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Some facts and observations on the Dedekind symbol ’

Chiaki Nagasaka May 22, 1985

Let us consider the equation in n, 1= €N and '\ € Z:
(1ﬁ+1,)&n)=n2+1. (1)

I. Obvious congruences for A , /4_, n  with (1).

1. 34n — 3

2. A =n (mod 3).

0 or 3 (mod 4).

s }
m

3. i) n=1(mod 4) => p=1or2 (mod 4),
ii) n =2 (mod 4) => M even,
iii) n = 3 (mod 4) —> = 2or 3 (mod 4),
iv) pi= 0 (mod 4) == n even, ,
v) si=1 (mod 4) => mn =0or 1l (mod 4),
=>.

vi) F= 3 (mod 4)
II. suﬁti_ons ‘(7\',}&, n) of ("1L).'

Let m be in IN. The followings are solutions of (1):

1. (2, 2m, 3m).

o 1 (om +)(3, 3(am + B), 18(am2 +bm +¢) + (-1)d(é)~5) with
a, b, c, A, B,o(,p. in 'l:he‘ Table and o

d(a) =1 if a=1 (mod 3); d(a) = 0 if a =-1 (mod 3).

N
I~
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ITI. Observations.

1. Let (A, Koy n) satisfy (Jl) and n = 2%y with V odd.
i) The 2-ordinal of M is equal to e or e + 1.
-ii) If ¥ = 1 (mod 8), then M end n have a common

“prime‘ divisor = +3 (mod 8).

For such n +that n2 + 1 is not missing we defihe

M(n) = inf",{jLL’ (A 7/.( , n) satisfies (l)}. R

2. Let p be a prime = 35, £13 (mod 72).

iWIf P > 13, then M(p) > +2(p + 5) + 3, where the

equality holds only when p is of the form 18m? - 5.

ii) If p> 1733, then M(p) is odd.

3. For any bpositive integer m, a triple (A ,2m,m) satisfies

(1) if and only if A =24 with { pr’ime to m.

The statement i) in Observation 1 is true for n odd. Observa-

tion 2 is true up to p = 19949. _ Observation 3 is true up to m= 1000.

**) W=o,+l,23 (wv(7) , ot missin
P=iwfdAr ] odwr= O § e3233 . g 1alTh e Sals

08270 LsPsq o230y, 2.0y 3 z,% SERELY ) Sk

HhI¥J . 1aa 31fﬁ’§i5£2t-n, ?%(r( 3:2 @,.5];'&‘(.. >3

23



a b c A B («, g )

1 0 0 '27 1 (0, 1), (c, -25

2 -2 o 4 =1(p)1 (0, -4}, (6, -1)

2 2 -1 4 5(Z)o (0, -4), (6, 8)

4 0 0 8 1(0) (0, -8), (6, 1)

4 -4 1 g -5(1) (0, -8), (=6, 4)
4 4 -4 8  13(2) (0, -8), (6, 10)

4 0 -3 8 7(3) (0o, -8), (-6, -5)
5 2 -4 1C 11(0) (0, 5), (-6, -T)
5 -3 3 10 11 (0, 5), (-12, 8)

5 8 -1 10 17(3) (0, 5), (12, 26)

5 -2 0 10 -1(4) (0, 5)y (6, 1)

5 -4 -1 10 1(0) (o, -10), (-12, -10)
5 10 -4 10 23(1) (o, -10), (6, 14)
5 0 1 10 -3(3) (0, -10), (-6, 2)
5 4 -1 10 9(4) (0, ~-10), (12, 11)
7 -6 0 14 10) (9, 7), (18, 1)

7 =10 4 14 -11(1) (0, 7}y (65 =5)

7 4 -1 14 19(2) (0, 7), (22, 16)

T -4 1 14 -5(4) (0, 7, (-12, 4)

7 10 -4 14 25(5) (0, 7)5 (-12, -11)
7 6 0 14 13(6) (0, 7), (-18, -17)
7 2 0 14 1(c) (0, -14), (12, 1)
7 2 -8 14 17(1) (o, -14), (18, 22)
( o -3 14 -9(2) (0, -14), (-6, 4)

10«
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a b c A 3 («y B)
7 14 -1z 14 37(4) (0, -14), (6, 16)
7T -2 o 1 =305 (0, -14), (-18, 4)
7 12‘ 3w 216 (0, -14), (-12, -23)
8 -4 -1 .16 1(0) (0, -16), (-18, -1)
o @ )
8 241 ‘3-9 | 16 ‘: 53(2) (o, ;16), (6, 20)
8 -4 -4 1. 103) (o, -16), (18, 8)
8 4 -1 16 9(4) (o, -ie), (<18, -10)
8 8 ’}‘ ;4 16 -5(5) (o, -16), (-6, 2)
8 o -1 16 a(6) (0, -16), (6, -1)
8 4 -4 16 15(1y (e, -16), (18, 17)
10 & . 0 ﬂ 20  1(0) . (o, -20), (18, 1)
10 -10 f 1 20 ‘717(1) (o, -20), (6, =5)
o (@
10 10 -1 20 -13(3) (0, =20), (-6, 4)
10 -6 0 20 -11(4) . (o, -20), (-18, 10)
10 6 -15 20 | 31(5) N (o, —20), (18, 28)
10 30 -24. 20 73(6) (0, -20), (6, 22)
| M
10 10 -16 - 20 : 37(8) (0, =20), (-6, -11)
10 14 -1 20 39(9) (0, —20), (-18, -35)

%):4;5'/3‘ (7\,’/4, n> podd n prime o dalo b g Iﬁfﬁk\
L= $oa -—‘7;"}32:‘"9' . FRBER) B IEL R 1L

(Lo t5, 2%)



