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Eqmvarianf Sphere  Theorem

21 B MEEY (Teruhiko Soma)

GEESX MR LTV group ¥ 3%, XoT7 E5Y
1" G- equivariant TH2X 3, GoBRT g3 L T geY
=Y %3508 g YN Y= gouTh ARz e tnd,

3-manifold Mz embed 3N = 2- SP\/\ere SH™Map
PO embedded 3-ball € bound LW E M od T
essential THEBHXWH, 37 3-manifold #" essential
9-sphere €2 3T\ E irreducible TS X WD,

o) FREFIABROBHRI NG TR EHRTIB ¢
TH3, Meeks-Simon-Yaul3]1 135 Rt RE 15
0D I TS5 ARSI RAETRIEZITVWEL
OTH B,

%32 ( Equivariant Spheve Theorem), M % compact,
orientable 3-wmanifold ¥ 3 3. GE MLz orientation
preserving C2diffeomorphisms X CTUER L TW 3
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finite group ¥ 3%. & L M4 irreducible TIsW 155
3" M 1 G-equivariant essential 2-sphere £ 5T,

CoTFoRAYL (TROLI>DRPESND, TERYS
%1%3A3 30 3BFUBRTMRTED. 7218 Saruma
L7, Theorem V(] 038Rz Lo BRIBEBR T M I E W0

% 1. M & compact, orientable 3-manifold , p:M > M
% finite covering ¥ 3%. 20 X3 MAirreducible TH
31 H0XE+554EE M ™ irreducible (232 1T H P,

%22, pM>S3%S30P9D linkL 12 branch (TW3
regular branched covering xd 3. = o ¥ 3 MA irreduc
ble THBE HOXT+HEH 5 L5 prime (313bb non-
composite B non-splitabled X532 x TEB,

51, 4
10 ) -k o T $E i (2 category THRT B, § 1
3N T 3-manifolds 13 orientable "% % =L T 3>‘<o
Surface F o % 0 simple loop ( 4" essential "% %X @)‘
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( A F o Tcontractible TiEW I €0, B pro-
per Simple avc (o, da) in (F 3F) " essential "% %
3, AP IFD FH \WA13H arc 12 homotopic vel Id
ThOazIxEN Y,

M% compact 3-manifold z L | E % IM embed IMt=
surface 3%, 3L FE S 0 8k o compact surface,
£:(F, oF) = (M, B) % continvous mapx 3%, L fx: Ja(F)
—7 (M) A" injec’cive'(“&M F, T & incompressible wmap
4D, 3 fo TIF 0F) = T(M,E) 1 injectiveo)
X E £ @& 0- incompressible in (MJE) THB X\ Do
Incompressible map (d-incompressible map) 3 (F F)
> (M, E) " embedding 1" &2 ¥ ¥, T(F) % incompressible
(d-incompressible) surface n (ME) z\V 5o
3-manifold M 4" atoroidal T'&dx i, MA"EL 4K O
incompressible torus & oM @ &% component ¥ 47 T
1), 72 M ™ incomprecible, 3-incompressible annulus
¥E3IHBNICEND,

Compact, irreducible 3-manifold 4" 2-sided incomp-
ressible surface €21 =, Haken manifold x 15,

M% metric q €8O riemannian manifold © (, F
& compact, orientable surface ¥ 3%, f:F->ME%

3
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piecewise smooth map ¥ 32X = f o area A
ERORTESET 3,

A= | w

R L , W Fa local coordinate (x,4) 2358 LT
w=] 2% gt Ty dxdy
TEHIND -form ¢35 (1= qfx ) ),
Piecewise swmooth wmap f: (FoF)» (M,E) 1" 2D
propey \/\ovwo'top\/ class @ ‘F(’)‘iﬁmp‘ecew\se svmoot\/l
map o 23 (T A £ AR 33X least area
map THIXW D,

3% ( Freedman -Hass- Scott [21). M % incompres-
Sible t5 588 |/ OM % £ D Halten wmanifold ¢ L , Ex oM
= embed ¥ M T compact, incompressible surface
T3, §EMEGOMP convex WD F 5 & riemannian
metric 9'EHIM TV BLRET %, F & compact oxi-
entable surface ¥ L, {:(F, oF) = (M, E) &incompres-
sible, 3 -incompressible embedding 3 2 x R9
(), Gi) 2 B2 3 3 least avea map R (F 9F) - (M E)
PHRET D, |
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(h R & £ (2 properly homotopic in (M E).
@) A & embedding T§%H, 3% 3 R(AE M 9 1-Sided
proper subwanitold T*HY 2 A: F — &LF) 4" double

covering 12 16 % o

JTTOMA" convex x i3, M DB R I=ET D mean
curvature vector field " zero T'%% 7 inwavrd point-
ing L 52 xEND, 525 ME compact 3-manifdd
M k12 oM 4" convex 1253 & 5 13 riemannian metric
tFET508RETE 3.

M% riemannian 3-manifold 3%, 3% F % rieman-
nian metric m e compact orievitable surface i,
f:F—>M % piecewise smocth map © 32, T *,
to energy Ef, 20 ERORTRET .

ECf, = 1412 du

rEL du 8 (F, ) oarea formed3d, Flo2d
® metrics ma, e M EL contormal structure &
B5I2es B, w= B, M) TEHD B I< K
SHTWD, LR T uoZHIBF Lo conformal

structure® 6¥32 ¥ EUf, )= E(f $H <

5



e TEB,

$ 2. Equivariant Sphere Theorem 0 zEeR

M% compact | 3- -manifold xL G &Mz orientation
preserving C=di ﬂeomo\rp\n\Sm‘cL‘w&ﬁ\k‘c 03 finite
qroup t§3%, oM ® component (= 2- spheve " & DX T
®R oY B8R TH B,

(2.1) oM 0 % component 1§ 2-sphere TN RE
T3 %,

g xeM L&Y D Goa isotropy Subgroup E G+= {566\
gx=X) ¥33, 20rE Z={xeM| GeF MO “
1-dimensional subcomplex 2 B% (®1). HBewg
free iAMDY 3E, 2=¢ T8%. N2 €MEHISZ |
 G-invariant regular neighborhood x4 3 (Bredon
[1, Chapter VI, Theorem 2.21%8). 20z I GOMR
O My= M=-int N(Z) k AOBIRIS Sree EMEREEET %o ?
Lk A5 T quotient map p: M=> M/GOMy EAOD B\PR
pIMy: My M/ B (unbranched) covering T& %o

F= p(DIM/G R 1- dimensional subcomplex m‘a‘)

6



43

N(Z)= pIN(Z) 13 T MG &S regular neighbor-
hood © %2 (B 1),

N(Z)

1

(2.2)3(M1/G&) 0 % component 13 2-spheve T Ta\\,

18R, 0(My/G) 0% B component S 4" 2-spheve T H D
td%, £ LSNON=¢gfs5F, SCoM/@T&) 4>
p1p3CS): pH(S) > S & covering =13 . p(S) CoM
TEDITS, tMEQDRFETD, 2 LSNONXE s
5185 SBANE) 0 %3 component A B2, o
#4 1 embedded 2-disk (D, D) C (M1/Gr,A) ¥R
W1, DA Ze 1R T transverse =X B & 5 13 N(Z)
b o dishk Dy Ebound 25852 TE3(RQ),

!
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, 9 9
S0 Y3 DUDy 3 Zx transverse R 1E T AbLB M /G
D¥ D 2-sphere THZ P, 1n¥I1s 2-spheve 3Bk (48

T30 (Thurstow L9, Chapter 131 288)., O

Myers 151 &0 ) intM4/G oo simple loop { T My /G
~int NUO 4" atovoidal, ivreducible, d-irreducible 1213
285 0 BRI D, T TUN=NEIUNW) ¢Hh<e

b U'L D% simple loop component Loy 1 & €45% (
TH<, ZM50% YT 0 vertices §145153%5¢V
L, 2UL-Vop&arc component (23 L T oN k=
gV disjoint 13 embedded annulus B3y 5512
Wit de 2a5dhanmuli 4404856 Evd <,

(2.2) 0 319R L PR SR 15> T, EF" incompressible

in M/G-ntN TH2 & 73253, E=p"E),

N=p"(N), C=M-mtN &<, plC: C> M/G~ |

nt N 3 unbranched covering T"$3 %S E 3 incom-

8
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pressible i C THY, C & rreducible | 9 -ivreducible,
atoroidal 3-manifold TH 3,

Xt

ex

. \’a‘fc M/& \
Moy e @
B A&
S| & arc
|, a—— \ )
=

B A = X 3%
ON k gy annulus

X 3

StM embed Xd f essential 2-sphere x4 %, £
L SAN=g THME, SCC ) §1"essential in
MTH%52riRI%. &> TSNANxg, 29 SEMod
® isotopy T8 (T SNINCE A2 SANA solid han-
dlebody N o wmeridian dishs 115385 %3, P=
S-int(SON) & < (P oP) 1§ (C,E) (= properiz
embed Y M T planar surface T&3 (®4),
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F12 (P oP) £ (C,E) mo planar surface x L, P 2
% component 0P A NP o T\ 1 disjoint 13 mevidian
disk D; % bound 33 ¢ ¥, P13 completionTRET &S ¢
wa o 8P = Py (W D) € P 0 completion v, 3(P)
13 ( isoTopy i M EKHI) (DoY) HBIzESTEN,
BES5P s s> 2T,

PP | qutacr ity csontia
FoRms ), Px g,

Topological space X 123 LT &9 connected compo-
nent ofB% & IXI TEIzx1iT 3,

Po={PeP | 13PI=n}
Ch<o FEL Nz min{ 10P] | PERY, Ro&RPA
incompressible, o-imcompressible in (CE) T35
CIEH T IND,

A N>2,

= 0sEBRE C A atorotdal T & ) A 2 EA™ tncompressible
mCT&B32 & VRS A,

Sho ety CELRF Iz 0C A convex 123D > T
Gr-invariant riemannian wetric "EHEIMTWDH T

{0
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3, 205 5t metric M"EE TIZ0ETTORERTH
3 ( Bredon [1, Chapter I, Theorem 2.11 %3%)

18Pl =W 133 planar sum‘ace PEI1OEEL Y$ <
R 0T PR [, embedding fp: P = C T fp(P)=
Plifsdtont ’)x’rl’( I3, Freedman-Hass-Scolt
OEFR Y, fp13 least area wmap Rp 1= proper homo-
topic T# Y, P> Rp 8 embedding TH2 P, B30 13
Ma¥ o 1-sided submanifold Rp(P) ko double cover-
g % B |

FE, fox (T, 20 proper hovnofopy‘class %10
least area map 13 - > 3RS WA ZMEPOH’)
EHE(TRp v &<,

compact ; ovientable surface F45M Ao proper
immersion o Bl Lt T LA " AR cts 2 0 A
52T ANS o @R AT oF TR DT AEFKDES
t32¢E ) A oMY 2 fn o energy Efa) B4R
3 35 /‘75‘“&% Fal 3> TMAS induce *M% contor-
mal structure & dn ¥ 32 2. Alfn)= 5 E(fn,4n)
iz, £ LFP 2-disk THME FEREH T2 con-
formal structure 3eE->TEH3 Y5 Alfa)= = E(f,)

11
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CEB XN TER, (7 -MoBESFLRERE T2
ontormal structure W -EevThvn, LE A T{a
CAIS T B EAMATDZ IS T {dn) & control
LTsY M 135 a0, Schoen-Yau L8, Theorem 3.11 13
% fa " incompressible | d-incompressible THM 13", {3n)
3 F o moduli R(F) @ $a compact EE1=8 MBI ¢
R L. 551, toBE (XELSWHAAERD ¢
R&5 ) Sn— 4 ERF) xdgg U3 3,

(2. 4)%HRR, AlRp)= inflAWRp) | PERY &% 3
Per mBR7rT2,

SR, MEAET LSV T R, {PI2 C P T

AR > AR 7 Alfy) >+

tBZIBL0TBRT S, REL R, = Rp, x93, dnk
fn 2 &5 Tinduce ¥ M= P ko conformal structure 32
¢, ERp,dn)s 2AR) (N=1 2 DBRRTH2, LT
TR LEEDE 6p— 6 €RB) vBRETES. {R,) 0 W55
{fing} T harmonic map RECHP-{2,.. 20 e E T 3
£ 0 B4 33 ( Sacks- Unlenbeck L6, Theorem 2.31%88),
20 e F TR RIH R, L (RSO RHUT Ry 1& R, 1= properly
homotopic in (C,E)izti 3, Alfin,) 7 AlfRp) THB2 45,

12
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a3 R, " least avea map BB R T Do &5 T
MRBOHEMRINE, O

Ap=Ro, IMA= Q tH<. (Q,30) & (C,E) o 1-sided
B3\ 13 2-sided 9 proper submanifold T 5%,

33'Q M G-equivariont HZ I ETI, (2T
BOts 8, Gosdig Ml T1QA*qQ7>QNg-Q
¥ MBI B, ToFd I eMRIS VNI EVIIL
3, R0 3720 BEPRILL ISV CE Rt FE O,

me1l. R, 3 embedding THY, 75 Q ¥ 3g-Q x trans-
verse X Xib B,

Co su\oset Azl OA T Az coyy/\ % ANE 1L

o TR NS HREOERNT 212328502 ANE = ;samﬂe
HA R A X A o disjoint union "% 5, Waldhausen 1o,
Proposition 5.41123 Y, Q& R = isotopic in (C,E) T 37
5. $51Q€Pn, Q,q-Q %t completion 2N
mevidian disks {Di¥d1, (DN, tEF w3122 5,
T, 8Q) 3 8(g-Q) 1= transverse V&b ) | 4> DN,
3 proper aves in D (D) o B HS5TIZESRTFD,
Minimal surface R E8FRK/ =& 1 Mo (2.5) (LR
T(2.6)) " T Tm B,

i3
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(2.5) QNg: Qa4 arc (&F UV loop) component I
Q, g-QonTHiEFNTE essential T %

(2.6) LA NG (g: Q) O % loop component 13 5Q.,
H(g- Q) o NFHEEWNT + essential "dH %o

SN Jg) o Simple loop component < bound TM
2 8(Q) 3R G A(qgQ 0P 0% disk DEXLT, 29 oM
plexity ¢(D) ROBELNEFERTEST o

c(DY = (- X3DNC), AN )) .
S S DAC o412 9DNC) o Euler FHEZ LD 1,
> (18(DNC)) 0% component 1 loop 1213 Euler 3D
HEPRS37S5 THR(ES).

B o@@//(\

=
&

— e e S -

U

=5
3 1 (C,E) (= proper \= embed YTz planar surtace -

4
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( connected TTs<TEF W) (P, oP)0 complexity &
c(PY= GX(PY, AP T"EEI . -x (WHP)=-2X(P)
THD ARG E,

Dy& Daox® A(D,NC) <AD,NC) T &Y 75 LD,
Ne) & d3D,n 0 THB. 10 rE-LUNDNC)) T K
(S(DINCN = XL (D0 DNNC) TH Y, (2.5 -X
(LD~ D)) Z 0 THZH 5, XS DN 2 -X (S
(DINCN e #3, (KH, T c(D1)<CD) 2153, &>
T complexity "&b disk D, ¥ inner most disk T'®
3, I3V DC A3 L/ELTEFVN, 3D 3 RQ) &
27 o disks Dq, D, = sepavate § %, Si= DUD; , Pu
=5iNC e H<o T 1<tk S1,S20-H 13 essential in
MTBBD P Py 2™ completion TIREA S A &30 1
connected THAH AT HIFTE BTN,

33" Sy 8 essential in M BB ZEHELC TE O, D)
ccDpxry, cPHEc@T B3,

Q) B 13 disk component 31z 0\,

PR, P A disk component A%®, 35, AnoD,
=g hsi, ACQ(3EB ACq-Q)THY), JACES

) 0CCoRQ(3:BOCCI(GgA). F512=Q (3L
Azq@xfsy), 2)FEID, ANODESo S,

)
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ALHHBANID, %o iner most arc (3128 loop)
A3 ANDN disk AoE D VB D, Ap3QUIER q- Q)
23 3IM A5, A inessential in Q (& in q- Q)
rts) | (2.5) RFBEI S 35T PHITE, 0

> 2 TP 13 smooth s embedding TETEW DT, folding
Curve EH-T0 B, P (C R owa@3 s C-isctopy
< deform 33 2z xY) | %9 folding curve € BA L
7 A(PY) < A(P1) 132 planar sucface P 485 H D
(Meelrs-Yau [4, Lemma T1 %88) (B 6), Sy0 20y iso-
topy 128 BHRE ST €T 3.
D folding curve

S
D

\
§N isotopy
NT

7
)

folding Curve

.l
&6

S0 eF cpH<c@ THB, A" completionTRE T3
WrERBITe xRy Q3T b TR 5.
@) P’ » %% component MET contractible

16
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COYFERD 2-disk AT ANOP = 0A x3d 2o
BAETD. 20CISIEAIKST suygery 3328,
T 220 2-spheves Su, S5 54% (BN),

AN

N \\“\\\\\ surgery N N

]

Pi=S1iiNCexH<e (2.MFEY - X(P<-X(P), =X (Ry)
$-%(P) A5 AP <A, 8RS 712 P 13 disk com-
ponent € ¥ F #5010 P 1" dish componeyit D &2 13513,
BRS 7 DDA+ THD, E & incompressible in C %
275, ODBEOPD disk Aqg&kbound 5, Br AUD
23> 7T bound INHCaopa 3-ballx T3, SwEBO
MoFTothhssdENB) & supportx LT D iso-
topy ' deform LT, DENO PR (AL S SR TID
(B8 Sn® 2o isotopy 2 ¥ 5438 ¢ Sz, Pa=
SancC t3d. Py P/ o cbvnpohevd's Q<D F S 1D
proper subset 1833, F-T (2. M & X(Pq;)< XWO

‘<I>
4
N o

//
/////,;,
0
o))

7

>

I"7
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.A(P\s) < APN T BB,

- = -
- -~
7

........

&3

Lt T Sy (i21,2,3) 0 %o Yl vt 1D B essen
tial mM T &Y, Pri3 disk component tF{EY, N
CP)<c(PYT 8D, 3 Patk )RS, | Pri) = X (Pr)
VP XPD) THB, LEA, T Eos > hrdE AR
@i ZoBEX L TTER 2-sphere ® Sax3IdX,
Sa3 essential in M, Pa= SaNC ¥ disk component &3
fity\n, OF 9% component B essential inE | 77
c (R <c(P),

5o P, @ completion 12§ % 2-spheve Thu 3R E,
rny (MRS,

®) SaON O component T dish Tlant " BRI 9.

v s SanN (& compressible inN TH 2. A% Sall
NONE&TD compressing disk 33, SakdlziHoT

13
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surgery 33 T X L& 5> T 22 0 2-spheves Sat, Sax 145
s 2B, Paz SanCrd<,

- =S
=0
\ AN & AN
Y,
Sat ¥ essential in MT%% CIRETE D, PaizPa o W<
2 B components® 5 13 proper subset T"H 2, Palx
disk component E?ﬁt WA S5 c(Pa) < c(Pa) TH %,
PR IRI<|IPI 5215, 205 ) BRERRIER TS,
Z0 %R TF L 2-sphere & Se X Pu=SpNC x5 X,
Spiz essential in M, c(P)< c(P) <cl@), SbNN N
» meridian dishs. H 2 PBbe@1T%% (P xy ( T (), (b
TRRIT BN E P=PxdB). 29 ¥F c(Pp) < c(Q),
£ L-X(Pr)<-X@Q THMIE, 1oPpl<10@1= N 13 Y
NoRERFET S, - X Py =-XA), APy < A@)
THEHP, Poe@oTHBTSHBODEFET D, 557
BE1BR I VEREO,
BE 2. f. 13 embedding TH% %" Q X g 9 intersec-

19



tion 13 transverse Ttin,

[4, Lemma 21 &) Q¢ ¢-@ '3 RFRAB 0 5 & B0\ T trans-
versel:Zhmd, ZOXFMAROER LML T, IHS0AK
Bog ot IBAFEE support 2 L TE 2§ 5 15 isotopy
CE>TQEBTLQ &Y, Q13 g-Q ¢ transverse &
Hh ) T2A@IKAQ@+eelEEES1ETEZ, 0 sk
mel PR TRPS PIetr2 1™ 334" 2o P
130T AP <CAPD-¢ £ A@)-¢ <A@ "3 2
50k e £EER M TES (L2, Lemma 1.31 5880
MT BE1LeRARLTEELTRSTIVWI "R T3S,

HE3. AP — A CM A double Covering o

4R 0 € >0 X, Qo reqular neighborhood N@) A"
LA (T, = (ON@)-IN@INE) tHFLWET ST, AQIK

ABRITE 2H Y B2 Q¥ g Q 1" transverse KX 2 & > |
%%, 10RELHBE 1T 2R (TRIS O
MIR T X 5,

LE T Q3 G-equivariant TH P, A, embedding
NDTFBQA=P xH<, Ry double coveringn T F i3, &
n G-equivaviant vegular neighborhood N(Q) 3¢ (
T, Be3 PR CUE, AQEP I B, WThozs
£t P13 Cx—equwariant THY 1OPeR, TH B, §-51

N0
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A(P) ¥ LT G-equivariant T2 £t 01"3ad 3, (P)
13 essential in M THBTS | SHAMKRARKH TR 2-
sphere T H %, IH THHEMD 3, O
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