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NON~-ITERATED TORUS KENOTS

WHICH GIVE LENS SFACES AFTER DEHN SURGERY
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Let K be a knot in 87 and ré Q- {c?’, X -y
5~

denotes the closed orientable JF-manifold obtained by Debn

A

surgery of type r on 87 along K.
, f~
We say that a knot kE  has Froperty F  if the fundamental

group of ?( ﬁ(H;r) is not a finite cyclic group for a rational

number r. For example, any non-torus two bridge knot has
Froperty ’;' (LT1). By Gordmn (LG, Theorem 1.111), it is known
that all non trivial knots "almost" have Property 1;: It is
clear that if a knot has Froperty ?: then it has Froperty F.
Note that from a trivial knot, torus knots and twice iterated
torus knots lens spaces are obtained by Dehn surgery
(CM1,LF81,L61). Although these knots have Property F, they
have not Froperty ’;, except the trivial knot. Therefore the
converse does not hold. One may think that any knot has
Froperty 1; except trivial knot, torus knots and twice iterated

torus knots. But we show that there exist non—-iterated torus

knots which give lens spaces after Dehn surgery in this note:
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Main Theorem.

2 . : ‘ 2
1o L(EEn+D) S, 2 2R+ +1) & X (Kin+i,ni—k) 1=k (2n+1) ),

S-..:-
201, L(16k=2,6k-1) 7(_,3<+=:<3,1;m;16k-2>,
-
2.2, L(19,11) = 7(3(;:::(2,1;-2);-19>,
‘ et
2.3, L(47,13) = X (K(4,132)347).
g™
2.4, L32,7y = X (K(S,131)3132),
S-."

Moreover all these knots EKimynik) are neither the torus
knots nor the iterated torus knots except K1,03-k),

Kin+l,n3 1) and K(3,1:1).

The knot K (mynik) (m, ny, k&, mnX O ) of the main
theorem is obtained from a component of the two bridge link with
the normal form (2 2mn+m-n) ,2n+1) by performing Dehn surgery

X

of type ~1/k on 8§ along the another component of the link.

That is K(mynik) bhas the following suwrgery description:

=0
(U=

, where denotes a n  full twists of two strands.

Outline of the proof;
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By the link calculcs, it is proved that these lens spaces
are obtained by Dehn surgery along these Kimynik) 's. But we
omit the prmo¥u‘ Torshuw the latter statement, we need several
propositions but omit the proofs.

First we compute the Alexander polunomial of Edm,n3k) by

an usual way.

Froposition 1. The Alexander pnlyhomial of H(m,h;k) is
given as follows: A) =

n+1_ k(n+m) m—1

Cb-1) £ (£ M~1) (g 1) - t £y (M- 37 @™y (6-1) (g1,

where £ = tk(m+n)—-1 cand g = tk(m+n)+1.

From Froposition 1, it follows easily,

Corollary E,

(m+n) {k (m+n—1) =15%+n—-m+2 k>0 ),
deg A(t) =

(m+n) { (=k) (m+n-1)—12+m-n ¢ ka0 ),

where AC) is normalized if Kk < 0.

2mn-+m-n ( k: odd, m+n: odd ),

E(n=-m+2)+1 ( k» any, m,n: odd },

Al—1) = k{m-n)—1 ( ks any, m,n: aven ),
-1 ( ky even, m: even, n: odd),
1 ( ks even, m: odd, n: even).
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Remark. More presicely thefempandéd’form of the

¢ normalized ) Alexander polynomial of H(m,n;ki is as follows:
» ‘ ' k(m+n5(m+n~2)+h¥h+irkm1 (m+n)é
Alt) = (=1t (2t )
e
SF M7 kmen) G+j+D +i-i S (m+m) s
+ -1 Y 3t - (S, ¢ )
J=0 10 B=0)
n-1 o k=1
r (b-1) 3 gRimIIHil fes Ty (mnd s,
J=1 s=0
m=-2 . ki-1 / .
r e ‘tk(m+n) i 1( S t(m+n)s) - tL(m+n)+1 m
i=1 =0
k—1
-~ (£=1) g (MIS w0y,
s=0
. - oy k1
At) = (t—l)t( k) (m+n) (m+n—2) +m-n-1 s> t(m+n)s)
=0
m-3% n-2 L o =k=1
T s t( k) (m+n) (i+j+1)+] i, p t(m+n)s)
J=0 i=0 : : H=0
m=2 "y . ~kj-1
+ (t*l)gg‘t( k) (m+nd+j+1 g (M) s,
j=1 =)
Sl =k (et —i-1 TFETY (meny s (=) (m+n) =n
+ (k=1 X, b ( t Y o+ g
i=1 =0
—kot (m+nds
- (t=~1) Xt Ck <0 ).
B=0)
Let Kl and kK., be knots in 8~. By m1.. kn we denote
that Hl and HE have the equivaient Alexander polynomials.

For H(m,n;k); we have the following.

Corollary 2.
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Lo El(m,03k) —~ T(km—1L,m~1),

2. K ,n3k) ~ Tkn+1,n),

FIe Ellynmpk) A~ T(k(n+l)+1l,n+1),
4, Edm,=~13k) ~ T(k(l-m)+1,1-m),
I En+2yn3l) ~ T(2n+1,2n+3),

6. En,ni—-1)  ~ T(-2n+1,2n+1),
)

7. Kn+I,ni-1) ~ [2nT+6n+3,2in+1,n+21,

8. Kn+l,ni=1) ~ [=(2n“+2n+1),2:~(n+1),nl,
2

9. En+li,n3l) A~ L[2n7+2Zn+1,23n+1,n1],

el
10, E(n=~=1,ng=1) ~ [~(2n"=2n-1),2:1-n,nl,
11. Otherwise,
where Epl,ql;pq,qql denotes the (pi,ql)mcable of the torus

knot of type (pv,qﬂ).

Calculating the surgery descriptions of K(m,nik), we can

show the following.

Froposition 4. The knots from 1 to 10 in Corollary 3 are

genuine torus knots or twice iterated torus knots.

To identify a given knot as an non-torus knot or an
non—iterated torus knot by the Alexander polynomial, the

following is useful.

g
!

Froposition 3. Let K be a knot in 8 and A) be the
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Alexaner polynomial of E.

1. If A1) = 1 and deg A(t) 0O  (4), then K is
neither a torus knot nor an iterated torus knot.

2. Let A(=1) =p ( % %1). Either if p-1 does not
devide deg A(t) or if p-1 divides deg A(t) , g-1 =
deg At/ (p~-1) and (p,g) # 1, then EKE is not the torus knot

of type (p,qg).
Applying Froposition 3, we have the following:

From Corollary 2., A(~1) = ﬂ:l hoids in the following
Canes.

CAC-1) = -1 ifFd E@m,2n-132k), K(2n,2n3k), K(2n+3,2n~131)
and K(2n-1,2n-13~1),

Al-1) = +1  iff KEm-1,2n32k), K(2n+1,2n~-13k),

k2N, 2n+23~1)  and KA(2n+d,2Zn3l1).

Corollary &. K(2m,2n-13:2k), E(@n,2n3k) ( k » 0 ),
KA2n+3,2n-13 1) ,K(2n+1,2n-13k) ( k < 0 ) and K(2n,2n+23~-1) are

neither the torus knmts nor the iterated torus knots.
We use the following result.

Theorem. ( Moser [M]1, Fintsushel and Stern [F81 and Gmrdmn‘

61 )

2
1. ( Moser ) L(pgxil,q™) & X (T(p,a); paxl),
g”
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Li(p,H.(q,p) = 7( 3(T(p,q); pal,
. S“

2. Fintsushel and Stern, and Gordon ) A lens space is

-

obtained by par+urmingvframad surgery on g~ along a nontrivial

iterated torus knot if and only if L(4pq;t1,(2q)‘) &

x - (L(2paX1,2ip,ql; 4pqtl).
-

A connected sum of lens spaces is obtained by performing
framed surgery on S° along a nontrivial iterated torus knot if

and only if L(g'patl,q ag5#lL(q’, £1) &

X (Ca'patl,q ip,gls (q'patldg’ ).
- |

By Corollary &, E(n+l,ny-k) ( n:odd, kieven ), K3,13k)
C kO ), B(GE,13-2), K4,1:2) and EKEE,151)  in our theorem are
neither the torus knots nor the iterated torus knots. The rest
to prove are E{n+l,ni—k) ( niodd, kiodd or nieven, kiany )

and E{E,13k)  kxl ).

We prove here only the case K = K(3,13k) ( k1 ). By the

gk-1 "3l | 4s
remark after Corollary 2., A(E) = (t=Dt" (F t°5)
=)
Hot = s k=1 -
+ (t~1)f4h( 2: t4*) +,(tm1)t4k g t45) + t4h“*
i =0 =0
k-1
TS W R
=)

Moreover by Corollary 2, deg A(t) = 12k - 4 and A1) = 1.

Note that the degree of the higher terms decreases by 4.
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Suppose K be the nontrivial‘torus knot T of the type
(pya) ( p>g. ). Then the type of K is (p,4) by the above

note. Thus A

T(--1) = p (#2121 ). This contradicts to Aw(wl) =

i.

Suppose K be an nontrivial iterated torus knot. Since a
certain lens space is obtained by Dehn suwgery along K by 2.1,
= J = [2pq 1,23p.,ql For some relatively prime integers p
and g by 2 of the previous thgoram. So AJ(~1) # 11, this

also contradicts to AF(~1) = 1. Therefore k- is not an
iterated torus knot.
Similarly we can prove for the case K(n+l,n3il).

The exceptions can be seen by Froposition 4. ]

Remar ke.

1. In [FS1, Fintsushel and Stern shows that lens space
L(Pn,3n+1) is obtained by Dehn swrgery along a certain knot Hn
and that Kn ( n:eveh ) is not a torus knbt by considering the
double branched cdvering space of Hn.

We note that their Hn is ow K(Z,13-n) and that the
statement 1 of the main theoreh'inciudes their result.

2. E(3Z,13~1) is the even prezel knot PE,-3,-7). We do
not know what extent lens spaces obtained by Dehn surgery along
the (evgn) pretzgl knots.

3. ‘ﬂ(m,n;g), isywbtained from Dehn surgery along a two
bridge link and some families are obtained by Dehn surgery along

some two bridge links.
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To classify the results of Dehn surgery along the two
bridge links and to describe the limiting phenomenon of breaking
down hyperbolic Dehn surgery along the two bridge links seem to

be interesting problems.
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