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ON THE STRUCTURE OF SOLUTIONS
~TO THE SELF- DUAL YANG-MILLS EQUATIONS
Kanehisa TAKASAKI (& 5 4 2)
RIMS, Kyots Univ. and Dept. Math., Univ. Tokyo
1. Set—up

Let (y,2,¥,2) denste the coordinotes of €4. The (compDexi fred)

self- dual Yanﬂ,—MiUs equaﬁons we here discusrs are written in the

f'o‘Howfng form

? - TA, A1 =0, 23_A. -)_A. =
b Ay uA Ay, A, %A " A T TAL, AT=0,
ByAy—DyAy—»[A),,Ay] + DzA§—>;A3+ [Az'AE] =0,

where 3, w=y,z,y,7, denotc the dertvations 3/5u, [, ]
the commutator [A, BI=AB-BA, and A , wu=y, 2,7, 2, VX
matrix- valued wnkpown functions (r Z 2). Owur maint interest
is in their formal power series sokutions Au € c}ﬂ(r, QCliy, 2%, 1),

wheve %ﬁ(\(‘, CLLly.2,¥,21]) denotes the et of alk Yxr matrices of
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formal power sevies of (y,2,7,7) with complex coefficients.

Ay and A_ , hewever, may be chiminated from eqs. (1) by
Perfovmina, an approptiate qaunge }ranstormation AM—>3'1Au°}13_‘9“‘}
(where } is an invertible element of ?Qu, CLCy,2,¥,21)) ). Therefore
we may discuss iustead of eqs. (1) the Foﬂfowin% cquations and
their formal power series solubions .

(2) 97 A%—3§A7+[A;,Ai]= 0, ?YAY +t9,A; =0.

2. Construckion of solutions — 8@\«9?‘0& cose

We here discuss how +o construct all the formal powsr Series
solutions to eqs. (2). Our construction presented below may be
thought of os o modification of the wmethod of Sate [11, which

ov‘(ta(r\mu\’ wveved omQY the case of soliton equod—t‘ov\s.

Our construction staprts with ih‘l’koabuciug the hﬂlowm«s equ-
tions with vrr matrix- valmed wnknown funchions ECJ, —0ali<
j<o.

g gi,‘igzgo,j =0,

9_ &

S
2y

“sysm,j*)igg + ‘§('_‘by§0,j =0, 3%
- (3) gi-H,j = Ew‘_, + Ei,-1§0,‘j foy W< i<, j( 0,

E;J‘ = S¢J1y for i<0,J< D.

e



Here gij denotes the Kronecker szfa, and 1, ﬂ\e Yxr unit

matrix. Eqs. (2) omd egs. (3) are related to each other as follows.

VPr'oPosih‘on (4) L For a.nyformosl,‘ power series solution EU e%ﬂ

(v, Clty,2,y,2 1) ﬁ)ects. (3), the r<r makrices

Ay = 3:80,1 Ai'="gyfm—1

give a formal power series solution T 'éqs. (2), and any formal

power series solution to eqs. (2) may be obtained in this way .

Because of this the problem now reduces to the construckion of
formal power series solutions ‘o eqs. (3. 7

To construct these solutions , we wtilize the framework of the |
titiad value \Jro\alem of eqs - (3) with initial (onditions

L (0)

(5) gu\y=§=¢ = gaj-,
\?J
Y
advance 1o So\Hsf): The fouowing conditions

0f course the iniHak vakues T € (jX(V, Ly, 2]]) are assumed in

(o) _ (0)‘ ) ) . .
§a+1,j = Ei,j—-l MR I Zo,j ’Lor Tpestdd, j<0,
(6) ‘
©) j . .
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As we shalf see Later, E:’(’”j  j<0, may be arbitrarily given,
and they M,h(clueﬂta determine §:°J’ , ¢70, j<0. Now the problem
(s how to describe the evolution E({’; — t

The evolution ';'('.3’ N va be specified intams of the xw

i
matrices
(e )
C 5, 8
~2-2 “-2-1
(0) _ @) .
(EJ) b0 < 1<00 .- 2-1-9_ Z—M ‘ f - (’Z\J )-oau"(oe
~o°<J<0 2 E -ue<J<0

K 0 -2 O‘1J

Firct we define another poxw matrix ¥ = (5 . ) pocicon ¢ U eg‘/@(v,

G/
Cliy, 2.y, 210), by the following. formula

(1) T = oglzhd, - jA,) TV - (a/\? FNEY kL,

1

where A= (S‘J"1 *“)oo«,ym Ov 1\(, (Or denotes the

b x r\ nld matrix ) ~ Then the " wpper kalf part " §(,)E (?)

§ et
of E\' is tnventible , the ‘nverse §(.) vbecomes again an od x o9
matrix of elements of %ﬂ(k, C[[y,e,?,‘é]])} ond alse the ?roduct
é“éj_,,“ may be defined o be an vexve matrix of efements of
%(r, €lty,zy,23)) . (OF course these s’m’cerﬁents reqaire careful
justifiation, though we omit it here.)  Finally ,
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Theorem (8)  The camponents E’J (—g/((r, €ty 5,2 ))) of the wxpo

matrix &= f (.,-1 satisfy eqs. (4) and initial conditions (5).

3. Relation to the inverse scadtering formuletion

The ordinary iuverse saattering formulation of the self - dual
Yang- Milks equattons may be clerived from the above construction
of solutions. To see this, we introduce the foQQowm% ec{uah‘ons

with vxr matrix- valued unknown functions Wj ,jz0.

for j>0, Wy= 4r

These equations are combined with egs.(3) as tolbows .-

PMI’WH"“ (10) E‘19- (3) and ¢qs-(9) are g wivafcnt o each
other under the relatron '

\NJ -5 0,~j j< 0.
Iﬂ Pﬁ?‘ﬁCU\gar this de'ﬁhgsa one - tori- one CON‘GS’Pondence of ?or‘moiﬂ

power series solutions between eqs.(3) and €gs. (9).

Now fet wd introduce anbthey jndependent variable A, and f")’
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To rewrite eqs. (9) in terms of the formad puwer series W

= 2' 474 < 7'6(" Clry,z,y,2, A3]). In fact we can rewrite
eqs. (9) intp the -Fowowinﬁ system

(1 (—A9y+9§+(ayw4))w——-0, (aafay-—uzwmw-:o,

whith, in view of the relation Afr— 9,854 =~ Wy ond A;
= —DY 8o - = 97W1 , s no’rh«‘m} but the "linear problem "of the
self - dual Yang-Ml‘MS 'eyuaﬁons (see [21).

The adgebraic structure of the coyrespondence between V\/J and|
E‘J a5 abgve may be more Wr'ﬁa‘u‘tiy descriped. In fack, the —fo“ow-

g formulas may be derived .

I E’ X
(12) 2“) = éo Wi‘j“k Wk = —k=-'j NC‘J-ka , 120, j<o0

(13) w\,nz Si vAJ—( ’*“(ZW/\’J -1,

(14) gi 25-1,1' f*“ (Z W f ‘)(z_ Wkr‘j—k-i) -t*‘i—”

@ a7 = AT = (2, W) (E W)
J=1 J K

where Wj*, jz0, denole the coefficients of V\]‘1 Z) OWJ 474
(9'3' W°¥-ﬁ WD:'(1r/ W:‘s "Wi, W;= W|2~Wz,“'), and ;\ and t&

are independunl variables. These tormulas may be Aerived from
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onﬁy the Last two equations in (3), amd therefore ﬂuzy are akso

valid tor the inibiad values EF) gnd W;?’ = W. This

U’ J\7='E=o :
especially means thet the inital values of eqs. (3) amd 5. (9)

at y=2 =0 wniquely determine each other under the relation

w0 _ W(o) .

ZGJ‘ W3, j<o, owd that Z‘?j , (70,:](0, " ay e calwlated

from W‘J?) by means of hrmulo\ (12).

4 . Construction of solutions — special case
We here discuss -how the construction preseated in Sect. 2 is

simplified i the (ase whete

(16) WJ = 0 for j>m

for some positive integer m. Formula (12) shows that condifion

(16) s equivafent 10 the {"oﬁéowing. condition
) gy =0 for jewm.

These condifions are preserved wnder the evollution §¢ — T..

. )
ij 7S, W

—> W)- . Namely,

Pro{)os,‘h‘on('l%) If condition (12) (or (13)) is sakcfied when

y=2=0, then (t (s satisfled evekywhere.

-~
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Let ue Per{orm the construction of Sect.3 (n the above case.
First, because of the assum[)ﬂon that E(L-j-):o for j7m, '3

takes the -i—oubwing form

( N
1, N |
o (N
(19) T =
0 (g )M<t<oo
-M<J<0

Also it is not hard to show that

A _ (0)
Or 1)“
wheve /\[M =(§"—»j‘1 1\")—mﬁi,j<m= Or ‘1y~ The inverse of §

"“(’{\‘) )~m<i,_j<o then taRes the {'ouowt‘r\g form
_ RN \
1 XX
A i
(21) : - = ~ -1
g(—) 0 (Zij )-Mii.jw
\ .
Therefore
s ' S
1, 0
r
(22) 4 4
O (2 ) m$L<o° J) h‘-‘-‘i-,j(O
‘~M<_)<» .

In partiodar ths proves (Pro‘:osih‘w\ (1%) (tkbughPerosi’n‘m (18) Moy

be proved in « more divect way ).
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In the above tormulas onf)/ the blocks at the Lower right survive

in the final resuwit, and therefore we may reformulat e the white

construction [n terms of these blocks. Tn fact, the paxrm matrices

g;‘:v)t] = (g(io'))—mél'ﬁ” v E['mnll = (Eg)—mskoa y

J ~msj<o —msj<o
- (Ecj)-mis':g s B = U3y )’"‘S‘lj“’

(tWs is an vmxrm matyix)

satisfy the Foﬂowmg formulas

%" = e,xp(i/\rmby—y/\mjbz)gcm

m) twml /
z’ -1

ECmJ = 5im gtm:u-) ’

and they provide o.naﬁogues of (7) and (¥). (\/o’uz‘ﬁmf thes<
wxrm matrices play just the same rofe as those in [3]. Inl3],
however, the viewpoint of the mitial volus PMHQM was Lacked.
Becamse of thic the solutions Q/xflédﬂiy constructed there were
Limited +o \Lﬂu‘rﬁy special ones , and the ctructure of other
solutions vemaincd to be darified. The above cons&ruch‘oﬁ
shows fow 10 explicthy csnstruct the full family of sodntions
contained m the framewsrk of [31. Akso note that the above
wustrodion is vakid et on (3 (m the realm of formal powCr series
Sokmtions , but also tw other cases such as Hhe case of ratibnal

solutions.
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5. Construction of solutions — more special case
We here discmss o more cpedal case , namedy the cose
wheve in addition 10 condition (15) The remainima, oves W: , 1¢jewm

J
are assumed 10 be rational with respect to (y,2,y,2). Also in

this case these sofubions are characterized by the inikio values.

Proposih‘ow (23)  If W(J?’ =0 for }>m and W, 1sjcm, are

ratonal with respect to (\/,2), then WJ =0 for J‘>W\ aud
Wj/ 1$jem, ave prahional with respect 1o (y, 2, 7,3).

This proposition Moy be Proved as ollows. By virtue of the
colleudations in Sect. 4 we have only 1o show that /flj are rational
with vesPEo’r' to (y,2,9,2). To schow this, fet ws note the
v{lo,MQwing formula which may be immediatey devived from formula

(7).

o

(240 2 g}jr‘"° = exe (Tpd, —TK3,) 2 g‘ﬁj i

[ (=-~pa L
= ke ep(E Tk £ e R
Formula (14) may be applied here to the H%ht hand v conclude
that the Y‘(ght hand side of (24) s roakional with respect 1o

(y,2,5,2, 1) Therefore +he ra\-{ona«ﬂi’ry of %‘J follows, and
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this completes the prosf of the propusition.

The dass of solutions discusced above is of special interest
because/ as impiiciﬂy shown in[4]  {tin princ'iplle contains all
H«e instanton solutions tkwgk re%retfuuy T have not been
able o find out any effective characterization of the instanton
soflutions in the Tramework of the above construction. T expect
further developmente of our colculation will Read inthe future

to some good prospects for this problem.
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