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50 Introduction.

In [5] M. Sears proves that in the group of 3¢(C) of homeomorphisms
on the Cantor set C , +the set of expansive homeomorphisms is dense by the
c®-topology. The notion of the pseudo orbit tracing property of homeomorphisms
play an important role constructing an invariant smooth probability measure
( see R. Bowen {2] ) . Our aim is to prove that the set of homeomorphisms
with such the property is dense in 94(C). by the C°-topology. We know ( c.f.
see p.128 of [4] ) that every compact totally disconnected metric space
is homeomorphic to the Cantor set. By this fact, it will be followed that
our result contains N. Aoki's result ( [l] ) that every group automorphism
of compact totally disconnected metric group X has the pseudo orbit tracing

property.

81 Definitions. Let X ©be a compact metric space with metriec 4 ,
Let X Dbe a compact metric space with metric d 4, and G be a homeo-

morphism from X onto itself. A sequence {xi}i=:20C:X is said to be a & -

pseudo orbit of if d((in, xi+l) <& holds for all i . A dynamical

tystem (X,0 ) is said to have the pseudo orbit tracing property if for every

€>0 there is § > O such that for every § -—pseudo orbit {xi}i=:joczx ,
there exists an x< X such that d( o'ix, xi) <E for all i .

We denote by B (X) the set of all homeomorphisms from X onto itself,
and by B (X) we denote the set of all homeomorphisms from X onto itself

which satisfy the pseudo orbit tracing property. We define the metric ‘d on

3(X) vy

d( oy T) = max d( ox, Tx) O,tegax).

24
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§ 2 The Cantor set. Let C C10,1) be the Cantor set; i,e. C 1is the
set of the numbers x € [0,1] with x= al/3 + aZ/Bd e ( a, =0 or 2
for i 2 1. ). Let d be the metric on C defined bty d(x,y) = [x-yl| (x,y

€ C ) . In this section we shall prove the following Theorem.
Theorem 1. &8 (C) = F(C)

To prove Theorem 1, we need some definitions and some lemmas.

For r 21, we call the set C N [i/}r, (i 1)/3rj (0s 1< 3F-1 )

a Cantor subinterval with rank r if C N (i B—r, (i+1)3-r) + ¢ . Clearly
any twoCantor subintervals with the rank coincides or are disjoint. Therefore
we denote the Cantor subinterval with rank r which is the i-th set from
the left by I(r,i) .

Following properties are easy to check.

T
Property 1. (1) c =U§_l I(r,1i) for all r 21 .

(ii) For every r >1 and 1< i€ 2¥

I(r,i) = I(r+l,2i-1)  I(r+l, 2i)

(1ii) For every r3 1, 8321, every 1 <i< 2%, and every 1
< j< 2% withn I(r,i)N I(s,3) 4¢ , I(r,i) N I(s,j) coincides with

I(r,i) or 1I(s,j) .

For given Cantor subintervals I(r,i) and I(s,j) , we define a
Homeomorphism . from I{(r,i onto I(s,j by followin
P ‘})(r,i)(s,g) (r,1) (s,3) Y g

equation;

25
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p .
?(r,i)(a,j)(x) -y, +3 (x-xo) (x € I(ryi) ) where x  and
y, 8&re the least numbers in I(r,i) 'and I(s,j) respectively.
Following property is easy to cheok.
Property 2. (1) For every r>1, sz1, and every 1< i
<2¥ and 1€ j< 2°,
P (r,1)(5,3) | 1(re1,21-1) = F(r+1,2i-1)(8+1,25-1)
and
(f(r,i)(s,j)lI(r+l,2i) = S0(:r+1,2i-1)(e+1,2;j--1)
holds.
(11) N VI (1€1€2,1¢ 5¢2%,
(1'11)(393) (513)(1"1)

Definition 2. For r2>1, we call an f e 3 (C) al 1‘—1;ype

. -1 : .
homeomorphism if £ lI(r,i) = ‘f(r,i)(s,:j) for eoge 821 and
i< 2% for all 1 ig2t ., By Lr(C) , We denote the set of
Lr-type homeomorphisms.

Following properties are easy to check.

Property 3. (1) 15(c) c erc) (1<rgr') 7‘

(11) For every 21, m> 0, fcfvr(c) , and every 1€ i
(0< 3<m), the set

some

j ~N

1<
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n.® r‘i(I(r,ij) )

j=o

is a Cantor subinterval if () jl:o f-i(I(r,ij) ) + @ .

(1ii1) For every r > 1 and f € I T(C) there exist ¢ > o such
that E(f-l(x), f-l(x)) < ¢ d(x,y) for all x,y € C .
Lemma 1. U 1_>lJf,r(C) is dense in 4 (C)
Proof, For every f € 2 (C) and every € > O, there existwan r > 1

such that 3°7 €€ . Since I(r,i) (1< i €2%) 1is open and closed, f_l(I(r,i))
is a disjoint union of Cantor subintervals.

Par fixed 1€ i< 2F s put

-1 . k ) ..

£ 7 (I(r,i) ) = Um-l I(sm,;jm) (disjoint ) .
By Property 1 (ii) , we can choose r,?r and 1<1 % 2'n (1 €m< k)
such that

I(r,1) = UK (e ,1) .

Define a homeomorhhism g1 f-l(I(r,i) on I(r,i) by giII(s i)
m’“m

ro. .
=9 (1<m<€k ), Since 1< 4152 1is arbitary, we can
(sm’jm)(rm’im) -

- - < i< .
define a homeomorphism g e} (C) vy ¢ [ g l(I(r,i)) g4 (112 )
Clearly d(f,g)< 3 <€ . By the definition of & and by Property 2 (i),

and (ii) , g;Lr'(C) for some ' T .

7]
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Lemma 2. For fef “(c) (r21), put
a={d=i), 7 51¢4,82° foran
and
ar-flens Ny, 1) ¢ 0,
then the following (i), (ii), and (iii) holdj

(i) For every 4 & A' , there exists the minimal n =n(Z) > 0

such that following (a) or (b) holds;

“j : - n -j : = 1 3 ra
(a) ﬂj?l f I(I‘,lj) ﬂj:l f I(r,lj) I(r',i) for some
. 1
r* r and some 1€ i€ 2¥ y
(v) !\j’_‘l £ I(r,i ) € I(r,i) for some 1 i< or,
(ii) There exists KN = maX g ¢ 4 n(d) ,
(iii) Put B = {(10,11, cee ,lN) s 1S 13.5 2° forall 0= jg< N,
N -j . oo =] .
and N j=0 f I(I‘,lj) + ¢}, then N j---mf I(I‘,lj) + ¢ holds for every
- . o N : < .
2 =1 ljfj=-ooe A with (1k’lk+1’ ’lk+N) € B for all k.
Proof. Since () jr: 1 7Y I(r,ij) (m 2 1) are Cantor subintervals

unless i nj(:l £7Y I(r,ij) = $ by Property 3 (ii) . Clearly
m -3 . < m+ =] .
rank( () se1 T I(I‘,lj) ) § rank( N 5e1 f I(I’,lj) )

for all m > 1, and therefore (a) or (b) holds for some n > 1 .
Since fe;;r(c) , from the minimality of n(2 )> O and from Property
3 ( . . . n \ n( j ) "j s "n
ii) , trere exists an r" > T such that rank (/) 51 f I(r,zj) )< T

for all { = fijfe A' . Therefore the sets of the form

23
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A2 e ars)  (Eefafe )

are finite. On the other hand, if

m’;(j) £I I(r1,) = A

i) = .
=1 ) £7Y I(r,l‘j)

holds for some = éijﬁ and some {' = §i'3§ in A' , then n(2) =n(4a")
by their minimality. Thus we can take N = maxj.,, n(d ) .
. & . i = - e s - . e 3
Now we shall prove (iii). Take & {1jf A with (lk’1k+l’ ’lk+N)
¢ B for all k . Then

(*) AW

m -J .
520 £ I(r,lj) 3@

hols for all m 2 1 . Indeed it is clear that (*) holds for m< N, Assume

% m+l = . - -1 m -J .
that (*) holds for m . Then () i<l f I(r,lj) £ (N 50 f I(r’lj+l) )

#+ ¢ . By the definition of N , we have either

m+l -] . AN -] . ~ . )
/W j=1 t I(Tylj) = /\j=l f I(r,lj) = I(r',i) > I(r,lo)

for some r'< T and some 1< i€ 2 , OT

-3 ] N =3 ) .
b 4 m“;i £ (1) € L) e I(ma) € 1nig)

Anyway we have (0 ?ti £ I(r,ij) + ¢ . Since C 1is compact and Cantor

subintervals are closed, (iii) is followed from above.

Proof of Theorem. For r2 1 and fe<f "(C), take § and B as
in Lemma 2. Choose & > O such that d(x,y)< & (x,y € C ) implies

a(£(x), £y) )< 377 for |jl¢ N+l . Let {x.f. bea§ -ocseudo orbit

J7J=—w

29
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k+1 K

then d( £ Txg, T x5, < 377 for all |k|€ N+l and all j .

in C»

por every J , take 1 ¢ '1J s 2¥ such that % € I(r,i,) . Since d(x,y)

J

< 3—r (x,y € C ) 1implies x and y are in the same Cantor subinterval with
renkrr , DY Lemma 2 , there exists an x @ C such that d(fax,xj) < 3-r
for all j , By Property 3 (i) , felL T (C) for all r'3 r . Thus by the
game argument as above, We have that (C,f) has the pseudo orbit tracing

property. Since L (C) is denee in X (C) , we have @ (C) 1is dense in 2£ (C).

g 3. Appendix. Next Proposition is probably known, but we cannot find

it in literratures, so we will give here its proof for the completeness.

Proposition. Let X Dbe a compact totally disconnected metric aspace

without isolated points. Then X 1is homeomorphic to C .

" Proof. Let d' be a metric on X . Since X 1is totally disconnected,
there exist a kl > 1 and open closed subsets Xl, oee ,szl of X with
XN X =¢  (i=3) and diem(X;)< 2™ latam(X) (1€ 1< 251 ) such that
251 "
X=U X Notice that every X (14 271 ) 1is also a compact

ial 1 .

totally disconnected metric space without isolated points. Therefore there

exist k2 > 0 and open closed subsets X, with Ki j(ﬂ Xi' L, o= @
b

b

((,5) 4 (1,5) ) and diaa(x; )< 2%3iam(x) (15 i< 251, 1< 3¢ 2%)
14

2%2
such that X, ={J% T X, . for all i.
1 Jj=1 "1,

Repeating this process inductively, we can choose a sequence {kh}n-l

of positive integer and open closed subsets X, . (1€i < 2kn ’
11,12, EEEER n

y m 2 1) such that
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i o . N X, = Ly, ees i
) ip9dps eee hip 1'1,1 oy ee ,1'm ¢ ((ll’ 27 ’lm) +
(1‘1)1'29 e 91'm) ) ’
ii) diam(X, | . ) € 27%3ian(X) (my 1),
172 iy
k k
iii) X= U 2._% X, and X, .- Ui_’i‘ X, : :
J= 11’ R | J= 17 e 0 m—l")

Thus we can define an one-to-one corr2spondence between a sequence {ij}j—l

k. i >1)

Ve

and a point x € X by fﬁmfi Xi i = {x} .
= 1’ e g

By Property 1, we can define an one-to-one correspondence between a sequence

{i.}

j’i=1 (1¢ ij € 2kj y 32 1) and a point yeC by

N E e 2 E 0 ) -

where K(m,j) = Z::g—l km-n :

From above correspondences, we can define an one-to-one map h from X

onto C by

() = N2 T e, 0+ 200 FmG )

m=1
. _ co -
for all x e X with {x} = o X e it
1 m
. . , ) K.+ ... +k
For each € > 0, there exists an m, 2 1 such that 31 >
-1 . , .
€ ~. Take 0< § gmnin( d (Xi e i Xi, e i ) 3 (il, oo yi )
1 m 1 m, o}

) (i'l, cee it ) ) . Therefore d'(x,y)< & implies that h(x) and h(y)
o
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are in the same Cantor subinterval of rank m, , and so d( n(x), b(y) ) <€ .

Thus b is a homeomorpnism.
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