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A normal form theorem for first order
formulas and its application to Gaifman’'s

splitting theorem
By
Nobuyoshi MOTOHASHI
(A B 4 O
Let L be a first order predicate calculus with equality which

has a fixed binary predicate symbol < . | _in this paper, we shall deal
with quantifiers V; . Vx§y , 3x< y defined by ; \'/xA(x) is
Yy3xl(y S xpAAX)), ngyA(x) is ¥x(xgy D A(x)) , and Ax gyA(x)
is ax(xgyA A(x)) . The expressions x R ; 4ee.-. Will be used to
~denote sequences of those symbols, e.g. x is <xl,x2,...,xr? and
;' is (yl,yz,...,ym>. Also, 3}—{ ’ V;c§§ seee+s Will be used to denote
Exn , Vxl$ yle2§ yz....Vxn§ Y reeeees , respectively.
Let X be a set of formulas in L such that; X contains every
atémic formulas and is closed under substitutions of free variables and
applications of propositional connectives -——(not), A (and), V (or).
Then, J(X) is the set ‘of formulas of the form JxB(x) , where B € X ,
and P(X) is the set of formulas of the form; |

Vi 3y oo ¥y 3y JEVESRISIBETP), vhere BGE,D € X -
Since X 1is closed under A, V , two sets J(X) and P(X) are closed
under A , V in the following sense: for any fc;mulas A and B in
>.(X) [ $(X) 1, there are formulas in J(X) [ ZE(X) ] which are
obtained from AAB and AVYB by prefixing some quantifiers in them

in the usual manner.



Let W(x,vy,2z) be a formuia in J(X) which has no free variable;s except
x,¥,2 . Then, the theor;( T W in L consists of the following sentences;
Tr : VxVysxVzg y’(z < x),
Ex (W) ’: VXVY>32W(X,Y,Z),
Un(W) : VxVyVzVwWix,y,z) A Wix,y,w). D z=w),
Bn(W) : VxVsz(W(x,y,z) :) z g’x), |
and | | |
Col(W) : Vw[Vu X Jva(u,v,w) > Equgilav(W(y,u,v)A A(ﬁ,v,v_.r))] ’
where A(x,v,x;) vis‘a formula in L . | o
Since Col(W) is a schema, Tw is an infinite sgt of sentence'.-"..
A mapping £ from a set of formulas in L :( :domaih ﬂof' f ) on to‘a
set of formulas in L: ( range of £ ) is called a formula-mapping:
if f(A) and A have the same, set of kf.re.e variables for each formula
A in the domain of £ .. |
" In this paper, we shall give a concrete method to construct a
formula-mapping - ‘fW whose domain is the set of formulas in L and

whose range is a subset of @ (X), and prove the following fact.

THEOREM A. For any formula A in L , the formula A D fw(A)
is provable from TW in L ,and the formula fw(A) DA is provabie in

L, i.e. T_ }=

o AaDf,@ ana "‘L.'fw(A)DA‘.

This theorem shows that any formula A in L is equivalent to fw(A)
in ¢ (X) with respect to the theory Tw, and furthermore the impli-

cation from fW(A) to A is provable logically. This is a normal



form theorem for first order formulas,of a new type.

In {1 bélow, we shall show some applications of Theorem A above
and one of which, Corollary E below, is a generalization of Gaifman's
splitting theorem, Corollary G below, in Gaifman [11.

The constructioﬁ of vfw requires two auxiliary formula-mapping h
and gw , where h is a formula—mépping whose domain is the set of
formulas (denoted by 'ﬂéx)) of the form - V;E 3§B, B € X, and whose
range is a subset of ZE(X), and Iy is a formqla-mapping whose
domain is the set of formulas in L and whdse range is a subset of

@(X). Moreover, we can prove;

LEMMA 1. For any formula A in 'HE(X), the formula A D h(A)
is provable from Tw in L and the formula h(A) 2> A 1is provable

in L, i.e. T P‘

w A D h(A) and !—Lh(A)DA.

LEMMA 2., For any formula A in L, the formula A D gW(A)
is provable from Tw in L and the formula gw(A) 2 A is provable

from Tr,Ex(W),Un(W) in L,i.e. T, l—-L A Dg (A) and Tr,Ex(W),Un(W)

}_ gw(:\.) o A

L

' Although Tr, Ex(W), Un(W) are not formulas in TTﬁX), thererare férmulas
Tr?, Ex(W)°,Un(W)° in 1Té(x) which are obtained from Tr, Ex(W), Un(W)
by prefixing some quantifiers in them, respectively. Therefore,they are
equivalent each other. Let fw(A) be one of formulas in @ (X) which
are abtained from gW(A)A‘h(Tr°)p‘h(Ex(W)°),\h(Un(W)°) by prefixing

some quantifiers in it. Then, Theorem A clearly holds from Lemma 1 and



and Lemma 2. So, in order to prove Theorem A above, it is sufficient to
construct h and ~gw and prove Lemma 1 and Lemma 2 , which will be

done in %2 below.



?1. Some applications.

In this section, we shall show sfame applicafions of Theorem A to
normal form theorems and splitting theorems. From Theorem A, we have
the following fact, inﬁnediately.

COROLLARY B. It T is a theory in L such that ng T for
some formula W in J,(X), then for any formula A in L, there is a

formula B in & (X) such that T }1 A DB and [—L BDA.

If T = PA, the first order axioms of Peano Arithmetic (cf. p.68-69 in

Takeuti [4] ) ., L =1L the logic for PA , and' X = the set of

PA’
open formulas in L, then the assumptions of Corollary B hold by
Matijasevic's theorem ( [2] )._ Therefore, we have;

* COROLLARY C. For any formula “A in L there is a formula B

PA’
- = e - - = -
of the form V§<13yl ..... Vxn3 yna z¥usx3vgzc(u,y,2), where

C(x,y,z) is an open formula, such that PA f—L A DB and }-L BDA .

A weak form of Corollary C is proved in Motohashi [3] ( Theorem F in
[3] ). Suppose that 6 and I are two L-structures such that & is
an extension of @. . Then, & is an outer extension of oL ( denoted
by nS, &) if Zkagb and belal imply ae |&|, for any
elements a , b in \ﬂ-l 2. is a cofinal extension of 0LV ( denoted by ‘
NS, t) if 4 is a model of the sentence Tr and for any b in 1,

there is an element a in \6‘»\ such that i‘# bf a. Let S be a set



of formulas in L . Then, Jf: is an S-extension of oL ( kdenoted by
“Sésf*’ if 5k A[a]l implies Lk Alal , for aﬁy formula A(x) in S
and any sequence a of elements in laL,( . Let AO be the set of bounded
formulas in L _(cf. p.133 in [1]) and 'EO(X) be the set of formulas
of thek‘form; Vag‘_;a;‘é;B(;,;,ﬁ,\?), where B _ € X. |

From these defihitions, the following facts follow immediately.

o

LEMMA 3. (i) If X< A

S Dy then §0(x) AD'
(ii) If a g%, then ngﬂia.
0
“ s < r 3 et » < f .
(ll}) If QA —'_‘%(X) and  a ?‘4" then 0N & F(X) *

From Theorem A and (iii) 0f Lemma 3, we have:

COROLLARY D. Suppose that %l is a model of TW and 4 is.a
g, (X)-extension of . If L is a cofinal extension of @Y% then

{. is an elementary extension of & .

{Proof). Assume that N FTW ’ uit_a:nd Ng X, Let

= A9
A(x) be an arbitrary formula in L and a a sequence of elements in [514
such that N k Afa]l . Let B be the formula vfw(A) . Since

T, ]-L A D B, we have that M kEB[a] . By (iii) of Lemma 3 , 4. is a

3 (X)-extension of L . Hence, % k Bla] , because B € 3. (X) .

Since }-L B > A, we have that # £ A[a] . This means that Z is an

elementary extension of 0L . - {g.e.d)



From Corollary D and (i), (ii) of Lemma 3, we have:

THEOREM E. Suppose that § and ¥ are models of T, and X is

a subset of AO' If & is a ﬁo(x)—exte‘nsion of C‘?, then there is an

elementary extension T of @ such that @O c Tg .

=

(Proof). Assume that n}:rr ’ “"-ct: T r X S AO" and 0\ §U(X) C O

Let C be the set {b € li’l, 1»1: bSs a for some a in \ﬂl} 'J,‘hen,
clearly 12 € C . Suppose that £ is an n-ary function symbol in L

and b.,b b are elements in C . Let a_,a be elements

1rPyreeib pragreeerd
in |1 such that itz‘—'b < a ﬁkb “E b Sa . Since

S ayreeey <
(ﬂL—_Tw and C\}: Vx <

ll
1S l....Vx Saay(f(x re-rX_)=y), there is an

n
element a in !l such that GL‘: Vx_s__a ....V §a3y5a(f(x reeos

= i <wu.... : .. =

,xn) ¥). Since the formula Vxl,== ul Vxn§ una y-év(f(xl, ,xn) v)
{ <a .... < .. =y).

belongs to :‘ZO(X) ’ t*: Vxl____ a; Vxn____ ana y§a(f(xl, "Xn) v)

Hence, we have that -{:#ay.ﬁa(f(bl,..,bn)#y), because :&l: bl'é_ d, yooo

, ':l\: bnﬁ_ a - This means that z&*: f(bl,...,bn)__<__ a . Therefore,

the value of the interpretation of the function symbol £ in & at

b bn belongs to the set C . So, the set 'C is closed under

llb2I ey
functions which are interpretations of function symbols of L .in 4 .

Therefore, there is a substructure T of *& whose universe is C .

By the definition of ., o\ gcl‘.. _C:.:._’f."-\. By (ii) of Leinma 3, X < A
0
On the other hand I (x) < AO by X & AO and (i) of Lemma 3.

EO(X) :

L. is an belementary extension of 0L by Corollary D . (g.e.d.)

Hence, we have that GLC Therefore, we conclude that



From Theorem E, we have:

COROLLARY F. Suppose that X is a subset of AO and T is a
theory in L such that 'I'w S T for some W in Z(X).
If 1 and % are models of T such that Z is an Z, (X) —extension

of & , then there is an elementary extension I of 6. such that

ng, Tg, 1.

Let T = PA and X = the set of. open formulas. Then, we have the

following theorem from Corollary F and Matijasevic's theorem.

COROLLARY G ( Gaifman's Splitting Theorem ). If -.(zx ‘and  Ze are
models of PA such that % is an extension of ., then there is an

elementary extension I of 6\ such that mgcz: < %

-—



%2. scme proofs. 1In this section, we shall construct two formula-
mappings h and g W’ and prove Lemma 1 and Lemma 2 in the introduction

of this paper.
- X
LEMMA 4. }—L Vx_A(x) = Vx Vung(u) .
&
Lemma 4 is an obvious consequence of the definition of V.

LEMMAS. (i) F, 3zVusxdvgzam,v) D Visx3dza(u,z) .
(ii) Tr,Ba(W),Col(W) b Vasx3za(3,2) > FzVasx3vsza@,v) .
(Proof). Since . (i) 1is obvious, we prove (ii) only. For the sake
of simplicity, ‘we assume that 'the lenghts of x and z are the same
number 2 . Let B, C, D, E be the following formulas;
B : Vulgleu2§ xzazlazzA(ul,uz,zl,zz)'
¢: Yu g xlazlazz\/uzgxza Vi3 v, (W(z u V) AW(Z, 0, V) A
/ | A(ul,uz,vl,vz)),
D : azla z, Vu1§ xla wla w2Vu2$_ xzﬂvlﬂ v, (W(zl',.ul,wl)/\
Wz, u W) A WWy oty v ) AWW, 0y, v, ) A A, ,u,,v,,V,))
B s azla 22Vul§xl\/u2§ ng vlgzla vzg_ ZZA(ul'u2'vl'v2) .
It is sufficient to prove Tr,Bn(W),Col (W) I—L BDE.
But, this is obvious because Col (W) l_L B D C, Col(w) l—L c Db,

and Tr,Bn (W) ]—L DDE. (g.e.d.)



LEMMA 6. Suppose that A is a formula;
Yugx Vxlg Yoo .Vxna ynV u§vC(u,u,xl,. erX Y se ,yn-)
and B is' a formula; , ‘
Vxla Fyeeor Vxna yn\/ug,xv ugvazl.....azn(w(yl,u,zl)/\
W(yz,u,zz)ﬁ\...../\W(yn,u,zn)f\c(u,u,xl,..,xﬁ;zl,..,zn».
Then, Col(W) PL A DB and Ex(W),Un(W) Pi BD A .
(Proof). For each i=1,2,...,n+l, let Ai be the formula;
Vxlayl.... in_lay-i_i’v' u;_xinayi.....VxnaynV uSvﬂzl... :
...?zi_l(w(yl,u,zl)/\ /\w(yi—l(’u”zi—i)/\
’ - ‘ ‘ B _‘C(B,U,Xl, """’xn’zl’;"’Ziél’yi"°’yn))'
Then, A1 is AT An+l is B, ~Col(W) fL AiZD Ai+1 s agd
Ex(W) ,Un(W) ki Ai%l:> Ai , for each i=l,2,..,h. Therefore, we have

that Col() b A D B and Ex(W),Un() b BDA . (q.e.d.)

_Now, we define the formula-mapping h and prove Lemma 1.
For eacﬁ formula ‘ Ak of the form VXl.....’Vxna ;B(Xl""xr;’;)’ 3
B€ X, let h(A) be the formula; |
Vi Ty, Vx 3y 37¥agx 355386,
n~ “n , , ; S
By Lemma 4, A ‘is equivalent to the formula’ v>_< VG;QBEB(G,E) .
On the other hand, Tr,Bn(W),Col(W) f-L \f?: VGg%QEB(E,E) D h(A).
and £ ha) 2 VE¥IsEa78(E,D by Lemma 5.
Therefore, we have that Tw !’i A D h(A) and *’i hA) D A .
This _qompletes our proof of Lemma 1.
In ordér to cbﬁsti.uct: gw and prove Lemma 2 , we require some

preliminaries.
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ALY

A quasi ¥(X)-formula A of degree k ( k=0,1,2,... ) 1is a

formula of the fofm;

Vxl:ayl. .o V‘xna ynv xn+l§ Y41t Vxn_*_kg yn+kV»ul'_§ X) .o Vung X

B(ul,.. RSP SRR ST S ERRE ’yn+k)’ »

where B(Xl""’xn+k’y1""’yn+k) e 2.(X) .

If A 1is a quasi 3(X)-formula of degree k of the above form and
k 1is a positive integer, let jw(A) be the formula;

=3
\(""‘1:‘1 MARAN V‘xn—:{ Yn v X413 Ynal vxn+23 Ynt2 " Vxn+k3 Y nt+k

Vu, < Xyeoos Vunganun+l$ p 4 13 z

1= = "nt (

n+l. g zn+k

WO 1 U 2 A e AV o Z2ind A

B(ul, L L N L NUSTETRE ST AEEEES ATL IR FY ’Zn+k)) .

Then, jy(A) is a quasi F(X)-formula of degree k-1 because % (X)

is closed under A (cf. introduction of this paper).
If A is a quasi @(X)-formula of degree 0 , then A has the form;
< zC(u,y,z X,¥,2 .
V‘xlgyl v‘xnayn\?'ul_g X Vun= xnazc(u,y,z) , C(x,y,2)€ X
Let ,)‘,"(A) be the formula;
> * - - - - - - - -
Vx,dy,....¥Vx 3y a.zVugxgszC(u,y,v) .
1 1 n” “n =
Then, JW(A) is a formula in 3X).

From Lemma 4, Lemma 5 ,énd Lemma 6, we can obtain the following

lemma.

~

LEMMA 7. Ty l—L A D3, (A) and Tr,Ex(W),Un(W) }-L 3@ D A

=11~



Now, we can define by the following; For each formula A in L,

Ey
let A° be one of formulas which are equivalent to A and have the
form Vxlayl.... VxnaynB(§,§), where B is an open formula.

Then , A° is a quasi- @(X)-formula of degree n . Let gw(A)

be the formula 7j3+1(A°), where jg(A°) is A° and j§+l(A°) is
jw(j‘j&(A°)) for each i=0,1,..... Then, clearly g  is a formula-
mapping whose domain is the set of formulas in L and whose range

is a sub-set of ®(X) . Moreover, Lemma 2 holds by Lemma 7.

This completes our proofs of Lemma 1 and Lemma 2.

-12-



;1

(1]

(2]

(3]

[4]

References

'H.Gaifman, A note on models and submodels of Arithmetic,

Cohferencé iﬁ Mathematical Logic London'70, Springer Lecture
Note No.255, 128—144;’

Ju.V.Matijasévic, Diophantine repfesentation of eﬁumefable
prédicates, Mathematiéé of the USSR-~Izvestija, vol.5(19fl);
1-28.

N.Motohashi, Preservation Theorem and Relativization Thebrém
for Cofinal Extensions,’té appeér.

G.Takeuti, Proof Theory, North-Holland, Amsterdam, 1975.

—_ 13—



