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Dualizing Complex @ %412 >V T o Sharp IRITH L T
EESAHZ LTS5, |

23 dulising complex 1L PAL THEREEL T 2D, duls
mgww@m%@mUﬂulémvaém,zzvu%m%
DRI > TRARTWL 229D, £ BELE LMD
BEVRYIEX-I-ES1+0ThEt0LTAB,

Definition CLI6, 2401, cf. [13,V.821). R ® ¥ 2. RWEED
MR =I5 BROJGERLITYL 2RO
dcmlizcnfg complex CHBLE D -

(0D I' “fuwnded

(D2) HQ) AmER fr Vi

(D3) I injecline R-msdile for Vi
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(D4) 12 & 0 R-10E O faunded complop X' at. HX) APKE
RV gL, BREEIE 0(X51) s X = Homg(Homg (
X,17), I (Li6, @Dt gundi-iasmorphism (guism . 8)
ThH B, A

(o), ©2,03) 0T T, OHIROONLEUETHS:

(D4) BREFE KT) 2 R —> Hme(T, I7) (16, @3] A uiom

THna (L6, 36)1)

dualizing complex i’ % & F 11, RO RKTO~RAT DD,

(L3, V. 831, [l6, &6)1). Spec(R) 2V #4E, T,9" % R 0 duelizing
omplex 35, BEHt, FERMBEP ¥ guivm: I'— JHIGP
(»L 113 SRAL fumcln) A E S 5

R & ABBRT O Goundiin B, I' & R O minimad injeclive el
Wlisnx 3 118, I R 0 duskizing complex T & 5 (L6, 3 M) 4,

2t @I, Do ERE (BRI Kr o injoclive snelsps) €
WIBTIEHEL TWE. 2OKESOE fundsmntal v
2. W5,

Definition (LI, ¢1.N1). I"&A DN, DD YROOSEMHMEF Y
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s, furdamontod dusliping complon & BYE >

(05) @I'= @ ER®

(WWMMWWWW 1z zfuahzmg complex TH 3,

(L, 3.61), olwa,lizing complex A £ WX, % 1 0 neduclipn

b B fundamonted dualiping complon 4t B+ 5

dualizing complex WHE S B LD O TR KRMEY LT, RIEX
LZnbH T2,

(13, V.8101, Lie,3m wd G-0], [, 351, [12, 3M]), ARKT
) Gonoliin i 13 dualizing complex & ¥ . Gnin. iy zodol. B % %) )

RStRERB TS LARERRWHECTSE 0TS,
20X ¥ R dunlizing complex I' & % TIE, Hmg(S, 1) 1t S @
duslizing complex T %75 ,

R dyalizing complex 1" & ¥ T1E', RLXI Cup. REXT) & dulizy
complex J° . guism: RIIQL (wip RIXIQI) — J° XBET 2,

ILBERHCL T,

(013, V. 8101, LIn1). RA" duslizing complex & 3 1%,
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dimR <00, R alnuy. fomal fibuld ¥~ T Gowndlun .
Gor(R) = 2 SpecCRY| Ry Gowpaliin} 13 opom. ATk L2 R- alpebrn.
i dualizing complex € ¥ 2. 4> TR it ncoptable .

Faltings ¢ Ogoma 1= & ~ T dualizing complex 8 %5 5 £ b
ONE+RRBENECHLTVWEN, S TREBITEZ0T
[41 & o [IBJERTTRI N, RIEKI X 55 IL02) CH%
IHTNWA,

I TR dunlizing complex E HHBEE 42X D TN,
AR 70 Gounaltins® 0 EERAR I & - T\ BRI dunkizing
omplex tH 2] KKRBLDRAEOXLZBIFTHENEVWHKTE B,
(141, L51 O#EENBHSA) % LT Con-nacaulay B 03
BB IOBREENILHELNSRTHA(LBAE3D), X2T
Sharp ®WILINEEFR LA, FF 3,

(SC) Sharp 48 (L18, 40D, R v duslizing complex & #T
8, R 13 Goumatiin Ko RERETH 5,

FTRBANEE 2R, Chn-nacouloy® it L THGSONE
Lus e RE<tmbTw3. (U8, @D Ghnhasulsy <
AVBARAS A THALRLILTVWEY A, AETIRAEH
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Bl LSOt rS3scYicd s, BEHEBEYRD ZLWEA
REWLZATESACOMNELWS Y ENEENEEHL £, 2
LE72WTI, RoNMRAOAMER TTI L,

g, (Aw)EdRLBHRSB, BHiL& " TR,
A & duolizing comlex. Dy & ¥ TIE, comonicol module 4 & B >, BB
Ka= HOR), 4=min{i|HDR#0}, T 425135, (ca/nm'cafmﬁt&
Low s [ 21 E£B) 3£ HA= HOW(HM'{“‘(DA), E¥an)
ThB, TZTREIYSFHEARROBY ThB, |

(L) AHA)<w fritd O &, LREMETH D :
@) AR Gounlin B ORBRETH 3,

b A0 clmlizinoe complex WA B,

) Ao cnmical mpdie B A SE,

(15) d=/0xr %, REEMETHS .
@ AR GundiinE NERRBTH S,
b A0 dulbizing omplex k&% 35,
) A0 ansnical medule v Bt < 5.
@ A=A Grondin it 5.
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1) d=20vsE, REBMETHS:
(@ AdGouninEOLBRETHS.
b A o dunlizing omplex N FEF B,
© A D conenicol mede N BHE L, A— R & Gunein T
&5,
@) AAE0 idd CFAH L, A O ansnical medub A%
£33,

(2.) GDA&AMBLBELEONELIIE, ~BOBHHT
B L (SO RE LV, | |

@) d<gary, Aodalsig omplatBETILL,
AL} Gransliin O EEVRAE T 5.

Bl dz5nxE, ANGCw)T dpthAz d-/ & > dwil ka
23 &5, A0 dunlizing ovmplex W% £ 310, A 1 Gronsliin
ROERBB DS, | |

REER, MEARERR B, NitXOFAWHE, dnM<
Wxd3s, AshiM={peAssM)|dmRz=dmMIxvE<. M
ODN=Qin---n Qs &t AR Z L MOBQRE T, dn Moy=dnMy
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E>(sish ([sa4st) &B2HNDYTBYE, UN=UyN)
=Ain-nQe ¥d< (—RAILRESD) ,

§1. ZOfTR, A LHW)<oo e i#+d EHLSY
& (ginile focal cokomalsgy T'HBXE H. FLC L 88T 3,),
BRENE VBELNSds 20t ERTSE, U=UaO)
XH <. ARFLC & 518 Us He(h) T'd B,

(1) Theorem; ARNFLC ThBcE, RIRMBETHD !
(@ A& GoundiinsRO ERRE 9 5.
b A dual[z(/néz oomplex N B AT B,
© A0 cansniod medude NHEAET B,

@2 2> E-BOBARICH LX< ME1LTWAS,
©=>m R~z 1Em LE v, (L5, 86 Bxample 21, (1.9))

Proof of @ =M).  I' & camenical madule Ky & min. ing. 2wsal.
YU, K=HAI), I'=I/k x b<. BATEE il 2 12
U, Kag = Kp, (L2, 4.3 T AR Cobon-Maculy T % 50 5
Ji= gD EWD i i<d, 7¢=0 fon (2 d X %5, (04 Suez6.0)



lz2n0xs, dphkaz2 £ 5 K=0, K'=0 ThA. oompl
NELP 0> K > >J 20X VERET —>HI(T)—>
HET7) = HYK) = HI) > HWT) = HY(K) = - ¢458 5. HAT)
=Ka, H(I")=0 foe i#0, H(K)= Hh(kn) g Vi, H'(K)=0, H'(K)=0
THBOS HJI)= Ky, HI(T)2 HE(Kp) for i>0T' % B L19,
AT LD HiK) ARRAE R fri#dTHh B85, HG) ARER
pri<d-| TdH3, B2 0->U—>A Ao Homa (Ka, Ka) = (sken
(R) =0 12 Homp( ,E@Wm) RPER S € TRAF 0 X - Haky) —
EHm) =Y =0 &4% 3 (X =Homa(GRnCR), EAm) , Y = Homy (U, BAm),
Ux (shn(h) BESATRTHBNH, XY 3%DTDHA,
T = HEUWT) 25 HE(Ka) = EGf) 1S X ) B4R I - EWm) € 5t 4
B, %27 D'=-0—> D°=J°— --- — D¥'= g4 - pi = E(Hhm) =0
Yd5. HD)= HWJ) fri<d-1, HED)2 X, H4D)=Y T
BB, &> TDRON OO ERLEL, A0 fndumntsd duo-
lizimg complon T & 75, |

L=/ nxE, dpfhka=/ E45K=07T5H5, BEF 0>
U= A — Hamg(ka, Ka) 0 XV B A5 0> Hu(Ka) = EHm) > Y
-0 (Y= Homg (U, E)) €18 5. J(U)<w 45 f(N<o0 TH A,
2EEARF 0= Ko > J%=HW) = Hx(Ka) = H(@) =o' 3. &
SIS EMm) EBB., ¥ T D'=-0->D=J° > D'=EHm
=0 ¥¥5. HWD)=Ka, HOD)=Y Td Y, DIFA O funds-



ol duslizing compbx v#5.  QED, for 0>

GO=>Q OB KO Lemme ABETH D, KHEFHE 0
wnsondifiomd along d-avgumce (u. 4, dAXE 5 5 ) OERD
—2NRATHAB,

(1.2) Lemma(ts,con)). A®ACT dpthA>0 ¥ 35,
BB R ool T T Rewg T RO, 0= Q¥ A (olon-Tacoulay e & 5 ¢
ORNBET S, ELARILT S,

Proof of Q). dpthA>0 0B S, o lemmaTT HH
Sibal FE XD, RABPIE A LARERRED S duding comlex
t¥5, Ghriacudy 85 GoondeinE DRI AR Y £ 3,
-7, AbGundinB0E@BETHS,
dpfA=0 A, ASO=UnT (EAAMEY, [ wF)rd
Ao N 13 dulizing compbx €8 5, HaW0)=0, HaA/)= fx(A)
pri>oThANS, FTLRLES XY GrombinB R
OEBRE Th 2. AL I3 mlinan &5 5 Goonalin BTES O
FREBTHSD., 22T dmR=dmS =n zmp{2, 3 U
TXV, PIROS > AyeAr X L B=9/A ¥xd35, BIRE
(-9 -ARBRTHUZTHY, ROTEREWY 455,



0— B >y ROS —> ROSB — 0 (24)
@ V I\

0> A — MOM — AU+ — 0 R %)
I{Mpp)<wo THBN5 ROS S BLARERIBELE Y, B
BF%- 9 -HThB. > TBR H=Y#0) EX idalc S
BNRTEBHABETHD. LOELAED HiB=0 fri*l,n,
HaB)> ROSE (B ¥ AR 485, [3,11]4 Y BIE RS £ cuns-
nicel mauh e L TB 2. - T ©>® 2w dpth >0 0 354
&Y, BRGuphinZBoERAETHYY, ALt XOTBA,
QED for W

(13)Corollary. ¢=30x 3, AN cononical medule &
5 THNLIE, AW GounshinE OEERE T 5.

(14) Corollary. €=20% =, RRFMETH S :
W A0 camonicel medule NEFES B,
b AU E Gromalin B OEERGTH S, (2,012

] R 7t Cohom-acauly BFTEIZ I L TR, cansnical medube @

% 2L Y foumal fbe O Goupsloin M X NEME T H B2 LA\ 4o b
TN A(6,6:30]) &, Ohon-haouday T &\ FA S BB O
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ENKILT B, W5,

(15) Proposition. d=/0vz, RREHETHE @
@ AR Gounlin R0 ERRR TS A,
(b A dunlizing complox NEET B,
© A0 annicd medule N&#E S B,
@ A=K 3 GrensliniR T3,

Prof. /%2ZBHBRFACTHAZD5, WebeoO
No%RLBETHAH, O>DREI< MO LTVE. >0
ETED, REXY, ADE M FIId L EAD®, R =, 8 EAH)
T®B. Ao fundymonital duoligimg complon D= 0-> (B EWE)
— EM@) >0 &Y B, @0 EVP) = (8, EW@,A | Edfm)=
E(A/WKWAA\ =sEHmTHBD B, ALo wmpla 1'= 03 EAb)
= EWm) >0 X I'9A 2D womplan 485, SO IR

A 0 fundamoninh dualiging oompbr b3, QLE.D.

2 R ¢ canonical modude 0 B £ 7 TRIAET, fovmal
fibre @ Goondtim .0 Kt E M SRENDB D, L L, opui-
dimnsind D ESFET DB, WD ERTAR, dulizing
Complen & £ 12 L TARE Faltings-Qma Dt F EIAN T
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(1.6) Lemma. ([4, Lemma 3 wnd 51, [15,3.11), BR33 o 2T
& 0 pull-8ack dinpram T, P only, VA finile £ 560X
32, R Conp.S) D fundumonted dueliging complon T° (usp.3) &
B # U T Hm(T, I) = Homg (T, 0% a0 comploaes 565 L TWA
X953, 2nxE, B fundymontel duliging complix DT
Homg (R, D) = I* . Homg(S, D) =J" as complnes £ 5/ T O A
BEITE, BRTABAROY 2R, RY SNFI dusking
complon € ¥ T, B & dunlizing complen & 2.

(1.7 Proposition. d=2 0¥, REBETHAE :

@ AR GronalinE O ERBBBTHD,

A0 duliging complox, 8% &£ 9 3,

© A canenical medufe A& LT, A- A A Gownalin
"oebs,

& ABROUd X FA) 1L, Mr O consnicel medule
NBHET S,

Proof. @Q=02©,@ N EE0 XL ORI IDIRE
ATV A,
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©>@ : dimAr=2 0 x %, Homy(W, Ka)A' Ak O cumsmicnd
module T H B, dmNr=17 &5, Mc > BE A Gounalunid £
NE (BRI, XV, dmhAe=0 &5, B- D,
@=>@W: ADW)=UnI (ZF2BLNXT3, 0HD&Y A
& Goandiin AR ROBERGOH D, 5 TU=045 LW,
U£0x 35, dmAr</ <, AL W cansnical medule. € 3 -4
5 Goundin BHRS O ERBR TH 3. (d(5) 22 Tdmk
=dimS=2 ¥ L TX\We PROS>AOH XL, B=F'A) L
5, BRI (X-5-#HRBRONETHY, RoT¥BME
$#5., 0—>B8B — ROS — RO — 0 (E4)
Vool

0> A > ABM — AUt =0 (B4)
ROYB = N BARAABWBETHSH 5 ROS $€2Th
), o TRRX—9F-8THB, &> TBR H=P(0) ti&
XidlxdB2KRBHETHS, Ml REHET, R
AMrr ¥ S>NMurltlcomle Th 3405, (1.6)1LE D B0 du
Lxing complex X £ I B, XORANK D HABI=0, Hr(B)=Hi
ROSBYEBREHTH 305, (L)LY B Grombin & O 2 &
WETHY, > TABXDITDHSB. Q.E.D.

(18) Corollary. d=20x =, A® cumonicl module 4%

/13
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L, A eguidimmoionad Cie. YReMin(A), dim A = dim A) T'dy
& 51, AR GunlinROERBRTHD.

Proof. HEB Ol X FA) & LB, dnAk=0%5, Aro
canonical module it % £ 3BT X I3BE A, dnAk=2%5, Hy
(A, k& Mie @ comenicad medule. T & 5. dimAk=/ 55D, P
ERNR pl#+R TR E2HEDrTE, 2=PnA ¥ H<,
FEW, 2 ThH B, AN equidimmsional £ 5D R €Spec(A)=Supp
(Ka) T Kadp 2 Kny, B 5 Ap O conemicall meduke 84 % 3 5. (L2,
anand431) K9 Ap = Ka, T Ae/ppp i alinian 4 5, [2,
81112 &Y AepAplk Goumstin T d 3. 3> T Al — AR 1 0w
milintt TH Y, UDILKY Ak O anonicd medubi% 4 3
3., $-otanonsxL, *&e85.  QED

(.9 Remark. #EOE¥ N2 WL, NEKTEAE
T, cononical madile 3EE S S, dualiging complip 1t A £ L
IV, towdd, (df16])

(LI0) Remark, ®& 0 dwl o AR U M 0 comsnical

meduk NEAE S DY, X foumak gkt 3N T Gounalin T
boHIY, OMBERRI DY AD duliping complatt 1.
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452 N5 T 5, (L5, 5.51)

§7. ToEHTY, AABILRLGONELVIY &R
FIL1E, Jomwo R (QERELTEVIY, Bw, RT4
ATOBHEIGL SONE LWy, (EEHL X D,

D Lemma. dm<nZ3BHElxd L, ORE LW,
dm=n,EN& 58RI L, (LI EL W,
= dm=n & ARAMERIEL, COIKELLVL,

Proof. B & dudliging ompln £ B >N R EBHFEL 35,
FREBALENHIZIE AssB=Assh® 2 L TL VW I ¥ 239
%5, B>(0)=Ind (I=Up®), BL ALY 45, 5 B &
Goonsliin BTR R OERBE T HB v LL D, dmBI<n X
AN5ERE Y Grosin BB SHERRBTHA, 22T,
dmR=dimS=n ¥ LTI\, P ROS>B.8Bsf L, C
=B . F<, (1LTNOPofh OZERCBERICL T, C 1 dukiz
ing complex. ERONKRTAFETHS 2NV D, I Ass
(Q)=Assh(QO)Th b, 5T, C A Gounshink DERRAE 4
SIEBEXITHB., HIT, Ass®=AsshB ¥ L TX W,

/5



S, IRAALLEVYTS, TTRALEIXELY, dur
lizing complext ¥ 5 GoanduinR 0 EEVRIZ T4\ R RTBAIR
BT Ass(B)=Assh(BY X £ 2O A TS, BREXY BIEE)
TR, f>T dpthBp=1 dimBp>/ v & 3% el A3,
AB)={Ze Spec(B)| dipth Bp=1, dim B3>/ } ¥ <. Z=Cokhn (B
Homg(Kg, Kg)) ¥ <, (AssB=Assh(B £ 5 Ker 13 (0), ([2,0.3)]))
R<AB® & 513 depth 5(;2=/;' dopth Homg(Ke, Kplp 2 2 758 5 depth Zp=0,
BPH AB)C Ass(R) T D, o®=muxidimBy|pea®}x <,
B>/ Td B, 3K DB={3<AB®|dnBz=0®}, X(B)=AB)\
B YL, LILRANLAEBOGT OB (RN TEBEY
D, QOB ELL BL, 4>/ TdB, dulizing complex & #
SRR 2AEOBFHRRPIL, Ass(R)=Assh(R) €%~ 1L,
LHpRN<o0 T h B, H->T, FEBEF XLy N\, 7 T
Xty (B2 0 fr VREB X E 26 DONEETH, RER Y,
Bk 13 Gounmdiin DR GO ERBRB TDH D, dmG=nx L
TX\W. B- Blusee), G Buopls X B fibw praduct € C
93 C:Bﬁag <’§>B/?fg(x8), 0—=>C— BOG — Blyup >0 B2,
(LD 0 Prof OB EREIC LT, C & dualizing complex &
BEONRTEBHMOHHI LN A, &L Ass(C)=Assh() T'
H5, BLCOERRBLED S, CW GoundiinZE 0 EERE
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PRWN, BRX Y CHOTEV, fsT AQFP . PeAO
kY, t=dnC=a)rd<L. BOXYEXY t24 TP
B, 5, (Blpas)p=0 DY, Cp2B nG T'dAN G I
Goundltin 2 5 Cp2 BT 9B, $ - TPBEAB) T PBaX Y &
A, WIC UGBy #B, TF B, & T (Blpemp #0. dnBlca)
=P <., dmBp=dimGp=dmCp=r+/ 2 %), dmCp=t &Y
rti=tza>/ &b, B25 020> 506G >B a0
LBHWVT, dpthCp=/, M&fm/ 22, dpth(Blpexs)p >0 T'd
BAHH dypthBp=/c 3 ), PBeBB) B A. $E>T XHp(Bp)
0 £ 5, Hy(Bp— HE<BP/xeP) FERTDH B, RIT BBk,
NETABRTHLDOSYERED., P2QeSpec(QT BOXBa/xp,y #
E3L0NEAELEYTE, ¥R WBaxTH B, &)
DREF LD, Fehs, Bbay)\ Asshy (Bafxgg) V&£ T B,
SOXE dpthBg=/ T dimby S dim By < dimBy=4 T'H Y fax
Ed b GEAB) & B P> T, dimBg=/T" G hsshy (Bo/xay)
& ->T, FA., HIZ, J(xByxp)<® THd. #- T,
Hp (OB ) =0 X&), Hi(Brsy) = K (Befipcpyy) W ¥
ThB, EOEHYEDE T, HiB > Hp((Bsom)p) A i
THBIYNHB, KT, B2 0=H{Blpes)p) = HiCp)
— Hi(Bp®Gp)= Hp(Bp) — Hp(Blpexmlp) (HEG)=0 T'HB) KX 1,
HA(Cp)=0 E18D, M dpthCo=/ 1oFATH. H#>7T, K
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sikgELEY. QFED.

KR4 RATFTTEONE LWISYERITOTHIN, %0~
OILRTDE¥BMBOBSI_HERL TE<KRENDHDHOT,
FPENERNBZ T A, |

2.DRemark. QTS o>FRYOBIS HIT X - £
RERTHL D, FLC OBAILR, TAKEL L &L,
WHLSINBIPTA - 57— Rt wa d32530,am), %
DBENTA - 5% @, 0 22D, ideal @01 X B Reed
BER, pabdigXiil ¢ N 352, HIR)=0 (L9527 T
[<p<d 133U [HiRI, =0 fon i<2-p, 020 (19, BT Th A,
#>T, ROd-/ RIAL O Unnompde BAER EX 11T HOR)
=0 for ptdtl (NI R 0 puded K X ideal ) X 5 3 (19, (10.6)),
§5T, w2d-lx UT g=@, ., 0% Y HUIEX N2 L AH B,
BS, BEINTA-I-RX, e, thAkStt
wk¥) G=(xt xO CIILREIVLEDBETHA,
B LEAOK [YrRTTIV,) |

(B, #,..., Ha) EX BB Rhru=---=fb 7 (=R H<) &
DbNDYFB., H=tun-nfa ¥ FL o 5, dpth By >0 fon i)
HA L QB <@ o itn CERT B, (HB)=H (Br)o
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@H,;(B,,A)T'bé) X, Xn €W &, HLIZHL By DINT
A-I-RICEHARICCD, LUk, F=(xt )% LA
v &, &LERU R(Bry, FBa) A Cofon-nacuclay 1= & BRI
FAKELXB, DX E, RBE G Gl nacaudny T b3,
3T, (B#,. M) & Bru==f#,L3EBNKS
B, dopth By, >0 for i=ld, J(Ha(®)<00 for L% dim B (#t=2-1t0)
CE 5 TWE, Wl F ¢ g = OE(B,ﬁ&)ﬁ\“WMW
3360 0NEATE,

(2.3) Theorem. dimAs4 0¥ %, A dualiging complyedr
AEINE, Al GonlinBORRRETHAB.

Proof. d=dmAs<2851E, 81 TICRAILTL A,
C=3nr EF, D @NIXVYDH, d=¢«2335. Q1)
L&Y, ART®3, xLTXW, THICADEXY, A
N ALC TRVIRBO F P LIV, CMA)={reSpec(A) | Az
CobomsTnacanloy ¥ I8 spom 2 NS, ideal OC BB 2 U T SpecA) \
MA)=V@) 8D, ANQT BrFLC Kb ffa=3 Tdh 3,
BV BAEBESGTHS., 2<VONHFIIOWVT, dimAz=3,
Ap i) T dualiging complr € B> 05 UHp (Ap) <00 T B,
P>T, EBRT Qe T, g (Ap=0 fhe V2eV\ fal}
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CEBEONEAETDH, ALQDTHE D5 As (Vaa)=Ash(n)
< AA < C = Homggp (K » Ky ©5 B0 (12,080)  dim Gr=
3 ¢ Ve Max(0) T, C 1 (S2) (02,3.20) 2 > dualiging complox &
Bons, 2% 0.0 0Pwfd O3 &Y, Ci} Goundiin
RGCOERBGETHS. 227 Mu(@)={¥@]| #eMx(O)}
(Y G—>C), dim Gy=4% for VNeMx(G) X LTI V. A
Ce 6B C &3 fifupeduct € BY D<o ppel \C
0>B>A®G—C >0 Z4&, TheA
SITNHRCBRICLT, BREXTBAAETHDZ
o, 33, B dualiging compbn -2 € 7%D. AQ
Gundamantal ducliging complon & T'= 0~ 1°= > I*>0, &
DEJT=02>T">->J“>0 xIBY, Hmy(C I HmgCd)
&% 12 C O fundamontel ducliging complox T'& D, Hmy(C 1%
=0, Hmg(C.3)=0 TH 585, CeBFEE S0 0 BN 2EE
UTE&ZOLETRBE T HS (cf L6, @6, LILA2, CREBM
) 2Y X, Hm(C = Hmg(C,d) o comploaws T B S XA
BB, f->TUADLX Y, B dudiging ompln & 5> RIL,
BoiA TEVE il P1ixd L, Bpth Cafon-Tnacauly T 5 2
X ER%X¥D, Cp=08 5, BprAp e Gp, BpxGpd AKX\,
Boxfp v 3B, =0 EA D GAp=0 4D PAIL YL E T,
COYHEXY Ar W Ghm-acauloy 5, G20 e L, din



Cp=r ¥d<, TOCE dmBp=dmAp=dimGo=rt/ TdH 43,
0sr<2 T'HA. N=0./0x E, AxCREIZRT G K Gounddin
N5, %éﬁd 0=>Bp > Ap®Gp— Cp >0 &K Y Bp AV o~
hocudoy T 5 NS, F=20xc ¥, BRICLEORE L
XY depth Bp 228081 B, @Hy (AN=0ED 5 Hy Ap)~> Hy (o)
BERTDHD., Ay & 2K T T Ass(Arfap) = Assh(Aa,) T D
25, A(Chn(Ashap > Cp) <00 X 3D Hy (CobnAoliap>Cp) = 0
THD., BRI Hy,(Whap = He (VBB TH S, LOERY
ENDET, Hy(hp) > Hp (PN ERTHEZCANS, 5T,
BRI 0= Hy () = Hyp (Bp) — My, (Ap® Gp) = Hy (Ap) = g (C)
59 Hy B)=0 &18, B\ GohonTnacouly T3 2 XS,
Y 5> T, As(B)=Assh(B) A5, BRIAC T4, LDXY
Bl Gownalin® ORERE TH S, ARBOERBETH S
NG, TR&HES5,  QED.

§3. FLERRAT4LATORABROBALE, OO
FELVIYRNE S ENER, ¥N5NRFOFAIEEAEIT
DAL LE >TVE W, BL, ALBREEAHEAY
BYHAHZLNHENT, ZOFTRELIL>VWTERL TE
SEV, SITORWI, UAd-FOFRNERATHAD,

2/



M GND AT ROW> R L CHMEEDS,

() A8 fundamontal dualiging cmpler D=0~ DDt 0 &
&, | |

" dz25, |

M) AR (Se) TdA.

(9) AR FLCT&W,

(3D Lemma, H=0p i>2. JHoN<®. dmHD)=/.

Proof. &9, Homa(HHDY), EWam0) = HE R) T B2 X
RBUTHEL, dptfAzd-2 &5 5 HD)=0 fn i22(2dmA-
dpth A) ThD, SRS, BATEVWE ML 1o T
dim A ~ duth Az < 1 X 5 Y, HAD3)=0T B, (D; it Az 0 fi-
dumant, dualiging complir) $E T LD <O THE, dim A
225 5F il @1V T, Ap I G acauly £ 00 5, H(0p)
=0¥%Y, dnHo)s [/ OhD, ARFLCTEWA S dim
H'on=7 55,  Q.BE.D

Cﬂ—

(B.DLemma. Hulk)=0 fie i#2,3,d .  Halky) = Hm(H(D),
HaK#0. H->T, dpthka=203 Td 7T, dpthky=3

S dath H(D)>0 & HOD) Cohon-tacudey .
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Froof. &= HOIT% B, B'=n(D7> D), Z'=Kn(D'>D™),
H=HD=FB Y <, KO 47 0kELFNES :
N0>K—>D—B=>0 2) o-»B’-»Z’feH’—eo
3 0-X=>D—oB—> 0 | @ 0 3BF->F—=H>0 ,
FITHO=0fni>2 £ 15, £&F| (5) 0> B> PP~ 5D >0
ﬂ%éoysmwﬁWt@"Mﬂwwﬁ%W T, B4
A X ) HiKy= HE®B) Vi, fxu D EBRE A 5 RA
B X ) Hu(E9=0 o i#d-2, HEHE)> EWar), B T, A(H)<o0
THOHDS, RAFBX Y HABI=0 fn it /,d-2, HyBI=H?
HEABY= EWi).  HLON=0 feVe A B SEAFIRIK Y Hi®)=0
Buit2,d-/, HYE)2H*, HR(E)=EMm) o dmH's/ BB 5, &
2IQD XY HB)=0fon i#1,2,d-/, Hm(B')sHm(H'), Hu(B) &
HnH) %0, HEI(B)= Em), TN B XY 23 EEB5, QFED.

Spec(AIN CM(A) =\ Supp(HH(D?) = Supp (H'(D)) T4 5B, ¥ 2
T iduf 0T & VO =SpecNCMA) , THHD)=0 i i#0 (I THRA
S0 iFd) XELXILY D, dmHe=1 T, VIO AR
564085,

(33)Proposition. X0 ..., 0T, KOQOEOEHLE
T ONELET S,
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o) @, g EAONTRA -9 -2O—2EE T,
@ @, 0 OF, COL-2EEA TR E L T,
) Q... Q- & U 4 d-7en A THD.

Proof. Mta=d-/1 TOdBHE, X OT XXt T HCL %)
=d~-/ LEBZHONDHDH, TWIEAELEDICNERLT, AN
SR THEANE, X BOIHEEAT, C0CE AR

byt Y0121 L T, XY, X b 0@ EHAET, 2N
LU, ARGRIT dimAz=d-/T'HE005, REFLC T'd 5.
- TILAMILXY, BHOoNELE LT PhHLEINSD
NWTA =9 —RIFUAL-Z) o Ag o VREVONIS T BB, &
=X (Usloy d-D), Y= (Hi,o, Y) ¥ B <. BATE N & idnl R
&vB, 22 &3 KL YHEA)=0 Vi, ty >0 T
B3, 20 LS5 Y Yy 13 WA d-FlonAzg T'HHHDH
[9, AT X D YA H (85 65 A0=0 for Vi, tey >0 T
%D, Pe>T LYHE .. 452 R)<0 ¥Vt td, >0,
=¥ Cisl, -, d-Nc k<, AROEK G, tes>0 2 ),
L= M@, ol d<, La@h 03D W pn ot
T AYLI< 0T HBBD, YL < Ha(Wla.,0d9) 2 HEA) (d
@, CHSAN=0), THER)=0FE DB (@, 0L S YL ST YL
=0, [9,GHI XY Gty R udd-FnATHS., (F:
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OeBmAHFILGNMIX v &dHA L (AL, f@an>0L
$5), DEFEA L CREPLQEHRET, (QEHS,
Ass(W)=Assh(A) T &5, (U5, 413, 13,11 3 £, A 1R olinany
b5, THRSITEHSTE-TED)  QED.

XOT ..., Uy & O,@,0EHLIXDLCYY, F=
(allv-—; ad‘/) X 25< °

G4hLemma. (1) Ua(le-, Qe = (G, 0s): 0,
(2) Supp(H (..., 0gs; A)) = V(IO)

Proof. (D) (oo, t)=Fin-nFe &RIGEZ inl ART
mA =2 < isd (IsA4sOLEB3HNDCFAE, /=% ¢
B, RIU M IATHD, A<istr 35, dmhp>d-27,
lz,..., 01 1 Ay OERERIZITHHES, Ay 1§ Gimnecaudoy
&N, T E2a30 ., 4<§; éfuxkist CLAHERN>0
B, Qe Oty 3 UL dBIEDD @, )t O = (o, 0dy): 0"
= i\,(%f ") = ‘-6,% = Ua(Qa,-.., Qd-)

(2) peSupp(H @, adi;A) EX DL, B3, 0T, Qe
-1 BRRONTX =5 - RAO—~EFThH>T A ERFITER,
P& - TAR I G- nocanday TE Vo IS 2, R & X O&N

25



Rl e S5, dmAz=d-1T, Q. Qe EROIFTX - 9 —
RTd D, Apld Ghniaculy TE VS Q.. 0der 1$ Az-E
RIZITE W, ¥z, M., e Az)#0 T, V@ < Supp(H (a,
0 ;A)) B A, QED

@H)Lemme. A= d-/ o s,
dpth k=3 <= Yipa-,00) Ghrducudey .

Proof. L=Uata0Yae, .04 , B= Maa,.., 00, C=Hia
(o, i) ¥ B BRAOSLB>C>0EBD, L= 0
0,0 = Hy @ 0y A) NS dim L=/ dipth B= 1 A5
dpth L=/, CR2RE T U@=0£%5, CRACTHE,

L 27 0~ Hu(L) = Ha(B) = Hn(O)—=0 &158. B2 O Effm-dual
L, B,CYLT, BRI 0>C—B-L>0&18D, LIk

| R Collor-haconly TH DD 5, LEXDTHD, Hal®) = Hy
WTd 3 (@, CHEA) » 5, B=H DGR, L)< TdHd
&5, dpth k=3 © b HD)>0 < ' =0 < C (oon-
hacaudsy (of. 3.2) ¥ 43, Q.ED.

(3.6) Corollary.  dpthA=d-1 6> dpthky =3
= Nay0tn Chmhacudoy
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Poof. L,BCHGBHORef XEL ¥ 35, FREW
0—L—8—=>C—0 ®D £ Ghor 0 F 2

2 { lﬂ:

1>L—B—>C—=0 ®2 0> L — Blg—>Gac >0 €18 3.
Bl > A, a), Soic = Alay+ Uylta,-, 0d) TH B,

> BRX Y C 12K Cehon-Tnacaulay T G B 1 KT Cohon-
ocaudoy TH B, LSBT dpthB= ] B85, dpthl >0
1 dpth Bayg >0 . |

<t LoBT dpth B> 0 205 dplL>0, dpfC>0 £ 45
Wtk B>0c & D dpthA=d-/ €18D. Hd)~>Hn(B) G R 5D
B, HnB=HEW T GHEM=0 BB 5 HLB)— Hy(BbE) 1L ¥4
THB. BT Hall) = Ha(Bes) B 5 ThB., BLI| 0=HbtE)
= HadGhe)~> Hall)~ Hu(B6B) XV, HA(CaC)=0 €455 . HE->T
Gl 18 1 R T Colorchacandiy T, C W 2 5K T Colom-Thacaudey T 5B o
Ko, BRXY) k=3,  QFD

(BT)Lemmo. dpthA=d-1 ¥ 3BY, HERD G, ClreA
IS U @, -G, Q—~Coyy 1 6, @0 EHES,

Rroof. Bi=a, bi=@-Cia) (=2, d-1) X <o Chiyobier) =

TDY A, ba)=d-/1 ¥ EB, H>T, DZASHT,
S 5@b XV, BMATEVR Ml REY S, 320 S
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5 18 Ay 13 G- acaulay 758> B Hi(ht, b2E15 AR =0 fon Vit 1y >0
T®Bh, F20E5IE Gy be)lg=FARTHAHH B [T, (TOO
S@ITE Y by by B A dFnfpTHB, P >T GhaHylh

s SAR=0 YV, >0 (L9, BT, tﬁuvﬂ(w/,(bf: hRL)
<00 oVt >0 ML MW = Gl bl Dbt b A

BT dplhA=d-1 THED D, FHOL NS HIAGY.
i) =0 o Vb, Lty >0 X & B, ﬁé—fc [9,3412 X1,

by b B U 4, BV ATHS,  QED
R=R(A, W“)-‘g,(w“’-)‘ N=wmR+R, <,

(3.2) Theorem. dpth A=d-/ ©> dpthky=3 % 513,
(#d+] 1L HCRIEABRARTHS.

Frof. #oR¥ssB 8235, [10,0030]LX 9 Ak
YEEAMBAT A2k v 2360 0E&A T3, [12,33)]
12 XY AR duliging complon & B 5 A— A K Gouondun B T'H 5.
P->T, AdMQLMO)EMBEL, dpthA=d-1, dath kg =3
THB(EKaeR. fl2,41) 3£, ALBHAMYLT
XA AYMND, Qe by RALIVWTO@WERLET, R
=RE GR)2 REARKRLBRFBTH S5, RIERULER
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EARERIV, 5T, A BABEHAY LTX V. R I di
Uzing complon £ % B din Kfp=d+ 1 e VeeMin(R) T'dHAHH 5,
AEOERE tal P#N 1233 L RodY thondhacaulay T3 S ¢
eIV, PNA=RYEL, 22HMDOLE, 2% 35
3 Ry =Rz, P4 T, T O, by DX ) E &Y Coonhacus
b 3. (d Q) IFEEE Rp=AITIT Ap &Y (ohnThacous
WERD, SV, 3=m 35, PR, THS, G)*=
@52 .., g NGO D 5 YR, =T, _ a5T) Th Y,
PP QYT frasmi ¥ 5B, P3P TY L TX W, £=0%*T,
R=R[A1, B=K, P=PR Q=PnB ¥ &<. @2mB THA.
R=BLt, 41T, tRBLRBABITOHS, X T, By G
hacsulig © R Glmacaulsy , THEDD, B DA il M
#B 12X U By & Glmhhaculy TH S ESTIES W, B=
R,= ALYGt2 | xeg™] = ALXR, | X e §l= AL, 844]1C A/,
MANRERAART HB DD M=1B + (U~ Co e, U, - CA)B 0
AR C2,eny CEA X B Do b=, b=~ G0 ({22, d-1) ¥ BT
GNXY by by RAOGOVEFE T, FeB, bvh, § =bifi tbfi fo+
~t b (i, fieBX § B, F=Xhr fi=%Ar (X, 0GR nik + A
NYET D, by 8 b bwx=bx+hdet—+hx in A,
IS X € (Cbayone,y ber)i BN = Chayon, bis D ([9, 0120 and (13)]) X T
O y=blytthy Yo, KeE™ XCE TS, IT By (-b4) =ba(xet
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B+ + b Gt B T X b € (Chayen i) NV = Chi, B (L, (1.
XL Y, X=b ¥ thZ++ hE, LeF X BT B, T
=X b Bfns + b Bt vt B Fofrt ¢ ) by, By, b/l 1S
B-EERIZ| T BB, RIZ Blo,boh,.., beb)B = A+ UgGa-., bd) E7RE
2. A= Blybsh, hefp)B WERHT DAL REALNLH S,
(b, 2o/, .., /b)) BN A= (bt Ua(hz, o, bay) € R IE X We XeUplhy,
) EX B, GOANX Y BX=hXe++byXd) XE B,
X 5 T Xx=bofy-Xots iy Xy T )+ UpCha, ba) S Coo by, 0B
W D, Feb,bb, Mh)BAA K LB, $=bfi+ b fot-—+ Moy Fuy,
fo=2r (e, niEYARNY E B, bl b 5 54 =
WX bt Ty A EP=C G W )F R X = b+
bo¥ot~+his Yoy (o Yt €GP Y B 3 B, BT A =47, + bo O tby)
ot by Ot 50) T - by € Chayees, bir) 2 D= Chayene, bi): by = Uplay biy)
(L9001, BAM) X &Y, 5, 44)BnA S B+ Ua(he,—, bay) B8]
B, BHX Y Apleben 13 Ghinhacady Td ), Als)+Tats,be)
HEOIT DA W>T Bk, by, bei/b)B B Coon-Macoaudoy T
HY, By bEtITHA. Q.E.D.

BDRemark. £ @ Proof 0EsmL, [3112 bhBEb DY N
é< @&T\&)éo
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(310) Theorem. A o dualiing compliatr 23 5 4 5.
A& (ST, dpthAzd1, dpthkn23 8518, Al GoundliindE
NEBRET DA,

Prof. d25, dptfA=d~/ x LTX WV, TOXE, dpilky2
3ENS ARFLC T4 W (cf. U1, Lemmatll), $#8->T, AT, @,
MO ERETS, CNOERTY L @, 08, B BIHOE
MCOR, NE&ZB, BYRXY Ry &k dunliging oomplon & ¥
2 FLC G AMET DD, #>TANTX Y, Ry i Gotnaliin®
NERBETHE, ASROERRBETHS45, THER
5.  QED |

QIDRemark. (1) dz6T, AWGDT, A0 dulging

complp VB A S DY FH, TDXE, AR guaki-GowntinGe,
kA& D, AR GuundinTd 3.

(2) =57, AR (ST, A dualiping complo &% 23
ZY$5. 20XE, AN paiGunabing 518, Al FLC T,
1> Comndlin B ORRRETHS. &5, AB %R Goundin
ThHEILRBRLL L, |

Proof. (1) A& Ghnduacadoy T DB L EEZ R YW, (GE
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>C, dualiging amplon D& O RD ) 1T foumal b A (i) &
BREINIEXV.) A=A, A non-Gefonlnacaulyy < 3 5. )

O oot XY dim Homg (HIA), EB) < / K25, dpth gy < 3, (cf.
[LLemmal), ~%, Ky= AEAD dpthkp 2 d-224, FA.

Q) ACTEVY 3B, S0Be, FLCS Ay Ghn-hacauby
VReSec AN T, AN QAN S, dmAz=4, dpthAz=3 ¢
R2F el FNERT B, NBRRENS AL T dptf ka=2
45 ([ Lemmat]), ¥ 234 K= Ap E25, F &, #ICFLC
ToHd, (22371 Wokwf o BIMA Y FATLV.) £
ST AN Y A Gounabin BOERRE T HAB, [TL1L11X
) 5T Bucksbaum BRI (B,70) T Ha®*0, Hi(B)=0 fon i#
3,5C8H600DB. A= BXKg(ealipalin) . FH I, A RIR
EEHL TGN, GuonalinT&EV,  QED.

G1DRemark. 725, n-2s4<n, 25¢<3 $EEROE
B A4ticml, REBETRAARBNEATE . dmb=n,
dpth B=4, (Sp-2), 7wn-FLC, dunligingcomplontt b, dpthks =t

3d WOF0-,HQL FITIE, BIAOHFERLAILL T
XHThB.
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BB 0%, d=30x x 12 wwnicd medule 04 1
SVWTHBRLAIUNHDEOT, tHER LTS XEL,

(ADLemma. A0 cnsnicol modie 0% £S5 35, o
£ d-/ ([dz/) O il THIE, Akl Gounalin B0 ERBE
b B,

Proof. EeA & dul+aA T ah ¢4 60 L, 2=PnA
Y B, FA20TE=d-1TH B2 5 3eSupplks) TdA.
(f. 12,000 X - TA8) ket & 0 dmhfe=l D3SO ¥ FIB
cLcxg eSS, QED

Faltigs L X A RBARELEOT, XNEBNTHL, 4L,
22TRELOR, INVROB/BLTTHA,

ADLemmo(4,Satz21). R¢E ILé%xnimle L, R
NT-EMBTREEC TS, 20 E, B0 dualiging complin
NEALII, RO dukiping complin %% F 5,

(A.3)Propsition.  d=3 D e F, A0 wnsnical modubs 0 %
U, A apuidimendiond Td 2451, Al Geanliing O £R
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BETHD.

Proof. 23X 9 A duliging omplx v & £S5 kB 2
KXW, 20 f0IRADR XY Mo o dudiping compln it %
EFTEZLERLRI V. BRERXY YO =/U T&H5 95,

Ny © duliping compbp 8 B35 2 L EE TRV . dimAMy=d &

& 5 AU o cansnical medula Y B & F B, (Kyys Ky T 3. .02 A,
D) B> TU=02 L TXW, A'(EDZE5 U3ILX )XW ()
TZWVWY LI D, HeEnda(K) ¥ <, [2,32710X D, HIRA
ESLERERANELIDIIRLEBARET, TATOR®A
S E S 3T, Kl (BB 20 H O comsnical module Cie.
VeeSpec(H), kng 1& Wy @ cononical madul) T, H It S)T'db . T
STUNOPwfof QB YBRBEOEZET, Ha CM@W“”’W
I I'= @R 56 ONEETE2YNND, Z={oeA]
QHSAt LB <, ARG TE vt 5 [2,Pwfof 42]J1CX Y ftz=2
Thd, ADX D Az it fndomontnl dualiping ompli 3 (30
fri#2,3) €8, Homy(H, I) X Homy (5, T) K 3 1< Wiz © fundomndsd
W@Wﬁmt“@éo (2.3 O Foof hOHRY BRI LT, fomy
(H, 1) = Hongy () 0 complopd 081 B, A= H g My T B
[53.21) 85, (L) 12X 0 A0 dusliging complon W % % $ 5,

Q.ED.

36



45

ADCorallary. d=3 dx ¥, REEETHS :
@ Ao consnical medulp AT 3,
(b) AU K Goundin B N ER BB T H B, (cf, [2,C1.12)])

(AD)Propsition. d=3 wr &, REEMETHS
© AR Gounein ROEREE T D B,
®) A 0 dualiging compbn &£ S A,
©) #EO el A ICxt L, Ao consnical medule A
®E3S B,

Froof, ©@=>Mm &ae X V. (f 23) A>0)=UnI
AL T B, (MBI X 9 AU O dualiging complon t %7
33, dimAr <2 T, Mo&EORABIRIE wnsninl medule
EB -2 5, MO duddiging complon A F4 3 3, (. (LT 20,
A5) A=Wy MESD (OICX ) xR eSS, QED,

(A.6)Remark. (1) U5, Example 2112 XY, 43k 7 ()8 #r i
ﬁ@,&%@ﬂﬁﬁﬁwmmmdmm&&%vm,M@w
compln BEA LIV, SOWHS,

(D) 2RTRBHERAT, fmed fhus 133~ T Goundliin T &
bar, cononicol meduh R&AELE W, O DB, (cf. M Nogata
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Lucal Rimgd Bample 2) - T3I A, 3KXTLBHET, cnsnical
module 0 &4 L, foomal fhe6 GoomdliinT &5 4Y, ducliging
ompl 3 BELE LV, OB,

84,1112, 3 7H

English Summary

A ring will mean a commutative noetherian ring with unit.
We consider a conjecture of Sharp on the existence of dualizing
complexes. For the definition of dualizing complexes, we refer
the reader'to‘[lé,(2.4)] and [18]. A ring of finite dimension
which is a homomorphic image of a Gorenstein ring has a dualizing
complex and a Cohen-Macaulay ring with dualizing complex 1is a
homomorphic image of a Gorenstein ring. (cf. [18])

Sharp conjectured the following

(SC) ([18,(4.4)]). A ring with dualizing complex is a homomorphic

image of a Gorenstein ring.

In this note we treat the local ring case. In the remainder A
denotes a d - dimensional local ring with maximal ideal m and

denotes the completion. For the notion of the canonical module,
we refer the reader to [14] and [2]. We have the implications:

A is a homomorphic image of a Gorenstein ring => A has a
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dualizing complex => A has the canonical module

Qur main results are the following.

THEOREM. Assume that Hi(A) is of finite length for 1i#d
Then the following are equivalent:

(a) A is a homomorphic image of a Gorenstein ring.

(b) A has a dualizing complex.

(c) A has the canonical module.

PROPOSITION. Let d=1 . Then the following are equivalent:
(a) A 1is a homomorphic image of a Gorenstein ring.

(b) A has a dualizing complex.

(c) A has the canonical module.

(d) The natural map A -~ A is a Gorenstein homomorphism.

PROPOSITION. Leti d=2 . Then the following are equivalent:

(a) A 1is a homomorphic image of a Gorenstein ring.

(b) A has a dualizing complex.

(c) A has the canonical module and the natural map A -~ A is
a Gorenstein homomorphism.

(d) Every factor ring of A has the canonical module.

THEOREM. If d<4 and A has a dualizing complex, then A is

a homomorphic image of a Gorenstein ring.

THEOREM. If A has a dualizing complex, A 1is (Sd_z), depth A

> d-1 and depth K > 3 ( K 1is the canonical module of A ),

then A 1is a homomorphic image of a Gorenstein ring.

PROPOSITION. If d<3 , A has the canonical module and A 1is

equidimensional, then A is a homomorphic image of a Gorenstein ring
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COROLLARY. Let d<3 . Then A has the canonical module if

and only if A/UA(O) is a homomorphic image of a Gorenstein ring.

PROPOSITION. Let d=3 ., Then the following are equivalent:
(a) A is a homomorphic image of a Gorenstein ring.
(b) A has a dualizing complex.

(c) Every factor ring of A has the canonical module.

REMARKS. (1) There exists a one-dimensional local domain which
does not have the canonical module. (5

(2) There exists a two-dimensional local ring which has the
canonical module but does not have a dualizing complex. (cf. (1))

(3) There exists a two-dimensional local domain B such
that every formal fibre of B is Gorenstein but B does mnot
have the canonical module. (Nagata, Local Rings, Example 2)

(4) There exists a three-dimensional local ring B such
that B has the canonical module and every formal fibre of B
is Gorenstein but B does not have a dualizing complex. (cf.(3))

(5) There exists a four-dimensional local domain B such
that every factor ring of B has the canonical module but B

does not have a dualizing complex. ([15, Example 2])
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