, etc. as t - Tm ( see,e.g., Fujita [12], Tsutsumi [29],

-9
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Ishii [16] and the author [25]). In such cases, however, it is
guite often possible to continue local solutions globally if their
data a and f(t) are sufficiently small. This is also the case
with our situation. To illustrate this, we introduce the

following condition.

(A.7) The following (i) and (il) are satisfied.

(i) Lft(O) - 0 for all teRL,

(i) There exist positive constants k , o , Cl’ p and functions
R(reMm , L), Ry ey ={Q)reMm; Lxr) >0 as r>0}
such that

(2.13) Bt w|Z <k + £ @l Wl + £ ¢ ), o<k<1,

for all teR' and ueD(aﬁft),

(2.14) (- g - Bt ,u)y+ag @ < £,(¢ wre-w
for all teR' and ueD(aCft),

(2.15) ¢ lu]g ilft(‘” , 1<p<+oo, for all ueD(g(ft).

Then we have the following stability result.

LEMMA 2.4. Let (A.(.Pt).(A.l),(A.Z) and (A.7) be satisfied.

Then there exist positive number N and r, such that for
. 0 1/(p-1)
every r e(O,ro) , 1f |ah -+Cf(a) <r /(p and ||fH2,00
< r , then every strong solution wu(t) of (E)o in (0,T)
enjoies the a priori estimate  max {Iu(t)h{ + %F(u(t));Of;tfiT}

1/(p-1)

< Nr independent of T.

From .this lemma -, the following global extension result

is derived .

-10-
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THEOREM V Let (A.7) and all assumptions in Theorem I ( resp.
THEOR®™ ¥
f or I ) be satisfied. Then there exists a ( sufficiently
small ) positive number r such that if Ia[H + Cf%a) < r
( resp. lal +]al <r or |a|l, < r ), then (E)  has a
H O P H and 1Fl,,00 < P! ©

global strong solution in (0,+oc0),i,e., the assertion of Theorem

1 ( resp. I or II) holds true with T = +0O.

2.4. Application.

Let 0= U 0(t)x {t} be a non-cylindrical domain in R? x Y
t€R X t
which is smooth in (x,t) in the following sense .
(A.Q) For each té€ Rl, Q(t) is a bounded domain in Ri of
c3—class, and there exists a C3—diffeomorphism ¥ o Qo==
ol );{Rl > Q with V¥(x,t) = ( F(x,t) ,t) ( level preserving)
satisfying |
(i) F(x,0) = x for all xeQ(0) ,
" m _ _ 9 9
(i) sup {D F(x,t); m=0,1,2,3, (x,t)e Q  , D= ==, at}<+°°’
e sFt
(iti) inf {det( 5 (x,£)) ; (x,£)€ O} >0 .
XJ O

Let us now consider the following initial-boundary value

problem for the Navier-Stokes equation in Q = U o(t) x {t}
t>0
2.16) M - au s (u-Tu = £- T in 0
. 5T u u u = Py in Q.
(pr.nsy  { (2:17) @ivu =0 . in 0, ,
St fe)
(2.18) u =0 on T, = U 30(t) x {t}
t>0
(2.19) u = a(x) in Q(0) ,

where the unknown u(x,t) and given £f(x,t) , a(x) are real
n-dimensional vector functions , while the unknown p,(x,t)

is a real scalar function.

-11-



22

This kind of problem has been invesﬁigated by several authors .
: Fujita-Sauer [14], Bock [7], Inoue-Wakimoto [15] and ,atani—
Yamada [27]. These contributions differ in methods and results.
Our advantage here , as well as in [27], is that regularity of
solution with respect to time t near boundary can be given

explicitly. To formulate our results, we shall use the notations:
co(2) = fu= (0, --- 0’ wle cC(n),i=1,2,--+,n, divu =0},
H(R) = (L2@)"% {u=(ulus--, ) vhe1?(),i=1,2,-7,n },

H_(Q) = the completion of C:(Q) in the H(Q)-norm,

PQ = the orthogonal projection from H(Q) onto ZHO(Q),

1 1 n 2 2 n 1, _ .1
IHO(Q) = (HO(Q)) » HT(Q) = (HT(Q) ) ,IHG(Q) = IMO(Q)AJHO(Q),
AQ = the Stokes operator -~ PQA with domain D(AQ)

= B @B (9,

A = the fractional power of AQ of order a>0.

Results. (1) The case n =2 : Let ac¢ D(Ag(o)) with a>0
t+1 2
= + . r.
and [[f|[2’co sup J if(s)LH(Q(S))ds < o) Then (Pr.NS)

has a (unique) global strong solution u(x,t)

(2) The case n =3 : Let a eD(Ag(O)) with a>1/4 and

”f”2 o<+ ®. Then (Pr.Ns)_  has a (unique) local strong solu-

tion. Moreover, if |al,a and | £ are sufficiently
o(0) 2

small, then the solution can be continued globally. ( This result
is a natural extension of that of Fujita-Kato [13] for the non-

cylindrical case.)

(*¥*2) wu(-,t) ¢ D(AQ(t))

1 v 2
for a.e. teR ; Ju/dt, Atlé-Lkn(b,+a%

~

H(Q(t))) ; and the zero extension u of u to Rg satifies

3¢ C((0,+00) ;HS (R™) ) C(10,+00); H_(RM) , al/ote L2 (b, +a} H (R™)).
=12~
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sketch of the proof. Let § be a bounded auxiliary open ball

such that Q C QxR'. Let H = H_(Q) and put

n : :
i

% ) J[B—ilzdx if Ue]Hcly(Q) and u=0 a.e.

“e x e Q\Q(t),

i
’_l
.
X

£ :
Lf (u)
"+ 00 otherwise ,

B(t,u) = P, (u-V)u with domain D(B(t,-))= D(ag") .

Then (Pr.NS)O can be reduced to the following abstract Navier-

Sstokes problem in ]HO(Q)

aa(t)/dt + 3¢ (A()) + B(t,4(8)) 3 Py E(t) ,

(ANS) { i

ﬁ(o)'= a r

where £(-,t) and a(-) are zero extensions of f(.,t) and af(-)

to Q.

Then (A.l) and (A.2) are easily verified and (A.(ft) with
Jr apquned

K=0 and B = 1/2\/5?—'@:(3) . Since (B(t,u) ,u) = 0,
(géft(u) ;) = 2 Lft-(u) for all ue D(aéyt) ;- and since
(2.20)  |B(t,wl, < const. |u]Y?| o wAa% b

for all "ueD(949Y), if n=2,

“(‘2.21) ]B(t,u)]H < Const. | (ft(u)P/4! g‘rfft(u)lﬂl/2
for all ueD(IGY), if n=3,
(see,e.g;, Ladyzhenskaya l.[l9] and Temam [28]) ,
for the case n=2 { reskp. n=3) , we can apply Theorem I
with a>0 (resp. a>1/4) and Theorem N (resp. .V) for

(ANS)O . Then the desired solution u is given by u = ﬁ[o

REMARK 2.5. As for the case n=4, it can be also proved that

if |al,1/2 and | £ are sufficiently small, then (Pr.NS)
A o 2,0 o
Q(0)
has a (unique) _strong solution.
9‘05«(

-13=-
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§ 3. Periodic Problems.

The same fixed-point method as for (_E)O works well again for
this case. Actually, in parallel with Theorems N and V, we
can obtain the following Theorems WV and VI respectively.

THEOREM VI Let (A.1),(A.2),(A.6) and the following (A.g:t)Tr

be satisfied.
(A.(ft)7T All conditions in (A.gF) and the following (i) and (ii)
are satisfied.

1) %) = 9T,

(i) There exist positive numbers C1 and p such that (<P <¢+»)

(3.1) Cllulg < th(u) for all t €¢[0,T] and ue D(alft).

Then, for every f ¢ L2(O,T;H), (E)w has a strong periodic solution

u(t) satisfying (2.6) and (2.7).

THEOREM VI ~ Let (A.1),(A.2) and (A.4%) with K=0, ge[l/2,1]

and pe¢ (1,2], and the following (A.8) be satisfied.

(A.8) There exist a function M(-)e€“M and nonnegative numbers

a; , 02 with 0< a<1, 20a;+ az >1 such that
t, let (0O t
(3.2) |B(t,u)|H < M( |u|H)| ¢ (w) |94 (u)lH for all te[0,T] and ueD@R4").

Then there exists a (sufficiently small) positive number r such

t
that if sup j lfhﬂ[;ds < r , then (E)_has a periodic
1<t<T -1

strong solution u(t) satisfying (2.6) and (2.7).

Application. Let us here consider the periodic problem (Pr.NS),

for the Navier-Stokes equation in 0.= U 0o(t) x {t} with
T o<ter
Q(0) =Q(T) , i.e., the problem (2.16)-(2.18) with the periodic

condition wu(-+,0)= u(-,T). ( This problem is already studied

-14-
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in Morimoto [22] (in a class of weak solutions) and in [27].)

Results. (1) The case n=2 : For every £f(t)e L2(O,T;IH(Q(t))L

(Pr.NS)1T has a periodic strong solution (by Theorem VI ) .

t
(2) The case n=3 or 4 : If sup J |f(sH2‘is‘ is sufficiently
' 1<t<T /t-1 H(Q(sY)

small , then (Pr.NS)Tr has a (unique ) periodic strong solution
(by Theorem VII).

Indeed, as for the case n=4, we have

g 2 o4
|B(t,u)|; < Const. ]Lf (u) | l?{f (u)|H for all te€[0,T] and

t
UGD(QS" ),
which assures (A.8).
§ 4, Almost-Periodic Problems.
Motivation : Let us here reconsider (Pr.NS)ﬂ. For example,

suppose that 293Q(t), the boundary of Q(t), is composed of two
connected hypersurfaces Fl(t) and F2(t) for each t.

When 9Q(t) moves as t goes on, it would be natural to suppose
that the movements of Fi(t) are independent. Therefore , when
the periodic movements of Fi(t) are discussed, it is rather
reasonable to treat the case where the periods W, \of the move-
ments of Fi(t) are different. So, if wl/w2 is not a

rational number, then the movement of 03Q(t) is no longer peri-

odic, but almost-periodic ( more pricisely quasi-periodic).

From this point of view, the almost-periodic problem (E)aﬂ is

regarded as much more important than (E)ﬂ.

-15-
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DEFINITION 4.1. (Bohr) A function v(t)e C(Rl;H) '1s said to

be H-a.p. ( H-almost-periodic ) if for every € >0 , there

~exists a relatively dense set {T}8 in Rl depending on & such

that : : :
sup | v(t+ 1) - v(t)lH < € for all T (-{T}8
terl . : :

Here {t}_  is said to be relatively dense if there exists a

positive number %E ( inclusion length ) such that for every

re Rl, the corresponding interval [, r4—2€] always contains

at least one point of {T}E .

2.

1 S 2
loc(R ;H) 1s said to be S7(H)-a.p.

Moreover, a function w(t)e L
if  w(t) = {w(t+n) ; nel0,11} is L12(0,1;H)-a.p.

It is well known as Bochner's criterion that the almost-

periodicity can be characterized as follows

THEOREM 4.2. Let -v(t) € C(Rl;H). Then v(t) is H-a.p. 1if

and only if form every sequence {Rn} , there exists a sub-

sequence {sn} such that the sequence {g(t+sn)} converges

in H uniformly with respect to teRrt.

Let us here assume that D{( t) varies almost- eriodicallyv
P

in the following sense.

1, (.?te ® (H) and Sbt >0. Furthermore
there exist ‘Rl—almost—periodic functions ‘hl(-), h2(~)€ Wl'm(Rl)
1

. .
(A.? )owr For each t¢é¢ R

and a continuous function m(')é;h¢ such that for every tyéR

Xo € D(éﬁxﬁ ’ there eists a function x(t) on Rl ‘such that

(4.1)  |x(t) = xgly < m(lxoly) [hy(6) =h) (k)] (@0 (x0) +1) ,

(4.2) @S (x(t) £ GO xo) + mlIxgly) |hy() ~hy (k)| (G (x5)+ 1),

for all té-Rl.
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In addition, we assume .

(A.9) The following (i)-(iii) are satisfied.

(1) qF(O) =0 for all te-Rl,

i) C ul® < t(u), C >0,1<p%+oo,forall u € D{ t),
( 1 H 4 1 9

o 2 S
(i) (gy- g,ru;-uy)y > C luj-u,ly, €C>0, for all teR

1
D t a t

u; € D(APT) and g.e3IP(u,)
Then , concerning the unperturbed problem—(E)aﬂ“with B(t,-) =0,

we have :

THEOREM VII  Let (A.$") _,(A.1) and (A.9) be satisfied.
(*3)
Let f£(t) be SZ(H)—a.p. Then (E)(M with B(t,;*) =0 has a

unique H-almost-periodic strong solution.

Sincerthe unperturbed problem is solved‘as.above, in order. -to
solve (E¥MT, we intend to apply the same fixed-point method as
in §2. Unfqrtunately, however, in this procedure some difficul-
ties arise. For example, it is difficult to know if IB(h) (t)
is almost-periodic (in some sense) when h(t)v is almost-periodic

, and how to take a (weakly)compact set such as where B

works. Therefore we here apply another method similar to that
"in Biroli [6] : Firsfly, the existence and (local) uniqueness

of bounded solutioﬁs are showh. Next, the unique bounded solution
is proved to be almést—periodic by using Bbchner's criterion.
Nevertheless this ﬁethod requires-so restrictive éonditions on
aqﬁ'and B(t,+) that we give up to present our resulﬁs in
abstract forms. So we here only illustrate this method for the

Navier-Stokes problem- (Pr.NS) in regions with almost-periodi-

cally moving boundaries.

(*3) This can be replaced by SZ(H)—a.p. in a weak topology.
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Ju

(4.3) . Au + (u-V)u = f‘— Vo, in Q,
(Pr.NS) \ (4.4) divu =0 in o,
(4.5) u= 0 on T = U o(t)x{t},

terl

where Q(t) moves almost-periodically in the following sense.

(A‘Q)aw All conditions (i)-(iii) of (A.Q) and the following (v)

be satisfied.

-Gv) Dm,F(x,t) (m=0,1,2,3) are almost-periodic in t wuniform-
ly with respect to x ¢Q(0) ,i.e., for every ¢ >0, there exists

a relatively dense set {T}€ such that

0™ F(x,t+1) - D"F(x,t) | <e for all te{r} and all (x,t)eQ(0)xK.

Then our result is stated as follows.

THEOREM 4.3. Let n =2,3 or 4 and (A.Q)  be satisfied.
Then there exists a (sufficiently small) positive number r

t ~
such that if ][f“2'w= sup L llf(s)lle(Q(s))ds < r and f(t)

(*3) téRl B
is Sz(]H(ﬂ))—a.p., then (Pr.NS) has a (unique) strong solu-

tion u(t) such that the zero extension ﬁ(t) of u(t) is
Iﬂ;ﬂ)-a.p.

Sketch of proof. If Hfﬂ2 W= is sufficiently small, then

Theorem V assures that there exist strong solutions ﬁn(t) in

(-n,+a®) of the abstract Navier-Stokes problems in H = I%JQ):

~ tA A ~

{ dun(t)/dt +’ag>(un(t))+ B(t,un(t))a PQ f(t) t é(—n,+oq),
un(—n) = 0.

Then, by Lemma 2.4 , as a limit of ﬁn(t) we can construct a

bounded strong solution a(t) in Rl of the abstract Navier-

Stokes problem such that
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t Idﬁ 2
4.6) sup [ —(s) ds < + o ,
( terl Jg-3 ds T H

~A t A
4.7) sup. ( |u(t)], + (u(t))) < N r.
( terl s 7 -

Now we are going to show that this bounded solution . a(t) is
H-a.p- Suppose that u(t) is not H-a.p. , then by Bochner's
criterion and thé almost—periodicity of %(t) and F(-,t) ,
there exist sequences {Zj} , {tj} and subsequences {zij} of
{gj} (i=1,2) such that

(4.8) |u(tj+m21j) - u(tj+ kzj)lfii p > 0 for all j ,
(4.9) P, f(t+1..) » £,(t) in 12 (R';H) uniformly in teR'
: Q ij L loc ’ 4

as j - +oo0 ,

(4.10) p Fk(x,t+ Tij) > pm Ft(x,t) uniformly in (x,t)eQ(O)le

as Jj - +oo ,
for m=0,1,2’3 k=l,2,--,1’1.

where we put 7t.. = t. + R.. .
ij 3 ij
put Q,(t) = U F,(x,t) and wu..(t) = u(t+ T..). Then
. x€0(0) * 1] i]

Qg(t) forms another smooth non-cylindrical domain. Moreover,
from (4.6),(4.7) and (A.l), there exist subsequences {uij.(t)}
of {uij(t)} such that uij,(t) converge to wu,(t) which

satisfy

(4.11)  ( FH(6), ¢ (8) ) + (Vuy (£),74(£)) = ((u; (£)-9) ¢ (), u, (&)

= %Z(t), 6(t)) for a.e. t €RL and all ¢ (t)e ]Hé(Qg(t)).

Then, putting o¢(t) = w(t) = ul(t)-uz(t) in (4.11), we have

(4.12) d

=
|

= v ? + [Twm]® < - () sV)ug (8), wie)
< const. |Vw(t)|* |Vu, (t)]
That is to say, by (4.7), for a sufficiently small r ,

lwwl® + [ww|® < o.

-19-



30

Hence |w(t)| is monotone decreasing and

tH :
[ IVW(tHzcﬁ: < Iw(tlHZ - lw(tznz for all t; and t, .
“t]_ -
Since |w(ti)l are bounded , letting t; » -® , we find that
|9w(t)] ~ 0 ,i.e., |w(t)] >0 as t » -® . Thus we have

|w(0)] < lim |w(t)|= 0 , which contradicts (4.8).

t> ~
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