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Logarithms of pseudodifferential operators

By Takashi AOKI (FK-F&)

Department okoathematics, Kinki University

In this note, we clarify the relation between operators
and their exponentials. As an application, a sufficient condi-
tion for invertibility of pseudodifferential operators of
infinite order is obtained,

A pseudodifferential operator is defined by a symbol
P(x, £). The operator defined by P(x, £ ) is denoted by :P(x, &£):.
The composite operator of two operators :P(x, £): and :Q(x, §):

is written in the following form:

:P(x, £)::Q(x, 5 ): = ;exp(ag-éy)f(xq £ )Q(y, 7 )\%iftn

1. Composition formula.

Let us consider a symbol of the form exp{p(xg §)S‘. In
énalytic category, such a symbol makes sense if p(x, §) is of
order at most 1-0, i.e., if lézﬂop(x,§ /13 =0. Morebgenerally,
a formal sum of symbols exp{;zb pjtx,g )3 makes sense if

3

3450, 15°A>0; Yh>0, >H>0 such that

p5(x, 50 < ad(miz1 «mH), 520, 1512 (3+1)q,

(then 2 Dy (x,§) is said to be a formal symbol of order 1-0).
J

Let us recall the composition formula for operators with expo-

nential symbols:



253

Theorem 1. Let p(x, %) and q(x, g) be symbols of order 1-0,
Let '{wj} and ¥ r.ﬁ be sequences of symbolsvdefined by

(1.1) w,(x,5, %, ’2 ) = p(x, i )+q(y, 1),

(1.2) Wil = 3+1 (’ag Py + k:s_‘ 'agwk 'aywa x )» 320,
(1.3) I'j(X,é) = Wj(xyxsg’i)r J20.

Then ‘erj(xg £) is a formal symbol of order 1-0 satisfying
J ’ o .

(1.4)  expip(x, % )y rexpla(x, §)): = wxp{ij rj(i,§ ¥ .

In the preceding theorem, we can replace p and q by

formal symbols Elpj and Zlqj of order 1-0, respectively.

2. Exponential of operators and operators with exponential

symbols,

Let X pj(x, g) and qu(x, ) be formal symbols of order
1¥OQ We give an answer to the following problem: Under what

conditions does the equality
exp: %-pj(x, §): = zexp{ 2 q (x,%)]}:
J
hold ?

First part of the answer is

Theorem 2., ILet le (x, ) be a formal symbol of order

1-0, ILet {\P(J) (x,y, ,7)} and {qéa)(x,g,)} be sequences
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of symbols defined by

(2.0 YLy, 5,1) = py(x, £), £=0,1,2,-,

(2.2) -¢S?30(x,y,§ ,1) =0, 3=1,2,-, £=0,1,2,-,

2.3) o3z, §) - 3%1- Z «y(f)k (X%, 8, 8),

@) Qg = gr e BRICINCR AN B
+ fi %% z;w(”)k(x,y,g n)9 q(J H)(y,ﬂ)ﬁ .

Set qk(s,x, £) = Zl g9 (3)(1{ t) (secC). Then, for each s,

the formal series 3 qk(s,x, g) is a formal symbol of order
1-0 such that |

(2.5)  expls: Z pylx, §)) = sexp{ T q(s,x, §)):
‘ J

holds.

Example 3. exp(sx~J—d = exp(sx\f~ + ——— : (n=1; D =:£&:
=9/9x , x=xl).

Conversely, we have

Theorem 4. Iet Z qj(x, € ) be a formal symbol of order

1-0. Let {+(3) (x,y, ,7 )} be a sequence of symbols defined by

(2.6) \y<°)(x,y,§,n) = q,(x, £ ),

(2.7) \P(J) (X,y: g 572) = 0, j=1,2,-, £=0,1,2, -,
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(2.8) W(ﬂjzk*_l(}(’ys § » N ) = 'E%"i" {?g"ay ‘P(ljzk(x,yv § ’ 71 )

g J=1 =V -1
+ =Z PZO l'io 3= F i\{»(”k(x,y,é )2 \PiJL“V_)l(y.y,ﬂ Y,
(2.9) 4Gy, 5,1 = ap(x, §) - 5 S e ST C NI

Jj=0 =0

set p(x,§) = \h(ci’())(x,x,“é)’, §£). Then 2 P (%, § ) is a formal
symbol of order 1-0 such that

(2.10) wxp{% q5(x, §)}: = eXp:% P (x, §):

holds.

3. Invertibility for pseudodifferential operators of

infinite order.

It is well known that a pseudodifferential operator of
finite order is invertible if its symbol is invertible as a

symbol. The same is true for infinite order case. .

Theorem 5. Let P(x, ¥ ) be a symbol. Suppose that

1/P(x, §) is also a symbol, i.e., for each h> 0, there is a
constant .Ch>>0 such that

o7t exp(-nl5]) < |2(x, )| < Gexp(alE]).

Then :P(x,g,): is invertible,



