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2. OBEB7TXEMRunge -KuttaEono—B8E

ERAyFEAOWBERE

y'=f(x,y) y(xe)=ye

(2.1)
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BUAyDBRERyo-1 %
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Yyan+1=3¥n+ % ciki

i=1

i~ 1

ki-—"—hnf(Xn*‘aihn,ynr‘*'z hijkj) (2-2)

i=1
a1=bio=0 (i=1,2, <+-9), hn=Xn+1-Xn
L oTkd s Er OBBBMRunge - KuttaiEéswn?d,

2 b HAREBHOPIERTAD., arbb @izl

i-1

ai=% bii (i=2,3,+---5s)
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(1) TH5O DV KECHET 2HE
TV EENEERE (A, Ar2)

(2) ZE#HiWMT 24" |
ﬁ%ﬁﬁiﬁﬁ&smmﬁfA(su)
BN EERES Ok S a

(3) AOBREICHEIT Z2HHE
AHBREEEHEERE (R)

% 2 5,

3.1 TPV HECHT ZHE
SBB7TXEODE DDA F vy 7RBI2EMITHUDRER
Ton+1=ha®g(xn, yn)+0(hn?) | ) | (3.1.1)

ERT I EMBTE S, Flg(xn,yn)id

11686

g(xn,yn)=z atigi (Xn, yn) (3.1.2)
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Ars=% (ari)? . | (3.1.3)

3.2 et icHEIT oY

EEBEOWTERTELE KOLSETFANFRRAEEL L.
Cweay (ABROKBE L > HEER)

TR OBHTREEAAL, REARKEMOTHELT 5L,
W 1 2 | o | |

yn+1=P97(h<n)~’,78,‘7'9)Yn (n=0,1,2,----)

BB b TR (A, 7o 7 BKERTES LA L WT
BIRDOSHRTH 3.

T (heA) S (hod )
Por(hnd , 78, 76) =% ——o© +% 71 —— (3.2.1)
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7 8:= B21B32Ba3sBsaBssBreBs7Cs + B21Bs2BssBsaBssBreBoarCo
+ B21Bs2BasBs4BssBseBosCe + B2a1Bs2BsasBsaBrsBs7BssCo
+ Be1BseB43Be4B7eBe?B93C9 + B21Bs2BssBesB7reBs7BosCo
+ B21Ba2BsaBesBreBs7BosCo + B31843354B65B76B87B98C9

+ Bs2Bs3BssBssBrsBs7Bos(oe (3.2.2)
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S (70, 70) = (hed | | Por(har,7o, 70| 51,
| heA: BEE) (3.2.3)
Lo ERSh I EETHLOMBERS (7r0.70) EOBKT K
EOMNERBBE 0S5 BLEHAEBOEEEES (75.70) 0
BEHEREEDRAEEABE LU SeTRF L L E S,
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R = !Cilf
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HDRAABEBRAKXELELTHWSLRTWS ) B BHTEAINATW SR
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[Shanks]

1| 2

9 9

N R

3 12 4

1} 1 3

2 8 0 8

s 14

6 216 72 27

8 | -4136 -4528 5264 1456

9 729 0 243 729 81 @D

R - B

9 | 11664 243 729 351 624

s | s ose ow w» W

6 2160 72 6615 195 50960 490

B, B U4 0 913 w60 2160
2768 173 173 2249 251888 15743 2249
_1_73 ) 0 _1_%9 37_ ~19683  -19683 gz _E%
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{(Butcher] ----ZZTLTOfE MY 7 AZBWT (a+bd21) /¥ (2, b) et HHDT

7,1 7.1
42 2
71 s It
21 21
Ll Lo 13
14 56 56
RO P 21,5
2 16 16 16
LoLo| 1683714 969,-210  -381,83 84,-20 @2
u 196 8 0 14 19
1o 8 -l a9 94 1B
128 128 288 18 576 |
7,1 | -623,169 435,-81  -1437,307  -2028,-1468 -21,-4 384,80
| 56 252 7497 126 833
579,131 791,167  8099,-1765 -1976,784 70,7 160,80 49,7
: - u ’ 8 108 459 54 153 18
» 16 1
n 0 0 0 180 5 180 2

5. MR x
5.1 RE &R
IBRBT7TXBWRunge - Kutt aiﬁﬂ)ikﬁ?éﬁ’ﬁ‘iUTm
B85@TH 3. = h i Butcher 2 (z X > TR K S h7Rooted-
Tree MOWTHBL 2 b 0T b o,
BB TREDODRB =R
T, Boasl/2, £ caitl/3, T cad=l/d, B oatls, T oatlb, el
Z cibiiaizl/12 , X eibijailai=1/15 , % cibisai?ai?=1/18 , % cibijai?ai®=1/21

'24C‘b”b“‘a"=1/24 . X cibisbikakai®=1/36 , % cibisbikax®=1/60 , X cibisbikax*ai®=1/84



2 cibijbikak®ai=1/140 , X cibiibikacai=1/40 , ¥ cibiibixaxaiai®?=1/56 , T cibiibiax®a;ai=1/105
2 cibiibicaxai®=1/60 , X cibiibjkax®ai®=1/126 , = csbisaj;l/ﬁ;, 2 cibija;iai=1/8

Z cibijaiai®=l/10 , X cibisaiai®=1/12 , X cibisaiai*=1/14 , T cibiiai®=1/20

3 cibijaitai=1/24 , T cibijai®ai2=1/28 , X cibijai*=1/30 , X cibsja,j‘ai=1/35 ,

% cibijai®=1/42 , % csb:;bjka.kai=1/30 , % cibijbikakai®=1/42 , 3 cibiibikax®ai=1/72

3. cibisbikax®=1/120 , ¥ cibi;bixax*=1/210 , T cibisbikacaiai=1/48 , X cibi;bixax?a;i=1/90
3 cibijbikax®ai=1/168 , X cibi;bjkacai®ai=1/70 , X cibi;bixbkiai=1/120

T cibisbikbkiataizl/144 , % cibiibikbeiai2=1/360 , 3 cibisbscbeaiax=1/240

% cibijbikbkraiai=1/180 , X cibiibikbc1ai®=1/840 , X cibiibixbkiaiax®=1/420

X cibisbi«bcrai?ai=1/504 , X Cibijbjkakajszi/M , 2 cibiibjkbkibimanai=1/840

3. cibiibixbkibinanar=1/1680 , X cibiibikbxibinana;=1/1008 , X cibiibixajax=1/20

p; éabajajbika.ka52=1/28 , % cibijai?bixakai=1/42 , X cibisbixaxbiiaiai=1/140

% cibijbikaxbiiaiai=1/84 , Z cibiibikbkiaibinan=1/504 , X cibiibikaxbiiaiai=1/168

3 cibiibixak?bi1a1=1/168 , = cibijai®bikak=1/56 , X cibiibikacbirai2=1/126

S cibisaibiaxbiiai=l/56 , % cibiibikbaiai?=1/168 , X cibiibsxbeiai?ai=1/420

% cibisbicbciarakai=1/240 , X cibiibixbararaiai=1/210 , X cibiibixberai?ac=1/630

3. cibiibikbraiacai=1/336 ,  cibiibikbciaiai?=1/252 , X cibijbikbkibinan=1/720

% cibiibikbcibinan?=1/2520 , X cibijbicbcibinanax=1/1260 , % Cibijbjkbkl.blmbmna.nzl/solm
% cibisaibicakai=1/24 , % cibijai®bicac=1/36 , X cibiibikaxbirai=1/120

3 cibijbikakbirar=1/72 , X cibijbikbciaibknan=1/840 , X cibijbikax®birai=1/252

Z cibijbikbciaibinan=1/84 , X cibisbixaxaibirai=1/112 , % cibiibicaxbiibinan=1/252
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2 cibijai®bi;ax®=1/63

5.2 XEEHAOMEAL | |

i‘i‘\ IBRBTRENDSSHMOXRMAAERI Kuttad HE % M
AT —XEBZAZHEL T |

ST, Kuttad R sE X i3

9 : : ‘
(1) cibij=ci(1-ai) (j=1,2,-.,9) (5.2.1)
c =1
° 1
(2) stsa1=-2—a.i2 (i=3,4,-,9) (5.2.2)
i=1
9 1 .
(3) Zbaja12=-3—aia (i=3,4,--,9) (5.2.3)
i=1
- (4) c2 ‘=O : : , (5.2.4)

ChB COBREETMABIERIDNSHEORBEAER 2812 %

5, 23 5REKDKE

c3=0 - bi2=0 (i=4,--9)
9 ° 9 ‘
2 ciaibiz2=0 Y ciaibis=0 2 ciaibiibi2=0
i=1 i=1 i, i=1
9 . o 9
3 ciaibis=0  ciai?bi2=0 X ciai?bis=0 (5.2.5)
i, i=1 i=1 i=1 . '
9 9

Y cibiijbikakbia=0 % ciai®biz=0

i § s k=1 i=1
P M2 bickln. BMRIBAODDBEBEINT X —% (ad,a5,al,a8)

COoOWTELS ZLHWTES, BAOVDELLVWEBSZIKEORBRSTER
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6. IBB7TRENDRAOBEHRLARORXK

A EB LN BAIEShanks D AR E AL LD TH 2 B b
HHNSA - D35, Shanks DARDEHBMN S A — S D% 22
HwWw, D 2200BHBENIA—2%2ShanksD AR ¥ A HEERL R

BTEHI LI LRI THLUYVBEHNEERA L AFYEN

REFBROBERA (Se) O HERBREFTTHUERMER L. H

DRFRBERHETIERTEI LNV (FEBEHPOIRCLE) RZFATWSE Z L2

HUMATEL, 2AEEROBRIEOWTZRERTIRET &5

THEBEZR-> T W5,

Bme.1 : a4,
Mo6.2 : a4
6.3 : ab,
Be6.4 : a5,
B6.5 : a7,
Be.6 : a4,

2, ALYV BELCHEITIERFTHRR T

aTZBERELLS &

AT EEL LB A

ATz B LB E
a8 BEELHE
8B LB A

aSZEEL B &

ek BETIHE
SO EICXEEh 2
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adDEICEERE I B
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XBEE->THEEERL L

LR

B6.1~6.6L D, ShanksOD AKX IOV HBOAIWVWLOHF BB Z L HF
BEINS,

I N

H 5,

Do #&EH» 5.

IBBRTRENHPRNEEFABOEAREZRLALLOT

HlwiriEAbhzaonaXzEND (K.

— LOGi1e ( A713)

Mle7Ry PLEABERTH B ).

THEN YV HEHEERA REODVWIEBACLALAAAEZ DT 3. BA

ARLDEODAROBEHEL R6-8lc LT,

F 6-8 AADFHEHE

T H6.Tid r e MBIy 2 WBIEN-> TEHE Y

g hsoRBERE NI

Are A3 A (Se) «a R
Shanks- 0.1493454e-2 | 0.1678949%¢-6 | 25.60985 4.4731 0. 6976e+2
Butcher 0.4664776e-2 | 0.7481319e-6 | 10.91974 2. 6662 0. 2183et2
A 0.1199154e-3 | 0.3516996e-9 | 32.91478 4.6143 0. 1836e+3
AW 0.1228094e-2 | 0.4907179e-7 | 25.60984 4.4731 0. 6209e+3
A3 0.8879972¢-3 | 0.1815084e-7 | 39.57171 6. 2739 0. 1462e+4
A4 0.6521972e-3 | 0.1433240e-7 | 27.6439% 4. 2166 0. 4844e+3
N5 0.2489427e-2 | 0.1549519e—6 | 51.52572 7.1767 0. 1208e+4

mlL<BshnhnAKXohT ALUVEBESERL TAHAKXL ) &

ENdEEHRBOBMRSB AL TARXS 1 Z2XREFT,

-1 1_




[(AR1]

1607 | 1607
2500 | 22500
1607 | 1607 1607
15000 | 60000 20000
o7 | 1607 48
10000 | 40000 40000
891 105347 62227 103151
2000 | 171682 2402 47127
13265 | 100684 M35 98151 83108
405743 | 63133 61586 19858 142619
1729 | 242909 636563 178797 -214892 117431
2000 | 76322 47803 15644 130481 96571
9117 | 171085 -337950 4670683 252985 132063 28236
10000 | 21468 9827 158093 48354 41411 167377
298330 323280 205549 -134624 166030 57731  -48405
R e 15151 10839 34933 70309 152946 195919
ey 31273 37352 60107 52930 28693 17788
482359 1285 161277 39313 155631 153592 264689
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[AR5]
7 7
7 T
7 7 21
50 200 200
21 21 63
100 w m |
8 L 64 2816
25 11025 3675 11025
C16930 | 7IS49 56953 216454 S8BT
104027 348447 128290 296531 241747 ,
Ly s T4 18847 13457 -10543
9 584612 426413 148428 478595 3247385
5|5 677 107695 | 2137 28419 24609 18487
6 402671 113921 60232 199811 243526 260264
1 lise @gg 0 -4 —_zg}'z'z‘;j 342+ 1@1[)_2_ _og+ -199835 P ~-40528 ~ 94+—120433 " 61152
148193 565293 708095 219638 _64901 © 173265 176765
Clsoo o 3 2P, G788 15T 209392 93887 12251
184089 \ 121745 67441 202670 250105 305142 321550
THXAR 113 FARXR2E WLt RBRIZC. CoXRXNE2EL LS

ZHETY->-TRHEREANS Z

tBRbhsd, T

. i%ﬁﬁ%%&éﬁé«_k

ZEHBTEZLELE DRSS,
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7. BREEE

RDADDHYPERBIZOWTHRERBZITWYW. TOERZ®E—

2Ty T DR E ﬁﬁ%xyﬁ* vy TORE BRKRETHFET 5.

BRESTRIAEH L 7B —RUHERE (T By IR

B HTEAO TR L £ B
NO. 1] y'=y y(0)=1
y=e™*
NO. 2| y'=(x+1)‘%/2)+2y/(x+1) y(0)=2/3
' ‘ y=2{x+1) 77 /3 ‘
NO. 3| y'=24 (y-1)/x y()=5
y=(loge (x)+2)2+1
NO. 4] y'=x®xy2/3 v(2)=1
y=9/ (x3+1)
HAHIE 0.1 27 7HK 50
PR 1 5 W

first-step last-step maximum first-step last-step maximum
Shanks | 0.225084d-12 | 0.838088d-13 | 0.915108d-12 | 0.555104d-09 | 0. 416987d-07 | 0. 416987d-07
Butcher | 0.308147d-11 | 0. 114733d-11 | 0. 125283d-10 | 0. 218343d-08 | 0. 164516d-06 | 0. 164516d-06
21 0.310862d-14 | 0. 115359d-14 | 0. 126427d-13 | 0. 104641d-10 | 0. 7959784-09 | 0. 795978409
25 0.472677d-13 | 0. 176026d-13 | 0. 192159d-12 | 0. 350753d-10 | 0. 260133d-08 | 0. 260133d-08

e 3 i 4

first-step last-step max imum first-step last-step maxXimum
Shanks | 0.840328d-12 | 0.311928d-11 | 0.311928d-11 | 0. 264968d-09 | 0. 184801d-11 | 0. 431276409
Butcher | 0.298672d-11 | 0.121274d-10 | 0. 121274d-10 | 0. 174554408 | 0. 111113d-10 | 0. 275916d-08
A1 | 0.2050584-12 | 0.567102d4-12 | 0.567102d-12 | 0. 617377d-11 | 0. 254128d-13 | 0. 886430d-11
AR5 |0.928591d-11 | 0. 238904d-10 | 0. 238904d-10 | 0. 252594d-10 | 0. 272200d-13 | 0. 325968d-10

_14...
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A8 0.05 X7 78 50

FolE 1 o5 2
first-step last-step maximum first-step last-step maximum
Shanks | 0.902056d-15 | 0. 385456d-14 | 0. 686950d-14 | 0. 257319d-11 | 0. 123360d-09 | 0. 123360409
Butcher |0.119627d-13 | 0.515993d-13 | 0. 924538d-13 | 0. 102461d-10 | 0. 492060d-09 | 0. 492060409
AR1 0. 138778d-16 | 0.589806d-16 | 0. 166533d-15 | 0. 510286d-13 | 0. 243006d-11 | 0. 243006d-11
A5 0.194289d-15 | 0. 843076d-15 | 0. 146411d-14 | 0. 154321d-12 | 0. 732125d-11 | 0. 732125d-11
fole 3 a4
first-step last-step max imum first-step last-step maximum
Shanks | 0.421885d-14 | 0. 246470d-13 | 0. 246470d-13 | 0. 723227d-12 | 0. 127471d-12 | 0. 2089274d-11
Butcher |0.139888d-13 | 0.881517d-13 | 0. 881517d-13 | 0.595184d-11 | 0. 900453d-12 | 0. 161129d-10
/A= 0.111022d-14 | 0.599520d-14 | 0.599520d~14 | 0. 244110d-13 | 0. 221351d-14 | 0. 572459d-13
AR5 0.438538d-13 | 0. 150546d-12 | 0. 150546d-12 | 0. 104597d-12 | 0. 245810d-14 | 0. 215203d-12

DEoBEMIEZ R6-BOFHEIEZISRBRL TW 3,

8. I

SHOMATIBBRTREDRBED —HER B LN TE,

ARIIVLEBOIVWVLODPFET LI THELELRT I L

e

J.

AAXIDLLPLVBEBRTEY.

= Ae

a1 i

FRLECHEDLAATH S LR DR L.

: SV ASILIE/ N LS I >

FECHEITIHEHEIEDPWTRIBEELRZ L.

HMELFPFEFLCRKEWW (BEIRKXK) DAATH Y.

ERLLHEYTHh2 L BDh B,
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b O BECET 28R

EEMEOomMTLE->TW

Fstiffo BN R

B 1

BTELL

2WTBA

52 kb b,
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FORNEZEHRRD
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BOTHELARLTWEZ VLB,

BE R

[i] Shanks,E.B.:Solution of Differential Equations by
Eialuations of Functions,Mathematics of Computation,
Vol.XX,No.93(1966)

[2]}Butcher,J.Ch:The Numerical Analysis of Ordinary
Differential Equations, Jhon Wiley & Sons(1986)

[3] Kutta,W.:Beitrage zur naherungsweisen Integration
Totaler Differentialgleichungen,Z. Math.Phys., Vol. 46,

pp.435-453(1901)
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