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On the strong convergence of the Cesdro means

of contractions in Banach spaces, IT

By Kazuo Kobayasi (Sagami Institute of Technology) -

1. Introduction. Throughout this note X dehotés a uniformly
convex Banach space and C is a nonempty élosed ééhvex-subset of
X. A mapping T: C + C is called a contraction on C, or T &
cont(C) if || Tx - Ty || g‘ |l x -y || for every x, y € C. A family
{Tr(t): t > 0} of mappings from C into itself is called a contrac-

tion semigroup on C if T(0) = I, T(t + s) = T(t)T(s), T(t) &

cont(C) for t, s 2>0 and lim || T(t)x - x|| = 0 for every x € C.
t+0 ‘ ‘
The set of fixed points of a mapping T will be denoted by F(T).
We set
R | -1 (®
S X =n ) Tx and 0,X = t J T(s)x ds
n 1=0 ¢ 0

for x&C, n=1,2,** and t > 0.
The purpose of this note 1s to prove the following theorems

which are obtained by the author and Miyadera ( see [8] ).

Theorem 1. Let T & Cont(C) and x &C. The following (a)-
and (b) are equivalent:
(a) There exists an element y of F(T) such that (the strong)

lim S T¥x = y uniformly in k = 0,1,2,+--.

n > o
(b) F(T) # ¢ and

2+n-

x + smT“+mx) - T“(z‘lsnT“X + o1

(1) 1im || 27 (s, T

S TmX)H
m
n,m- e

holds uniformly in & = 1,2,¢¢**.
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Theorem 2. Let {T(t): t > 0} be a contraction semigroup on
C and x & C. The following (a)' and (b)' are equivalent:
(a)' There exists an element y of rwt>)OF(T(t)) such that

(the strong) lim o, T(h)x = y uniformly in h > O.

t > w

(b)! (Wt > oF(T(t)) # @ and

t

(1) lim ||2_l(otT(t + h)x + 0. T(s + h)x)
s,trx s

- () (27he T(8)x + 27N T()x) || = 0
holds uniformly in h > 0.

Remark 1. Let T & Cont(C) and {T(t): t > 0} be a contrac-

tion semigroup on C. If F(T) # @ ( resp. f\ F(T(L)) # @ ), we

t >0
have the 1limit (1) ( resp. (1)' ) for each & = 1,2,+-++ ( resp.

h>0).

2. Proofs of Theorems. We first note that for every sequence

{Xn} in X the following equality holds: For any &, p > 1 and k>0

-1 2~1 -1 -1 -1 p-1
(2) 2 iZO Xipp = F iZO (p jzo X5 4141
-1 Pt .
+ (dp) izl(p - D X1 7 Fivcegan)

Lemma 1. Let T & Cont{(C) and x &C. If (b) of Theorem 1 is

satisfied, then {||SnTnx - f ||} is convergent for every f & F(T).

Proof. Let f&F(T) and o = sup IISnTn+jx - TanTnxll for

jz20
n > 1. Since
s, ™M = (n+m)~? nme_l(s PRty g pfy)
n+m E n x - n- X
1=0
n+m-1 ‘ .
+ (n+m)"1 ) Tm+lSnTnX
i=0

-2 -
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-1 .
+ - 1 -
Z (n - i)[Tn m+i 1X B T2(n+m)+1 lX]

1

-1 B
+ [n(n+nm) ] :
i

by (2), we have
1 n+m-1

m+1 n
.ZO T %s T - £ ||
1=

s 7™My _ g < o + (ntm)”

n-1 : o .
Z (n - i)llTn+m+1-lX _ T2(n+m)+1—1X”

1

+ [n(nm)]71

1

< o+ (I8, ™x - £l + (n-D)|x-7] /(n+m)

for n, m > 1. Letting m + «, we get
. m n
1lim sup IlSmT x - F ||< a + [;snT x - f
m > &

for n > 1. Since taking n = m in (1) yields that 1lim a, = 0, we
n >

obtain that 1im sup || S T"x - £|| < 1im inf|] S. T"x - || .
: m > o m ; : n -+ . n
Q.E.D.
Lemma 2. Let T & Cont(C) and x & C. If (b) of Theorem 1 is

satisfied, then there exists an element y of F(T) such that

lim S Tn+kx = y uniformly in k = 0,1,2,¢°-.
n >

Proof. Take an f & F(T) and set u, = SnTnx - f forn > 1.
By Lemma 1, d = i%?&{lun [| exists. Since || Uy = Uy | - 0 as
n -+ @, we have
(3) i%?wﬂ u, tu . |lo=2a for every i > 0.

We now show that {SnTnx} is strongly convergent to an
element of F(T). To this end set
n-1

v(n,k) = [n(nem)]7Y ] [retkri-ly | p2(nm)+i-l o
1=1
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n+k-1 .
1 z g Tn+k+1
n

i=0

[vin,kK)|| £ (n = )|l x = £{|/(n + k), we have

ince S Tn+kx = (n+k)"

n+k x +# v(n,k) by (2) and

Ilun+k ¥ Unsx |

n+k-1

= || (n+w)”t T (s TMERL 4 og oMERL _ oory
oDl . - i=0 n m
n+k-1 .
Hn-m/(m+k)(n+k)] 7§ (sme+k+lx - 1)
i=0
m+k-1 . '
im0 ) s T L) x vk 4 v, ) |
i=n+k
n+k-1 . .
< [2/(n+k)] 7} l]2‘1(snTn+k+lx + sme+k+lx) -t |
1=0 R

+ I x - fl[[m-n)/(m+k) + (n-1)/(m+k}+ (m-1)/(m+k) ]

“form >n 21 and k » 0. Combining this with || 27 (s T 1x +
. Atk+d -1 n m

3..T x) - £ < m I| 2 (s,T'x + 5 Tx) - f ||, where

y = sup ||27 (s % + s ¥y - orromls % o+ 27ls T ||,
n,m o o, n- m n m

ve obtain

i * Uy |

2(m-n) n-1 m-1
e e e

IA
LW
Q
+

lu, +u ll + [l x=-z|lC

> 1 and k > 0. Letting k - «, we get from (3) that

)
o)
a}
3

v
o]

Y

2d < 2a + fu +ou
n,m n m
<2a o+ lugll+llu |
for all n,m > 1. Since 1im o = 0 by (1), we have that
n,m-® m,m
1lim Ilun + um|| = 2d . By uniform convexity of X and 1im || u_||
n,m-> ) n > o n

-4 -
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=d, 1lim s ™x - s ™ = 1im lu = u ll = 0 ' n
’ n,m-+ﬂ n m <l nim-JL n ml’ » Whence {SnT x}

converges strongly. Put  y = lim,SnTnx. By (1) with n = m, ][SnTnx

N > ®

-8 ™x || < 2|l x - £ /n + IISnTn+1

X - TSnThxll-+ 0 as n > o,
and hence y & F(T). »
Finally, by (1) with n = m again? 

,
sup || s "% -y
k>0

n+k

IN

T :
E%fOIISnT x - T8 T x|| + IISnT X - y|] ~ 0 as n » o,

Q.E.D.

Proof of Theorem 1. We first assume that (b) holds. By

virtue of Lemma 2, there exists an element y of F(T) such that

1im s Tk,

n-—>x

= y uniformly in k > 0. Therefore, for any e > 0

N+j

there exists a positive integer N such that IISNT x -yl < ¢

for any j > 0. Since

v n-1 L - N-=1
s ™x =nt ¥ sk o+ ()t ] (w-1)(T
n . N .

i=0 _ i=1

k+i-1
X

by (2), for n > N we have

n-1 .
k -1 k+ o
18,T% = yll<n™ J sy x -yl + W-1)lx-yll/n
N-1 . n-1
-1 k+ - +i
R £ B S (I ot S 4

i=0 i=N

+ (N - Dl x - yll /n

IN

Nl x = yll /n+ e+ (N -1} x - y]| /n.

Hence sup IISHTKX -y]l » 0 as n > ». This proves that (a) holds.
k>0

Next, assume that (a) holds. Put y = 1lim S_x. Since y &€ F(T),

n - o
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F(T) in nonempty. Moreover,

-1 n+4 +2 L, =1 n -1 m
275 (s T % + 8 T k) - TU(277S Tk + 277s T'x) ||
-1 n+4 m+ 2 -1 n -1 m
<2 (5,7 "x + 8T x) =yl + | (2 s, T'x + 2778 Tx) -y
-1 n+% m+ % n :
< 27 s T R =y L+ ST x =yl +I ST~y + (S, Tx - .

Since the right hand of fhe above inequality goes to 0 as n » «

uniformly in & > 1, (1) holds uniformly in % > 1. Q.E.D.

Proof of Theorem 2. First, assume that (b)' holds. Similarly
as in the proof of the preceding lemmas, we have the following
(c) and (d):
(¢) 1lim IiotT(t) - £ || exists for every f & (\t s oF(T(E)).

t >

(d) There exists an element y of r\ F(T(t)) such that

t>0

lim otT(ti-h)x = y uniformly in h > 0.
T > >

To prove (c¢) and (d) we use the following equality instead of (2):

-1 (¢t -1 (v 1 s
t J T(E+h)x dE = ¢ f [s J T(&+n+h)x dn] 4dg

0 0 0
1 S
+ (ts)~ f (s = NM)[T(n+h)x - T(n+t+h)x] dn
0

for t, s > 0 and h > 0. Now, the same argument as in the proof of

Theorem 1 implies that 1lim ctT(h)x = y uniformly in h > 0, which
t >

shows that (b)' implies (a)'. Conversely, we can obtain that
(a)' implies (b)' as in the same argument as in the proof of

Theorem 1. Q.E.D.

3. Corollaries. In this section we shall consider

sufficient conditions for (b) and (b)'.

-6 -
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Lemma 3. Let T &Cont(C), x€ C and F(T) # @. Suppose:
(i) T is affine on C, or

(11) 1im | ™x - ?™ % || ¢ = B(1) ) exists uniformly in i > 1.
n -+

Then we have condition (b) of Theorem 1.

Proof. If T is affine on C, then it is evident that (b)
holds, and hence assume condition (ii). Take an f & F(T) and
anr > 0withr > ||x -f]l, and set D = {z&EX: ||z - £l < r}
nC and U = TID. Since D is nonempty bounded closed convex and
U & Cont (D), by virtue of [7, Theorem 2.1] (cf. [6, Lemma 1.1])
there exists a strictly increésing continuous convex funectilon

y: [0,») » [0,») with y(0) = 0 such that

2 k K '
| U (121 Aixi) - izlxiu xi]{
< y-l( max [Hxi - x|/l -llvU x; = U x. |l ]
1<i,j<k J J

for any Al,---,xk > 0 with Al teoee +Ak = 1, any xl,---gﬁ{EED and
any k, 2 > 1. Consequently,

2 n-1 m-1 T nel 2 m-1 9
T (.ZO Agxs ¥ 'Zo Wiy - ('Zo A T7xy F .20 Ty ) |l
i= 1= i= i=

-1 L L ) L
LY (max{llxi-—yj|l - llT Xi"T lel:llxi"xp,l - IIT Xi"T Xpli’

- Ingyp'_szvllS 0<i,j<n-1, 0<p,q<m-1})

Hyp—y q

|
n-1 m-1 .
for any A, u; 2 O with .Z Ayt .2 Wy = 1, any x;, ¥, &0D
i=0 1=0
and any n, m > 1, & > 0. Using this inequality with Ai = 1/2n,
i+n i+m

X, = T x for 0 <1 < n-1 and u; = 1/2m, vy = T x for 0 <

1 < m-1, we obtain
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1) l!TQ(g—lsnTnx + 2_lSmex) _ (2_ISHTR+DX + 2—1SmTﬂ+mX>H
< Y T max ] T o nI o R o PR
[ L I TR St A [
IITp+mX _ Tq+le|_‘|T2+p+mX _ T2+q+mx||:

IN

‘or any n, m > 1 and & 2> 0.
For any € > 0 choose a § > 0 such that Y_l(S) < e. By (ii)
‘here exists a positive integer N such that 8(1) < || T'x - ™ x|

(i) + § for every 1 > 0 and n > N. Hence if n, m > N, then

H Ti+nX _ Tj+mxll _ ” Tﬁ‘l'i"rl’lx _ T5L+j+mX“

< B(lj+m-1i-n|) + & - 3(|j+m_i_n|) = §

or every i, jJ > 0. Combining this with (4), we obtain that if

1, m > N, then

%2 ts % + 27%s T™x) - (27is *Px 4+ 27ls Ty
n m n m
-1
<Y T(8) < € for any % > 0.
fhus (1) holds uniformly in & > 0. Q.E.D.

Similarly as in the proof of the above lemma, we have the

"ollowing

Lemma 4. Let {T(t): t > 0} be a contraction semigroup on C,

¢ & C and f\t 5 OF(T(t)) # @. Suppose
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(i)' each T(t) is affine on C, or .

oo

(1ii)' 1im ||T(t)x - T(t+h)x|| (=B8'(h)) exists uniformly in h >0.

Then we have condition (b)? of Theorem 2.

Combining Theorems 1 and 2 with Lemmas 3 and 4 respectively,
we have the following corollaries.

Corollary 5. Let T & Cont(C), x &C and F(T) # #. If one of
conditions (i) and (11) of Lemma 3 is satlsfled then there exists

an element y of F(T) such that lim S Tkx 'y uniformly in k 2 0.

‘poe
Corollary 6. Let {T(t): t > 0} be a contraction semlgroup

on C, x €C and N F(T(t)) # @. If one of conditions (1)' and

t>0

(ii)' of Lemma 4 is satisfied, then there exists an element y of

N

¢ >OF(T(t)) such that 1lim o, T(h)x =y unifbfmlynin'hvz/o;

tow
Remarks 2. 1) Let T € Cont(C) and x & C. If {T"x} has a
convergent subsequence, then condifion (ii) of Lemma 3 is
satisfied (cf. [5, Theorem 2.&]). 2) Let X be,a}Hilbeft spaée,
and let T € Cont(C). If T is odd, then condition (ii),qf Lemma 3

is satisfied for every x & C (cf. [4]).
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