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Links and Their Graphs

FRK#FE AR F— (Shinick Suki)
iigk A i!lﬁ’;ﬁ A F (Hisa.ko Kondo )

oo %ol al LeR 2 EYRFE (L) R »
¥R ro signed graph 17 =X~ EATIC T B 2 o 3 6K
1% w5 795k« wa (Yajima-Kinoshita [Y-K112) . 75 R?
L o signed qraphs (= 2ol  Ealdo @RI w7 <h
"e”, 2 Wi as o Aumann [A] v Crowell [Cy] 1< F| W 3
bt onmnt <, HirEds3sRF .. 215 , |

W) Ev B Sl BT BRI 0 WS
B signed graph Ry 0 v ol HEVERS 205 % %
N I T

(7) signed qraphs a 7B 1k HF (2 h v B s~ 2 B R
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[Re] 7 9—cvoss‘xngs 3 < 0)"'%". t.r?% v w’lﬁ'l§¢%5@ ) “’ﬁﬁi
s Bl -l eHwm e <15y k1B v o XF uME o 4o
hrr L bkhn, Y AT L4 b o 1%%(4 signed plane
qrophs 0 3B e HW « < vl - Hex B 0 B0 R 24T -
tH B s lti. T aELw, 2408 allak
BIRE)E 139K 7 5 signed plane graph o A% xkeqe L, R
R 0 TR e 3R T % signed-coded. digraphs
£42 T L, 10-crossings o Hox XEM v E K T size 10
(= edcjes o 0% v 10) o P1ane graphs 0 233, yitalkH%
2 EREE y L <, LT, |
2w T (v) PR P b <. signed graphs % o ¥ 0
n FE Gvaph Theory o & < (s Fifle s 8T = vn sy L,
—HZ o qraphs o A 1< s RHETLH - < vmw, Havary et of
[H'N—C] n X 13-"%_ - balanced” o Wf({% t E oz oL f: %’t% o B

o
A

e VIRE - U2 Fyy WD % ﬁi’.‘\fj’n“‘&) hddH <, Tac

@ oo VB me b Lo Kk,

§1 é\%& H i‘fﬁ)\‘:‘ﬂ' h Signed Grva.phs

Fro bt tame w 853 LcR? r, %% & R o
(SMQH) ambient isotopy t 52 g 2 v s & > <, %?%i T: R—

K*, (%, 4,2)—> (%,4,0), (z(8 v < ZE 9 (reﬂﬂar) ¥INE :bhn
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vy LT d v Fa AT TL[LJ aFTEE w L oo eo(gje/s a B X,
= 1] % I e 228 na<Hu. 2 a3, ELHREE
ﬂ(L) @, 2FE % vatices r v <IFEH L, 2 5 0 2 FE %
el (L) « M 3 ea(c]es vy L e W e o lm & - R?
Y a 4»y:eg»u1ax %Yap\rb (/4*9\(1 1001:5 X0 mu\’[ieo(cjés + 3 ir ) r /A
Mg 2 r T3 m, L0 d 2 o graph w(L)C R @ 2-map
colovoble =°d 2 2 » 2 BB REBH A e Txhb R —
(L) o &Kk 28 (26 & zg\) "> ba | BrES
7, edges t EFTH T BREE 1 RBus BBy hn 39
[T Hh 2 2 o< 3 n ,k x < R- aL(L)om"i'Xé T d Y 1 gE,
2@41%/&@ A EN 2 3‘, K addlzuv < ﬂ(L) (:'Slﬂne& zanqah,
% (x(L)) < R? PSP | |
R-w(L) o BARIK 0 KA 2 B=1{8,, 8, BT 2 75,
(1) w(L) o \B% et & B;e® i+ vertex v: (i=0,1,
cov) 23R+, (L) o veter (e 2F &) D 2 r ks

signed edge ¢, ¢ 1 oMY 1- 2 > «HR31<e» ;5 95k

-
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B;  Bj » L o vertex Dy bt U vj EVIEN edge o
AR ¢, edge e o sign s(e)= (D) 2 T 5. 2 » ¥ X
signed qraph  2(x(L)) = (V, E), ),

V=3u,,v,---,0,%,

E=fei,en, -, et (&6 w(L) o vertices olo%r),

s: E— i-1,+1} . s(ek)='L(fh).
o 1% 5 o graph (V,E) cA\BAE < B0 R HER 2 ke
Wk, ' | |

[l — o FEE w(LYC R* 1> o <, Z40E0. GLadk+ 3i2

Lif8 s h o & 39 L x, Yol 25 <1% s hon signed
qvoph ¢ SHw(LY) <F 9. THe(W)=UV* EY),s*) » 7 5, |
E1 e o FBrhbornatyic (20l %5%), graph (V*, BY)
@ qraph (V,E) o dual graph (Havary [H, p113] % 5%) <,
edge ey ¢ E v edge el B 4~ ver%ax‘])ge (L) "R g nt
3, s*(ef)=-s(e) ) %o, Z*(’W(L)) 3 Z(Tr(L)) A dual
y 2l (L)) = T(=(L) <o w .
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(1) =lL) wBHwx B8 w(L) « EBHS 72 L
il <7 (I) o BB < signed graghs ¢ (%), %k 5 o disjoint
o+ 2(r(L)) » 7% . |

2(2(L) o dual signed graph T¥(x(L)) v, u(m) o 5%
ML T I dual signed graph t (I) st R e, *is

0 disjoint union < RIRT % .

Y & Xk ‘/Kmvf Wl 12155 koo

1.1 ProPosiﬁon (L) ( )éﬁq vl L e j\é;}q%
wo W, T(T(L) o (o« THa(L) 0 ) edges o signs W 7
SzTE-cme. O

1.2 Proposition H¥ © 1 (v« 28] 4 (2% 1 & 5 Ko
B LckR o, ¥@ R - [# ?rk Wik L 29 a 5, V’IE(L)
-w(l) <, WA signed graphs  L(x(L))=((V,E),s) =
()= (V£ 5) cEle~w (V,E)=(V, ), s'=-s
WL T e . O

12 el L e Lo R a4y b - <3k A
W(L) ' TE(L/) (2 /’7\ 8 Keidemeister wmoves ([Re]) 4 \73’ (F th T
3?@%‘2‘0\%7}5%% m')’"t'ﬁlﬂ( Jv‘t’*’;‘r IS N S T

“Wh, % 1z sk 0\%7;\ Bath 13 3 % slqneén c}\mphs 0‘%
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FR# e Bnan ([Y-k,§3]). AL, s 8 2205 E
o Neidemeister moves ¥ 34 1k v < \"i] < K’Z& T% .

1.3 k'%"' VR 1 ’% e R : o Si:aned %\m‘y\/\s o %\4‘15 lﬂj«,u(,

t) k4 £} x| — s
LQA(S , S2.2d LR.Z(A ' 23 % Reidemeister moves ¢ VF Al

A7

1!,:#1{)' » U=V (Uj =Up 11 7])

1= t< v c(ympla,s ) u{qes » si?ns z 7}‘2% EIVE = 75,
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14 A% (1) R o signedqrapes T2 3 o 2GR

pn t 8, R" Lo signed graphs o 78 Ti¥|
L=, %,  Ta=T

ST v, 2y s Z.aR Ay b7 <FHrsa, I
5. ¢ % Redemeister moves o v 4 o | 5> T FH e w (i=1,,n)
v 3 E oo Z%Z' T g, 21 L t AT e T8 S
MeEs (2] <7 7.

(2) FWL oo signedgraph T v stvict < Hr v, T o1sH
LT edges Dl E WY % 1, 8018, R2x, 028, A3 o v F
kAR5 B s b, BEA[T] o v strict %
Wi Z T 7 %,

(3) FF L o signed graph 2 0o EXH WL 0 0K ¢ () + %
73, ‘/‘Zqotbl:%n?fx"ab g

wlZ] = max { w(z) | Te [i]}

wIl=w(3) e xr» TelZ] v B stvict © &% v F e
LATE Lxv. wlE] e well-defined © % * r o 389 u,
Goevitz 1531 (Cmmz 6], <4 (1) o nullity % £ 2 Wo < %5

A B D i‘(ﬁyﬂi‘a%ﬂbo

Tost

Wl LCR KT signed qroph 2(2LY) (o -6
W) wki-1i0<, bz W EZ 751 RadHlt
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BIRE () %o @ -4 8 fla B, TR d s sigred
qraphs P « T HE G0 T AR KL 0 6% o0 3

—¥21- H 0 FE o i’Jf/rfi’\"T% w2 Ha o~ w Hiw signed
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%‘?ﬁ) o Vo B e, |

%] &R 2) #Hr&vQa ‘tr’wia%’ty o F R+ s‘anecl ﬁva‘)‘ns "
G~ 2 5 e 2 |

Bl GB)  signed graphs a 15005, ¥v - ¥on ] o7
Mos M- B HME s AR a s o e 2

chlE e e B &g (@) % v 7 <% 3. v 5%
5% Ve ko signed qraphs o S-GEIEH 0 FHEE: L < 6,
WE W~ 1 Goevitz 157 o 5 B 1w ko elementary ideals
a3 o5 ([S] A AP RPN . 5T L VE <FF
'}iuk T e THren 2% 5w,

WIRR (4) signed graphs 0 Redemeistor moves # %8 s 5w <
18 5 k% gqraphs o RF <, MWD At $HF v« BRea,

Shlow il YK,83], [Tl w20 v dna. :
o 13 o 573%?]7 PR R~ A RPN LT EIY R+ B2

L = & T2,
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§2. Mg a B Hicdw Signed Coded Digraphs

HHpo 1.3 <@T L =a 8 o EUREEE T 5 Rade
mastermoves (1, o H a4V - 1lFoa s, TaEis
aﬁ%%miwa¢Hv§aulmﬂiwﬂ%{ﬁm%#a
o EYIFE] 39 T 5 signed coded diqraphs ¢ A%x v, A
Hoor f n Homfly 38N o - Filiity % 2 1 RO £ 30
v WHRBRaEE < w, w(L) e b graph (V,E) t4Tn R
Fie o gl or BlvaaT, edges 12 ¥ 2% sign s E—{4,1%
c kB Sl ot ErR. AT by<, Bacz st
KB & oo, TR s (324 6 5|52 o signed coded
digraphs o R+, 1hF o 1o L F v 5 <, |
& xE LR o ERHREE (L) 3T T, (?]3 %

BT s 2 535 T 51 A MBd S < signed gvaph 7 (x(1)

=((V,E),s) f5n. ecdie eqmuvjeE v 1, Y22l

[ & c,oobma r ovientation * F 2 & :

/‘;a!ilil%vouplfv GT'—;(V-,E) 233 L <, ’:?_’f%
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c: E — {a_,/(}}
3 L < cle) t e code

+ G Lo coding :VF ¥, ec E
vV 2 e T . 23R, VERKEAE L o ZRREE
m(L) 13 v <, signed coded daq}upk

Fa(L) = ((V,E), s, ¢ )
n"‘)’k’{ﬁ& 94 5.

@ — o B @ (L) R® 11w <, JARIK: @48+ X%
LefE ok nH B e85 hw signed coded digraph %
M(e) = ((VEED), st c*) v 5, IM'w(L) a dual  u
7+ edge e,cE = edge e € E* ' vertex Dee w(L) 1+ 37

T 5 ¢ 5,

a Y cleg) =4
er(el ) =
le 4 clea-a

Ara‘

av

L L, ex v el n XX w3 0t Y ¥ 3
wa, (¥, rito coding = orientation 0 ¥R & ¥ (Kot =
GBle<dn.)
signed coded digvaph z»(:i]ﬁ T 0 ME@, orentation &3 B I:
KEP< Tov, %edge ecE [ 5 vt sign sle) & code c(e)
vt et ta,~a,+8, -4 08Tt e FrlE L, 2
1z S’Lqﬂn'eol coded o(‘xﬂm,p]rvs » Keidemeister wmoves la%@(ﬁ]é}o%ﬁ
l]%‘é’%}(ﬂ ’F(L) a Ketdemeister moves =337 L h? \( K
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N AN NS (s 25 4 whBET s,

y B Fme s, RaFEeE L 1155 4 n

2.1 ProPos‘ttiow %%6 © FEH BN RRE: & 578G
ull LR, F@ R W358k U 30,
(L) =7(L) =, 33 % signed coded o\,%mvus (L) =
(V,E),s,c) » Ia())=(V/E), s, ¢) H=w@, K

mLdn : (VE)=(.E) (digraphs viv ),
s'=-s, c=c. O
2.2 Proposition J¥ -m I (il < fbfl']ﬂif@;k b a 7R @
%«%#HLcRgm(ﬂs’cﬁid% w TGS B 2 —L e

y 4o 13 TL(L)=T£(-L) <, A< 9 Staneok coded oll,%/rap\'\ls
F'(TC(L))=((V,'E),S,C> ( L))=((\/,E), 5,¢)
<3, R&FRE T B

(‘V,E) = (\V,-f) ( T & E o ovientatim ’&‘\fzt> ,
=Lt 0
S=§8, C=

Gl

O

§3 Enumeration of Knots and Links by Signed Graphs

WA o 12 F, Tait[Tal, Kivkman[K; 1, Little [L] 1= & 5
T R -DIES AN - GF 1 TR P e WIS X S
5;’79%11 374 r‘to?cﬂoqy..l CERRE 1 & 5 < ko o 1w, HcH

Zt]"ﬁ 3 /n\—}ﬁﬂ <& r, 9-crossmgs E %) “fi\ K%’Zv” l’] _,Ei%( m‘}‘l
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M is Alexander-Briggs [A-B] 7 < v 90 513 (ef [Re]). % afk
Anger [An] 42 ¢ % Alexander 238X 0T B0 % v 0" 5 - 7= %

M ek B Cenumeration” 18 1 1 EAK o E e 5 12, 1969%
E Conway [Co] & basic polyhedva & Ty 1 VA o F & 77
7 v olgebraic tangles + H v © Vl-crossings ¥ < o F x&h vl
r 10-crossings t< oK kbl o — % % P Cowway
0 potential Fo1ywom1a1s r % (e %2 a ik Kot Theory % Xoa
F B e Sare B2l 10-crossings 0¥ v 0 - o B o 2

~ 0™ 5 vertices @ ¢ : » (= 10-

l:ﬁé Lz (&, basic po yhaa[m
¢voss‘mgs (% 2 & 5 (2 o.lcjabw[tc ‘tqmﬂes = N T o+ T, }57@3
m%%U‘EJWi’%EﬁJ NS 4 RN RO ST ENNOE S
@ 77 8| & a%ﬂ"%‘ = & b, ’Vl—o\fossln%s ) ai(jzbm‘w tamdles m\
B R oo &5 |t 2n

nl12345é7991o 11 12

I T2 2 6 17 62 =274 2639 =195 =6490 £2i305 =73400
n- o\rossmfés a\qe\omic Tcmﬂles vk 4
o X IR b s oK 5 F e b o 6T 2, [Col
A e Poveo [Pa] Aty 3270 2 b 1B ax
H?%h'@%%')ﬁm% A, Coylww«j m{’t%%%l:u<, Perco[ﬂ]
< (3 10—cvoss‘m%s a Afﬁ 4350 8 o 8 & — Eé_b“, [PQ‘] z & 11-
C\ross‘m%s 0F wth v a /g}‘i WV e, 27z ?owsen [Ro] XSI
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2 o 10-cvoss‘m%s 30 F a8 o 9acvossin%5 3< od%
sl oy [Colt B Lrivo<nna (10,=104 <1 %
v 10, o @ IR g, 10, v 10, @ (F ¢ X¥an. F3EN
4 T E <24 4 5 m?‘fj wha. [N JEP) ., & [N
Hg’ﬁ? = (& 'H-ovoss‘m%s A Jf’:k %\% v E} o @n"‘(% o (1: 1= L %\27
v g <Vow< v 940 AT 3% 4 h"‘%h.)

%’\(1 Dowker-Thistlethwaite {D‘T] < Tait [T"‘] 2

— 7
VNG - . 4= '
A V4 ?Viﬁ v, meutev iz & » T enumevation % 77 - T %,
enumevation o FEEF 1 » < (¢, Thistlethwaite [Tk—J
% a\(’t% a\%%’;f% RO z%% Lo FRE v He o <, ¥ & [NJ z
&+ l:%?(&.\i‘ itz v,

EH, Lo EED R, BITE -2 £+ 9 )2 o B lililae o
)3 LtiaT, 2R LB I2T,

Thistlethwaite 12 & de 17, cxrossing numbey 13 2 < o F x k%

]m}lrf?li/ \—72)
345"‘67 8 vé /o0 1 2 /3

/ / 2 3 7 21 49 165 552 2176 §938
o Total: 12968

Remavks: 1. A@®)=1 —JCor 19 knots,
2. £439 oliﬁ‘event Al) s,
3. [059% different 2-wariable polynomials,

4. Kepresentatisms of ‘Iq($ k) st a[aareeéé make +he
above table comzrlefe
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S xEE oo signed gqraphs * W o < v - %a0 0 enu
mevation 3 i ¢S 27 v EF nn

(1) n-crossings (n=3) 0é%v° @ - 4% B L X T A
plane qraph (=HE @) ©(L) 6B~ p% x L1 2 0. T
v w(L) & ovder (: yeviices m’ﬂﬂ%ﬁ) =1,

site (= edges « MIAX) _on.
> < R- (L) ~ 3B alg%t 2, Euler- Poincars fovmula 2 9
n+d raa. %< Z(e(L) : Z((L) 2> 5, order a
reFe (L) rv BT g W
Z(x(L) o ovder = |22,

A

IN

Z(‘T(D) o siaé = (L) o ovdev = n.
Q) Hr Tt - &axl 1 ?kgney
Z(ﬂ(L)) it ecubt-verfex * ¥ 1:% (= 9-connected )
YU d v, bbbk sthict ® 4 o B 2 w(4).
(3) @2 + \E# g x (AT $: K> R NS
vl s B equivalent TR e o,
L) o -1 sign ¢Ho edges o % = | 4]
LT & (PYOP. 1.2) .
(4) FE R » o signed grophs o« 534, 1 v L€~ 14
AE (PSR IR P g/ S 3 - T SR

[+, /HZZ"\ 1-_54T“(’fﬂ ‘iB?' X o slcsnui ‘B’YC"P{"S = v =< VR o & % (3]
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< 9

(‘5’(2) e 20 e 3 x T,

) simp‘e ?\mplf»s o P14 38 N SIE S

order 26 2 < o B+ Havavy [H] 0B K 12 5 %,

) ovdey ® \]' 3w simpla, qva\:\ﬂs [= 2w (T,

'i“\')’(\‘bo

%3 F]?\‘U R

B2 11
E Ok E P
C Bl RT v

;7{75: 3 < | slmrle qwmpks NOEEPRISE - ERE7 F

) Py 2 3 4 5 6 7 8 9
-0 1 1 1 1 1 1 1 1 1
1 1 1 1 1 11 1 1
2 1 2 2 2 2 2 2
3 1 3 4 5 5 5 5
4 2 6 9" 10 11 11
5 1 6 15 21 24 25
6 | 6 21 41 56 63 -
7 4 24 65 115 148
8 2 24 97 221 345
9 1 21 131 402 771
10 1 15 148 663 1637
11 9 148 980 3252
12" 5 131 1312 5995
13 2 ‘97 1557 10120
14 1 65 1646 15615
15 1 41 1557 - 21933
16 21 1312 27987
17 10 980 32403
18 5 663 34040
g, 1 2 4 11 34 156 1044 12344 308168

erowy [H] O
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(1),(2) =+ %5/& g &, 10-exossings 20 o t5uba
enumeration X F % 1ok o 51100 graphs <%k :

v =2 v=3 ‘ v=4

Gla) = Gl33)=Ks Gl 43 2) Gil4,5) Gil4,6)=K,

v=25 ' .

. - * .

G(5,5:6) G(5,6;4) G(5,6:5)  G(57:1) G(5,7:2)
G(s5,7;:4) G(5,8:1) G(5,8;2) G(5,9)

v=6 ) :
G(6,6;7) G(6,7:5) G(e,7;6) Gl6,7;7) G(6,3,5)
G(6,8;56) 'G(e.,s,- 7)) G(6,8;9) G, 8 512) G(6.2;15)

L@ Az em\w&dlnﬂs o (4) 0 BT —EW a1t 7.
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G6,3;16) G(6.8;21) Gr(e.x,- 23) G(6,9;1) G(6,952)
G(0,9;5) &(6,9;'7) G(6,9;8) - G(é 9; 9) G(e 9; 1o)

* %

G(b,9:11) G(6,9;13)  Gl6,9;16) G(6,9;1%) ’ G(6.9; 19)
G69;2)  Glbo;1) G610;2)  Gl6,10;3) a(6,10;54)
G(6,10; 5) G(6,10;7) Gl6,10; %) G (6,105 10)

_ Tt G(f' sn) i,
p ovdey,
9 #* s» e, ' '
, n Gr IHT o
(’% :
' n%ﬂ a 757 .
G(b.10; 11) Crl6,10 ; 14) Gr(6,10;15) PORTE R L P
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(6) multigraphs o 2 FH 13 % o w7, (5) ¢y sue o did g
muﬂi?jvapl«fs A1 t{kw >« (2 ‘/:7\% < Hdur. Fritv 4
¥ a8 o enumevation o e & 12 2, ¥z 10-cvossings 2 <% 5
7 (%) z% F1: 51 o S‘meie %va‘;ks n>b %«ffx o 1179

,&F/:F\< 4‘0 hj = 2 «w <X

, edges t A9 i< sife 210 o multi-
qraphs = (% 7, %k b a(ﬂfii@e 5 2 ko d v, shae=10 9
1%& ‘/‘Z/{yf‘ﬁ\ q.

(7) YR (6) <15 & w1: 100’:\%5 multigraphs  » 3138 2, 4)
e S p EEE T, (5) A HT oLt D1, B
~N 9 embeJo\‘m%s % 7 U4 "/:(:’;’1;’7 < g o % 10-ovassincas 32 <
ot 8 -&a B o enumevation 12 H v < la @mbwlclin«as 1= A S
Ao e o Wi e » o o, (H-cvoss‘m%s = % ok 14 WEey %
signed graphs > L < @ [ﬂf-‘a‘i < 4 amb’eclahnas 1= iR > = A~ BlE
%o g oo o BT b ok n ) /Z%T’ <, (6) < 32 t: si3e:
10 & mul’céqmphs o Pl ED <o v x A~ IEER: 52 on

(8) Wik 1= X o (6), (1) ¢ FE s L < (3) « %M < signed
graphs o Pl %30 a 5302 3 ¥ 2 & o AVEEEE 23 » 530
1 (kN Forbrn., >kt FAlzoee B 4, DI » L < *:r.
wo B, (1) A G5B o v <, 1 5 W i ERR
3 7 stvict A @B v a3 A (T S . A

n TR - (t 2 aéﬂﬁ\la}é%ﬂho
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& signed %YCLT)‘AS o Bl o OB s T o s 278X 1155k

) HPRST, Bamn o<fh 20T L in<,

p : ovdev o Sy sk
1 1 1
2 3 "1
3 10 2
4 66 6
5 792 20
6 25506 86
7 2302938 ’ 662
8 591901 884 8120
9 420784762014 171526

10 - 819833163057 369 5909 259

11 4382639993148 435 207 348 089 533

12 64 588 133532 185722 290 294 33883 250874

Sighed graphs and self-dual signed graphs.

| \/Z‘zf? o enumevation o Wiq 1= 78 %) % slqmeo\ CXY“P\"S 0 LQ.—a%u}—
valent % K46+ 30% 72 (81, WXL G) 5%). 30 }ﬁ\ﬂj’?{h

€, 0 TR DT U< . R o Notation 15 7 8

St a = S G

/ n'ﬂ?miedges ° B ’ U

= o<
n?Fp,:teclzjes ‘

>_@_—i1—< ~_/ >._@_< [Y—K‘J (34)

u v 2 u ’ v

>_@___w_< —~ >4>< [Y.K] (3.5)
' Ko w ¥ v , |
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: N Lo i
11 X1
EZ 5 >———-< [Y-K1 5.4y
+1 @ X o —H{5it
“ : ‘ i [To]
1
>®< + @@=y ey
@ ~— >_@______< .L N — lt
AN L [To]
uﬂ 4 /—EL/ ><Ja>< [Y K] (3.8)
» +1 < /?2,/ >€>>__< X oo W

bZ

BN = X 1

b?

r@==
>© < -
O 7{ (

P L v T signs A MRF e B2 g,

2%
4
A

20
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(10) signed qraph TCH v b 2 o 123, T hEHKT

p it a L ml?f/n\é’lﬂi{atsx\<ot:&lg1"27)7')})4@‘.[‘_7711

. L 2 HFE (L) B Aa B e obg
br v, X msl3e n"‘ﬁau Hgﬂ/} @} ¥ < b n,
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