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DYNAMICAL SYSTEMS ON DRAGON DOMAINS

BEEAEET.SY KAEKX ( Masahiro MIZUTANI )

FHBRXE.® ¥ BEHX ( Shunji 1TO )

ABSTRACT

Dynamical systems on fractal domains are studied.
These domains are called twindragon. tetradragon
and cross dragon respectively.

1. INTRODUCTION

~We can see the following fact in Knuth!’: For any‘complex

number there exists the zero-one sequence CHER: FIIE IS PR SRR

such that

= 139
Z’-,Z-ooéjs_ka.j(l 17,

that is, evry complex number has a "binary" representation
with base i-1. This fact suggests an existence of a number

theoretic dynamical system (?i_l.fi_l.ﬁ) which induces the

A

binary expansion. Actually if there exists a domain Xi_1 and

its partition {Xi-l,O’xi—l.l} such that
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(i) Xi—l = Xi-l,O U Xi—l,l and.int(Xi_l’O) N int(Xi_1‘1)=¢

(1) X;_y = (=X o= G-DX, ;= 1,

then the transformation. T 1 on &i-l such that

i_
z = (i-1)z -a((i-1)z)

>

i-1

where a(z)=j if Z€J+iiél j* J=0.1, -induces the binary
expansion.

On the other hand we can see also the followings in Davis

and Knuthz): for any complex integer m+in. there exists a

revolving sequence of finite length 6,+655...8, such that

L e Ko K-
m+ in Zjﬂaju+n
where the revolving sequence (81.62,...) is defined by the
following conditions:
(1) SJG{Ovls—ic"lqi}
(ii) if (Sl,....sj)¢(0....,0)’
then 8J+1=0 or (—i)8ko for all jeNN
where k0=max{k:8k¢0,1§kéj}
(iii) if (81,.'..,8“].):(0_...‘.,0)
then 8J+le{0,il.ii}.

This fact also suggests an existence of a number theoretic
dynamical system (X,.T,v) which induces the revolving

expansion
K

_ o -
z = Zk=18k”+l)

We consider the existence problem of\above dynamical

IS

systems (il-i'Tl—i’ﬁ) and (X.T.v) and show that the

boundaries of these domains ii-l and X. called the twindragon
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and the tetradragon respectively. are indeed fractal sets 3

Moreover we propose a new construction of the dragbn
different from the paper folding process and consider a
dynamical system (Y.S.A) on a domain tiled by four dragon
which is not the tetradragon. called a cross dragon
Suprisingly we can show that this cross dragon system4) is

actually the dual system for a very simple group endomorphism

TL on 1‘2 such that
X 1 -1}/ X [x-y]
TL = -
y 1 1y A Ix+y]

2. " BINARY EXPANSION ON TWINDRAGON

Firstly consider the binary expansion with base (1+i):

- 00 .-k
z = Zk=1€k“+l) .
where eke{o.i} for all kelN. If there exist a dynamical
system (x1+i‘T1+i‘”) which induces this representation, then
the domain must be the limit points of Qn such that
- n . K. .
Q, = (L e li+i) Tie,e{0,i) )
and also X1+i,£’ £€=0,i, must be the limit point of Qn,e=
n -
(Lo & (1+1) k:£l=e } in the Hausdorff metric space
(F,d). For after discussions we put
Pn+1 = (1+i)Qn. for-nzl.
that is.
K n-| -k, .
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We consider the shape and properties of X1+i such that

d(X ,Pn)—+0 as n—»oo, Let U be a closed square with

1+i
vertices 0, 1, I-i and -i, and for each point

x(so,....sn_l)ePn+1 we prepare the neighborhood of a point
x(so.....sn;l)}such that

UX(EO....-enq) = X(ggea, e )+ (1+H)” (0" Dy,
and let Fn+l and Bn+1 be

Fn+i =lJXGPnHUx(£O.....£n4)
and

Bre1 = 9Fnyy
respectively. We call Bn+1 a (n+l)-step Bernoulli boundary
(Fig.l(a)). ‘Wevgive thé names for each side of Bn+l as a

following way: For each n21 we name each side of the square

I ana B!

(1+H)” M Dy A B, A~ respectively, then we obtain
names of each sidé of the heighborhood of point
x(eo.....en_l) according to above namings. Therefore we
can read a sequence of names for Bn+1 as to be

is a first name of a
1

A 1.A where A

n+1,2° fnel,mam n+l.l
“M-1)_iyy and a ¢ <aA,a"1,B.B”
n+l,k A "B,

n+l,

side [0.(1+1) } is a name

of k-th side of Bn+1'

Lemma(2.1)

The names of each side of Bn%l are obtained from these of
1

B, that is.
1p-1

B,, by the substitution ©:A—AB. B—A~

the names of each side of Bn#l = eMaBa™'B™).
By the way, recall the notation by DekkinQS)’e)‘fof our

pPurpose. Let G be a finite set of symbols, G* the free
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PRR——

Fig.1: Bernoulli boundary Bn and Dragon boundary,Kn_l.

semigroup generated/by G _and 6:G%+G* a semigroup

ehdomorphism. Let f:G*—=C be a homeomorphism which satisfies
FOVW) = £(U) + fw). £V 1y = —fov)
for all words V.We G*. Define a map K:S*—C. which satisfies

KIVW1 = KIV] U (KIWl + f(V))
for .all reduced words V,WeG*. by

K[s] = {tf(s); 0StsS1 } for seG.
This makes K[sl‘..sm]'the polygonal ‘line with vertices at
O.f(sl).f(sl)+f(52J,....f(sr)+..,+f(5m).
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Especially we consider here a following case.
G = {a.b}, fta) =1, f(b) = i,

and

Iy,

8: @ (a)=ab, 6 (b)=a
Then the following relation holds
6 = (1+i)f.
We put
K. = (1+)7"kre"aba” v,

and call Kn a n-step dragon boundary (Fig.l1(b)).

Theorem (Dekking®’ *6')

(1) There exists a closed curve KG such that

lb-l

(1+i) " "kreMcaba )]—»Ke as n—>o0
in the Hausdorff metric, '
(2) dimHK9=2logBO/1092, where BO is a unique real root of

g3-p2-2=0.

Ke is called a dragon boundary or a twindragon skin

because of lemma(3.2).

We obtain a following relation between B and K .

Lemma(2.2)
By, = 201+ (k).
ollary(2.3)
Let X,,; and x1+i,s’ €=0,1, be convergent sets of Qn and
Q (€=0.,1i) in the Hausdorff metric (Fig.2), then

n. €



(1) axi;i‘is‘similaf to the dragon boundary.
(2> Xi = Xhp0 Y X

(3) X1+i = (1+i)Xl+i,0 = (1+1)X1+i.i - i

() dimyC Xy g N Xpyy g ) = 210ogB ,/1092.

Thus we can define a transformatioh T1+ivon Xl+i by

T z = (1+i)z - [(1+i)z]1+i

1+i

where a digit [z];,; be
0 ‘jf weX ,i.0

i if wei+X

[W]l+i=

I+i.1°

Then we obtain

o 1+

Fig.2: Domain X1+i'



Theorem(2.1)

(1) The transformation (Xy44+¢T;4; induces the complex binary
expansion for a.e. zeX, ; such that
_ v ™ . . —K
z = Ly a1+
. - . k-1
where ak(z)-—[(ln)T1+i Z]I+i'

(2) The Lebesgue measure u is invariant with respect to

(X T } and the dynamical system (X1+1.T1+i.u) is

1+i 1+1

isomorphic to the two states Bernoulli system.

Remark:

(i) Put
Kpoi® Xpage Wl y=twly,y o

where — means to take a complex complex conjugate. and
Tl-iz = (1-1)z - [(1—1)2]1_i for ZeXl_i.

Then dynamical system (Xl—i'Tl .#4) induces the complex

-1
binary expansion with base (1-i).

(11) Putting

X. ' = + X i . €=0.-1+
and

Ti-lz = (i-1)z - [(1"1)21141‘
where [wl;_;=¢ if we e+X,_ ;. then (X;_;,T;_ ;. u) is well
defined and induces the complex binary expansion with base
(i-1). -
(iii) Taking a complex conjugate of (xi-l'Ti—l’”)‘ then the

dynamical system (X_, _,;.T_;_j.4) is obtained and induces ‘the

-1
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complex binary expansion with base (-1-1i).

We remark that the sets Xi_1 and X—l—i include the origin as
an internal point respectively.

(iv) The set of the twin dragons {X1+i+m+in:m+ineZ(i)} tiles
the whole plane, that is.

U X +m+in = C

m+in“1+i
and
n( LJm+ina(X1+i+m+in)) = (.
3. REVOLVING EXPANSION ON TETRADRAGON
Let M=(MJ k)‘ jJ.ke{0,1,2.3}, be a 0-1 matrix such that

1 1 0 0

0 1 1 0
M = 0 0 1 1

1 0 0o 1/,

and (XM.aM) a Markov subshift (topological Markov chain) for

the structure matrix M. Define a coding function WO and a
isomorphism ¥ on XM by
r 0 for 81-82=0
! for £l=0‘
VY (g,.6,)=6,={-1 for £,=1
0 -1 2 Tl ! ) and £ ,-£,#0
-1 for 5l=2
| i for €l=3J .

and for each u)eXM
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_ R n_l [0,0]

Y(w) = {\I'O(O'M W) }n=1’
Then we obtain,
Proposition(3.1)

Let W be a set of the revolving sequences. Then the map
¥ is one-one onto from XM\{zzl,ez....):ej=a for all j and
ac{0,1.2.3}) to WN{(0,0.....)}. and satisfies a commutative
relation

qu‘= QH<JM.

- Now denote a set of all finite revolving sequences with
(n) (n)

length n by W and the decomposition of W by
(n) _ . n _
we ) = { {W0(5:3.8J+1)}J=1 : el-s and
(51""€n+1) is M-admissible 1},
and
w = { (8 ,0uns § rew M 5 =5 ).

(g.8) ‘l “n € 1
Then we obtain. '

Proposition(3.2)

{tn) _ (n)
(W = Ui, 1,2,
(n) _ ., (M) C o (N
2) W, =VWie o YVie (-irEy
) -_ (n-1)
(3) Gw(e.O) = we and
G MG
OWie . (-1)%) T Yeg+1(mod O
s (n) - M
I L PP
oy M)
DV 0y T Ve s1imod 4).0)°



and

(n) (n)

OV L8y T Y e si(mod 4).(-i)E*Ly:

Let 2 be a map from w‘n’ to a line segment such that

Q(Sl,....Sn) = segment whichconnectsp(Sl.....Sn,O)
and p(81....,8n,8n+1¢0). where
; i n ok
pf81....,8n) = Zk=18k(1+1) .

By the way. define a n-step twindragon curve Dn and a n-

step dragon (paper folding) curve H, (Fig.3(a)(b)) by

Fig.3: Twindragon Dn and Dragon H, and their boundaries,

!/'
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]

(1+1)'“K[9T“(abcd>3

and

H
n

where G={abcd} and a homeomorphism f is such that

(1+1)’“K[9T“(ab)3.

fla)=1=-f(c) and f(b)=i=-f(d).
and an endomorphism 9T is defined by

%} a—*ab, b—cb, c—»cd. d—ad.

T:
We notice the twindragon curve is tiled by two dragon curves.

that is,

Dn = Hn U (—Hn+l+i).
Lemma(3.1)

: (n) n) .
Let Q’a and 2 (e.6) be defined by

(n)

¢ = U, - (n)2(8§,....8 )
£ (61....,8n)ew8 1 n
and
m) _ ‘ ~ _
2 = U nmcd,....8_,
(e.8) ( 8' seeas8p)e w(i,é) 1 n
n) {(n) o
then ¢ (£.68) and ¢ € are similar to the (n-2)-step and

(n-1)-step dragon curve respectively (Fig.4(a)(b)).

Let U be a closed square in section 2 , U' a closed square

such that U’=U+i/2 and B,n+1 defined by

_ _ : y=(n=-1) .,
B’ = g U x(eo,...,an_l)+(l+1) u’r .

n+|] XePpy

then
Lemma(3.2)
(1) The n-steg twindragon curve Dn is covered by a closed

curve~Bin+1 as an envelope (Fig.3(3)), that is.
, I n+l

° ! = - = ey .

(Dn_B n+ sup inf |x-y| (vrz)

d |
xeBéf‘ Y€D,

0
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(a)
0 0
3) -
7 ' “) . a

E(o, 0 . j' i 'Q(o,o) 2/>' \V’A\)

.y S L ~ 4
2 Q(B) B ’) ‘4_)

w, (¢

! (o.1)
(b) ™) g @)

Fig.4: (a) Line segments‘Q (r(l()) 0) and Q(I(l())’l) for n=3,4.

(b) Line segments{ﬂ(g)j for n=4.

(2) The limit set DT of (Dn}n___l has a dragon boundary as its

boundary.

Moreover using above lemma we can prove that

Lemma(3.3)
Let HT be the limit set of the paper folding curve Hn.’

Then the Bbundary of HT consists of three parts of thé dragon

boundary. Therefore dimHaHT#di'mHanZlogB0/1092.

13



Put
(n) _ n .-k, (n)
X(e,&) = {Ek=18k(1+1) ‘(81""8n)e‘u(e.8) }
(n) _ h k. (m) ,
Xe = {E o8 (1+1) P08 .8 del Y.

oo ) ' (n)
and let X(s,S) and Xe be limit sets of X(8,8) and Xe
respectively (Fig.5). Thus we can prove that
Lemma(3.4)

(1) (1+i)X(8‘0) = X€

. _ _ iy E
(2 (DX o 8y T Xeurmod 0 * TP
(3) int(X . 5,0 N inttX ., g»y)=¢ for

(e .86)#(g?.86"7),

and ax(e.S)r\aX(e’ 5) consists of parts of the

dragon boundary.

] Tl

Fig.5: Tetradragon X.
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Then putting

G =X and 68=8 + X for 8=(—i)5,

0
and let a map T on X be

£+1(mod 4)

Tz = (1+i)z - [z]D.
where [21=8 if we68 for §e{0.1.-1.-1.i),
then a transformation (X.T) is well defined and induces the

revolving expansion.

Theorem(3.1)

(1) The Lebesgue measure v 1is invariant with respect to

(X.T).
(2) the dynamical system (X.T,v) is isomorphic to

(XM.JM.uM). where MM is a stationary Markov measure such

that
172 172 0 0
0 172 172 0 .
P = M= (1/4.174,1/4.1/4),
0 0 172 172
1/2 0 0 1721
mark

The dual algorithm of (X.T,v) is constructed by taking a

complex conjugate. X*QY: and putting

U, = X 0% = 8 + X inoq 4y fOF 8€(0.1,-i.-1.1),

and
™z = (1-i)z S SSRIREANCE
where [w]D*=8 if weﬁ*a. Then a dynamical system

(X*,T*,v) is the dual system for the system (X,T,v) and

15
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induces the "converse" revolving expansion,

= ® % 7K
Z = B0 (-1 ",

Remark 2:

If we choose formally the dual domain X# as

# _ #
X -U£x89
where
# 00 % LKL, % %* %
X g T { Zk=18 k(ln) ) 1,8 2,..)ew £ }.

Then we obtain an interesting picture (Fig.6). This
selfsimilar fractal curve is already studied by P. Lévy in

193887

!

~1-1. -1

) #
Fig.6: X 0

16
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4. DUAL SYSTEM ON CROSS DRAGON

Let E=(EJ ), 1Sj,KS4, be a matrix such that

k
0 1 1 0

We consider E as the structure matrix for states I'=

{0.i.-1+i.-1} by a correspondence r:{1,2,3,4}—>I" such that

v[11=0, v([2]=i, v[3]=-1+i and r[41=-1, that is, let V be a

set of infinite sequences generated by the structure matrix E,
Vo= {(}1;2,...i;E(j973+‘=1,rjgl“ féf all JfN 3}

and ¢ a shift on V. Then the system (V,0) is a Markov

subshift. Let V(n) be a set of E-admissible sequences with

{n)

length n and Vr be

(n)
1% -
Vo {(Tl,....rn)e

Notice that nonzero entries of the structure matrix can be
written as E.ryy 7 r(kelimod 41°E+ k1, r [(k+2)mod 47 and
denote these two admissible states after r=7v[k] by r[l1]=

T [(k+1)mod 41 and 7 [21=r[(k+2)mod 41 respectively.

Property(4.1)

“{n)

(i v . Ure{O,i,—Hi,-l)vT ’
(2) JVT(n)= V:?g LJV;ﬁ;;’
(3) ivrm) t 1= Vr(?)n
and
SUSALL IS G P V;h[)zj-
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We realize a sequence (rl,...,rn) to a. point

P(rl,....rn) by

L n o
p(rl,...,rn) = Zk=lrk(1+1) k.

According to the set of sequence v(n’ and VT(n) tet Y'Y and

Y (n)

y be sets of points {p(rl,...,rn)}.i

It is verified that

(n) ,(n+1) 1 on
=
dcy My » = ()0

in the Hausdorff metric. So Y(n) and YT(IH

converge to Y

and YT respectively as n—=o0 (Fig.7).

Fig.7: Cross dragon Y.

(8



Lemma(4.1)
. -K. .
Let Y= (Zk 1r}\(ln) ’(71',’2' .)eV} and Y
00 -k. .
{Zk=17'k(1+1) .(7'1.72...)c\7,}. Then the sets Y and
Y7,L re‘F.'satisfy following properties.
(Y= U 0ie-1+i.-0 Y
(3) iYT + 1 = Yr[l]
and
_Y,I, + l+1 = Yr[2]t
(4) Y,{, =F0 r(Y )UFI.r(Yr)

where Fg . and F, , are contraction maps such that

-1

(1+i) " Ciz+r+1)

N
u

and

(1+i)_l(—z+r+l+i) for each fe r.

e
N
"

Recall another apprcach for selfSimilar fractal sets

proposed by Hutchinson7) uSing a set of contraction maps.

Theorem (Hutchinson7))

Let £ be a finite set of ébhtraction maps {SI....,SM} oh
a metric space. Then there exists a unique closed bounded
set K such that K = LJJ 1SJ(K) Moreover. let
Lar=y _MSJ(A) and £p(A)=£(.£p‘l(A)) for arbitrary set A,

then £P(A)=K in the Hausdorff metric as p—»e for closed

bounded set A.

19
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Thus we can say that the limit sets {YT} are invariant

sets for the contraction maps {F0 r’Fl T}' Notice that the

set {X*e} in'section 3 are the invariant set for the

contraction maps {G*0 e’G*l 8}:for each ;:6{0,1.2;3}f
where |
* : _e1_i -1 * —c1-iv s >
G O.s(Z)'(l ¥) z and ’G 1’E:(z) (1 1). (iz+i ™),
that is,
* * ¥* 3* *
XKg =G O,E(X g’ UG l.s(X g’
% %*
and for L£=(G 0”s.G l,s)
* n, . % (htD)
G, e L7 ) = X (g,0)
and
* n kNt
S L7(0) ) = (e.i€)

Then we obtain

Theorem(4.1)

Let {YT} satlsfy YT = FO,T(Y7,)lJ FI»T(YT) for‘each

Y Theh

rel. and Y=U_ (g § -141.-1)7 7"

(1) Each set YT is a dragon with end points 0 for Y—l’ I

for YO‘ 1+i for Yi‘ i for Y and (1+i)/2 in common.

-1+i
(2) The set Y is tiled by four dragons {YT},,that is.

Y=U

R
and TC{O,IQ 1+1! l} T

= - e ) .
A(YTOYT,)O | for r#7r -

We call the set Y a cross dragon.
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Let a map S on Y be

Sz = (l+1)z - [(1+i)z]c.
where [w]C=T if we T+(YTEIJLJYT[2J)‘ Then (YTS) isiwell
defined and induces an expansion

k

0o .- ' -
z = Dy (1+D) for a.e.zeY.

Now let Y*={x+iy:0§x.y<l} and a'map S* be

¥z = (l1+i)z - [(1+i)z],
where [wl=[Re(w)J+ilIlm(w)] for zeC. This,system is
equivalent to a group endomorphism T, on the torus T 2 such
that _
X 1 -1 X [x-y]
T | |= - o
y 1 1 y [x+y]

Theorem(4.2)

(1) The Lebesgue measure A is invariant with respect to
(Y,S).
(2) The cross dragon system (Y,S,A) is actually the dual

system for (Y .s*.A).

Remark:
The cross dragon system (Y,S,A) is isomorphic to a

following map on the torus.

-0 ) - )
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