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Characteristic Classes of Surface Bundles

with Cross Sections
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Introduction. | In our previous papers [M 1,2,3,4], we have
defined the notion of characteristic classes of surface bundles,
derived several properties of them and in particular we prdved that

they are highly non-trivial. 1In this paper we treat the case of

surface bundles with cross sections and obtain similar results.

More concretely, in §1 we define characteristic classes of surface
bundles}With cross sections and in §2 we compute them for the
examples of surface bundlés constructed in [M 1]. In the final
section (83) we prove our main result (Theorem 3-1) which shows
that our characteristic classes‘are highly non-trivial. To prove
it we make an essential use of a fundamental result of Harer [H]
about stability of the homology of the mapping class groups of
surfaces.

Throughout'this paper we use the‘ideas and texminologies of

(M 1] freely.

1. Surface bundles with cross sections

Let Zg be a closed orientable surface of genus g. In this
paper we always assume‘that gx22. Let m: E - X be an oriented
Zg—bundle and let & be its tangent bundle. Assume that there

are given cross sections

g ¢ X > E (i=1,...,p,p+l,...,p+q)
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such that the images Gi(X) are mutually disjoint. We also
assume that the normal bundles of the images of the last ¢

cross sections are trivialized, namely there are given

trivializations
7
: ' 2 .
N(Oi(X)) = XxD (i=p+l,...,p+q)
where N(oi(X)) denotes a tubular neighbourhood of Gi(X). Let

e = e(§) ¢ H2(E;Z) ‘be the Euler class of the surface bundle

T: E > X. As in [M 1], we set

i+1 21

e, = T4 (€ ) € H™ T (X Z)
where ﬂ*:‘H2(1+l)(E;Z) - HZL(X;Z) is the Gysin hbmomorphism,v
Next we set
s. = o¥%(e) € H2(X~Z$ (i=1 p)
i i 7 7 s e oy -

It ié clear that the cohomology classes e, and s; of the

base space X behave naturally with respect to bundle maps

of surface buhdles with cross sections. We call them

characteristic classes of surface bundles with cross sections;
There is one natural way £o obtain a surface buhdlé wifh

a cross section out of a given surface bundle w: E - k.

Namely let -

E¥ —— E

E —— X




pe the pull back of the bundle m: E »-X by the map 1m itself

ISO that E* = {(z,z') ExE; m(z) = w(z")}, n'(z,z") - z and
q(z,z'") = z'. Then the surface bundle w': E* + E has a natural
cross section o¢: E » E* given by o (z) = (z,2z). Thé Euler class
of m' 1is clearly equal to g*(e). Hence the s-class of it

is given by

s = g*g¥*(e) = e HZ(E;E).

This factkwill play an important role in the proof of our
main result given in §3.
Next we describe the classifying spaces for surface bundles

with cross sections. Let Zg q be a compact orientable surface
7

of genus 'g with g boundary components and let Xq/7e00X

be p fixed points on 1Int Zg q Let Dg q be the group of

14 14

all orientation preserving diffeomorphisms of I such that

9,9

they restrict to the identity on the boundary azg q and also
!

fix the p points Xl"f"xp' We denote ~Mg g for the~group'

14

of path ¢omponents of DP . 1t is usually called the (pure)

14

mapping class group of genus g with p punctures and g

boundary components. Let EP be the connected component of
. 7 .
the identity of DFP .
g,q
- Proposition 1-1. EP 'is contractible.

7
Proof. The cases where p = 0 are nothing but the main theorems
of Earle-Eells [EE]" (g=0) and Earle-Schatz [ES] (gq: arbitrary).

The general cases follow from them by an inductive argumént
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using the natural sequence

pP —s pPl N A%, }

9,9 9.9 9,9 p-1

which is a locally trivial fibration.
é

7

Corollary 1-2. The classifying space BDg q of the topological

group Dg is an Eilenberg-MacLane space K (MP 1).
' ,

g,q’

Now it is easy to see that the spacé BDg, classifies those
oriented I -bundles which have p+q disjoint cross sections
the normal bundles of the last g of which are trivialized.
Therefore we can consider elements ey and s; as cohomology
classes of the space BDS,q and hence cohomology classes of
the group Mg,q by Corollary 1-2. Thus we obtain a
homomorphism

’ — H* mP ; .
sp] ( 3,9 Q)

14

¢ Q[el""'eg-Z’sl""

We know that the above homomorphism has a large kernel (see

(M 1,3,4] for informations on Ker ¢). However we prove in

Wl

§3 that it is injective up to degree g.
2. Computatiaons of characteristic numbers

In this section we compute characteristic numbers of those
surface bundles which were constructed in ([M 1]. We first recail
the main constructions of that paper. Thus let m: E > X be
an oriented surface bundle and assume that the total space E

is an iterated surface bundle, namely a member of the class C

defined in [M 1]. Then for any natural number m, we can considel



an m-construction on it:

~ r S
E¥ —— E* —— E
l .
ks i | T
v Y
E — E > X.
r T

Here m': E* -~ E 1is the pull back of w: E - X Dby the map

as was already introduced in §1 and up to pull back maps induced

by finite coverings of the base spaces, the map r: E* -~ E* is
essentially an m-fold cyclic ramified covering followed by an m-fold
fibre-wise covering (see [M 1] for details). The
ramification locus DCE* is a. codimension two submanifold of E*
and is the full inverse image under the map r of the "diagonal"

D = {(z,z) ¢ E¥; 2z €E} CE*. Let v¢ HZ(E*;Z) (resp. V €

H2(E*;Z)) be the Poincaré dual of D (resp. 5). We write e,

e, (resp. @&, éi) for the Euler class and the ei—class of the

bundle w: E - X (resp. T: E* > E). The following assertion

has been proved in [M 1] (Proposition 5-4).

Proposition 2-1. (i) @& = r*{q*(e)-E%lW)}EHz(E*;Q).

21

(11) &, = miEr{n*(e;) - (1-m” Pty en?i g .

1

If dim X = 2n, then for each partition I = {il,...,ir} of

n, we have the corresponding characteristic number

e [X] = eil...ei [X].

For each subset J = {jl,...,js} of a partition I = {il""’ir}
of some natural number, we express the complement J° = 1\J as

J° = {kl,...,kt}‘ (s+t=r). With these notations we have
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Proposition 2-2. Let dim E=2(n+l) and let I = {il""'ir}

be a partition of n+l. Then the I-th characteristic number of -

~ ~

the surface bundle 7: E*¥* > E 1is given by

B =an®T r (DA -n R Yy L -n % e e [X]
I J ki+...+k, -1
J 1 t
~ JAO
where -d 1is the degree of the finite covering E - E and J
runs through all the subsets of 1I.
Proof. Using Proposition 2-1, (ii) we compute
eI[E] = eil e, [E]
, r
. i
= mzf*{ﬂ*(ei ) = (1l-m (ll+l))e ...
1
2 ~(i_+1), tro -
m r*{Tr*(ei ) = (1-m r e T}I[E]
r
. i
= an?{n*(e, ) - (1-m 1ty .
1 - .
1
~(i_+1), tr
{r*(e; ) - (1-m ""r ")e "}I[E]
r
=an® z LFa - F Yy - et e e [X] .
J ky+...+k, =1
J. 1 t
Here the last equality follows from the fact that the Gysin
homomorphism T,: Hz(n+l)(E;Z) > Hzn(X;Z) is an isomorphism.
Propositioh 2-3. For any non-negative integer n, there exists
‘no non-trivial linear relation between the characteristic numbers
of surface bundles whose base spaces are iterated surface bundles
of dimension 2n.
Proof. The assertion is clear for the case n = 0. We use the
induction on n. Thus we assume that the assertion holds for n
and prove it for n+l. Suppose that some linear relation T are; = 0

I
holds for n+l. Let us recall here that we can make the



Operations of our m-constructions for any m. Then in view of
the form of the formula of Proposition 2-2, it is easy to deduce
grom the induction assumption that all the ar must vanish.

this completes the proof.

Next for eachlnon—negative integer 1 and a partition I =

{il""’ir} of n+l-i (n is the half of dim X), we consider
the number
ghix(a) (B] = &t (s, ...5, ) (DI.
- i i
1 r
For each subset J = {jl,...,js} of I, we write

JC = {kl,;..,kt} (s+t=r) as before.

proposition 2-4. The number &'%*(&_) [D] is given by

/I
gli (3,) (D)
2r+1-1i t -(k,+1), _ =(k_+1) :
=4 r (1) 7 (l-m 1L 7). (1-m T T )eses +...+kt—l[X]

J 1

where J runs through all the subsets of 1I.

Proof. First we recall the fact that the restriction of the
cohomology class g*(e) to D is equal to that of the cohomology
class v. Also it is easy to see that the degree of the natural

mp D+ D is equal to dm. >Using these facts together with

Proposition 2-1, we compute

ghix(3,) (D]
= {r*(q*(e)'-gﬁf-v)}i mzr*(w')*{ﬂ*(eil)— (l-—m—(il+l))eil}...
| mzr*(ﬂ')*{ﬂ;(é; > -(1-m"i£+l?>eir}[B1'
r
= a1 Ly *inx (e, ) -(1«-5‘(il+l))ei1}.;.

1
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.

. 1
(1) *{n* (e ) - (1-m Aet)ye Typ]
r

R BT AT It S R S ¢ I D RN

= d .. : _1 (%]
7 I itk +. .. +k -1

This completes the proof.

Proposition 2-5. For any natural number n, there exists no~
non-trivial linear relation between the numbers- éi%*(éI)[ﬁl

where D runs through all the ramification loci of m—constructions
on surface bundles w: E ~ X with the base space X being

iterated surface bundles of dimension 2n.

Proof. This follows from Proposition 2-3 and Proposition 2-4

by a similar argument as that of the proof of Proposition 2-3.

3.' Main theorem

The following is the main result of this paper.

Theorem 3-1. The homomorphism

. ‘ *(mP .
¢ Q[ell"‘leg_zlsll"'lsp] — H (Mg’qu)

is injective up to degree %ﬂ; for all g, p and qg.

To prove this we first recall a fundamental result of Harer [H]

which states that the homology group Hk(Mg q;Q) is independent

of g and q provided 3kgg. In terms of the cohomology group,

for a fixed p the groups H*(Mg q;Q) are all isomorphic

each’ other in the above range. Moreover it is easy to see that

under these isomorphisms, our characteristic classes are
preserved.
Next let gl,...,gp be integers greater than one and let
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Xy be the base point of Zg 1 (3=l,...,p). We write s(3) ¢
HZ(Mé l;Z) for the s-class defined by the base point xj

(see 8l). Now let g be a natural number such that I 95 <g
and let vy.,...,Y be p fixed points on Int I . We have

l b 7 g,1°
the characteristic classes sje HZ(MS l;Zz) (=1, ...,p) which
14
are defined by the fixed points yl,...,yp. Choose any embedding
p
of the disjoint union 1z of compact surfaces I with
5=1 9571 9501
boundaries into Zg 1 such that the point Xj goes to yj
(j=1,...,p). This induces auhomomorphismv
1 1 P
1: M X oo XM —_— M .
’l [l l
91 gp g,
. . . p .
Proposition 3-2. (i) 1*(ei) = z pg(ei) for all 1>1, where
21
1 1 1 . I S _

\pj. Mgl'l X oae ngp’l > ng,l 1s the projection to the j-th factor.
(i1) *(sy) = p§‘(s(3)) for all 3=1,...,p-

Proof. The first statement is proved in [M l],’Propdsition 3-4.

The second one is clear.

Proof of Theorem 3-1. First recall from 81 that the total
space E of any surface bundle 1w: E > X serves as the base space
of the associated pull back surface bundle w': E* > E which

has a canonical cross section. Moreover the s-class of 1’

is equal to the Euler class e eHz(E;Z) of 7.  Then in view
of Harer's result mentioned above, the required assertion for
the case p =1 follows from Proposition ZfS.A The general cases

follow from this by an easy argument using Proposition 3-2.

This completes the proof.
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Remark 3-3. According to a recent result of Harer;Zagier [HZ] ,.
the homomorphism ¢ is far from being surjective. Hoﬁever it
seems to be still reasonable'to conjecture that our charactefistic
classes exhaust all the "stable" characteristic classes of surface

bundles, namely the natural homomorphism /

. : *(vMP .
Q[el,ez,...,sl,...,sp]———9 lim H* (M q,Q)

g !

would be an isomorphism. Theorem 3-1 shows that it is in fact

injective.
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