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BB Runge -KuttagEgoogEEliconwT

WHRHXE IEH
He FX (Masatsugu Tanaka)
=# M IE (Kazumasa Mimura)

ih F % (Shigeru Yamashita)

1. BLai
FMOPTBEREADDHEREy =f(x,y),y(xe)=yolcd L T

ki=hf(xn+ath, yntbi11ki+bi2ka+-- -- +b1sks)
ke=hf(xn+az2h, yn+tbai1ki+bazka+-- -- +b2sks)

| (1.1)
‘ks=hf(xn+ash, yan+bstki+bsaka+-- -« +bssks)
yn*1=yn+W1k1+wek2+----+w§ks |

CEoT. e BT B REByn P bxi BT RERp 2 RO
52K E*SBEBMRunge -KuttagErni ®BCE®HT
bii=0 (i < J)D & & ¥ EM (semi-implicit)TH 5 & W I, ‘
SBEEREM®MRunge -Kuttagid,. kiDfz2RET DI
E—MAFBRAOBLTsH. mnTEIRF»FEROHE TimX
sEHORY BB FERAEBAAE L LA VWE WD AT A H 3
2SRRERTBTHDNEERISIBHO TR VWA DIC. BIRSLITIMED
RE L LTOBRABMBENT WS FETH 2, StiffMBEIE &2
T2 WE2 HEIZLLrEBTR8*ERTsFRBERALEL
Ah, RKAMCLEET ZO0MER. Z<OHAECIIRES
nNTER, LAl 2XAHEREFRELVWIBHEHH. EEEZO
T BIEZOWVWTERBLATAREXLZVWERES W, FLEESLIfIRE
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SURRBRAECATIEEERNOTAS S ALLL D, BN
Rumgﬁ-Kwtta&tonfbwaméaﬁﬁ%ﬁﬁ‘%ﬁ
D225, 2T, FRAZEBRBBEOEBEBHRuN g e -
KuttaBoBEBH®IEOoOWTEEL, bbeETIHLUYHEL
NDHEBF*AEL. BAARX2TWT 2. 2PwT. ToBEr &
LT, REFBEHFSTRELFENMRunge -KuttaEZnERE
HLCBEALTERLLEEZLDIORAB NN (enbedded formula) %
RET 5. ‘
2. RERLCETIEBL2LZOMERR
Runge - -KuttaZllHAITIHRRODEEROH X & BRI
BBOFRXNFER

y' = Ay (A: BREXK) | (2.1)
R LTEBREIALL, ChEHAFEAHP Q. DR EI->-TEIIZEMT
EBCELEMBILTWVS, LLStUfAESESBRMESTIHEL
RRDVDBHEATCRFI TN THI LB RBLBEALP LY, EERE
HOBRBEFILID—BHRLBMAIFEALCODOVWTHBRITEIAAN S
nTwa,
ifl‘%ﬂ‘]Runge-Kutta&%ﬁ%&:LTButcher,Burragc
FRINEBINLEZEERCATIERZRLE. TOHERARICET
PRETBRANB, |
SEBEHEEMNMRunge - Kutta(l.)2F2XbFPHFER
Q.DIcEAT 3 L.

yer=R (RA )yn | (2.2)
HBLNB, CITR(A)ZWADEERKRTDH 3,
[%%1]RWAWS&ﬁﬁWRunée-KuttaEHJ)

(BT Q. Nz2E®T2) oXRERB L W,

[%2] |RGA)I S 1 THoLESEMEBMRuncge -
‘ KuttaBld, 20hl i LTRRARETH B LW,
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[£3% 3] s={ha | | R(QA)| SLhABRERTR) Lo TESR
Sh2BREPHLOBARs 2. SBBEEWRuUND g e-
KuttaZo#@dEXEHRK L W I,

[£% 4] s> {hA | Re(hA)<O0,hARBER) TH2 L5 SB
ﬁﬁ%B‘JRunge-- Kutta#FEIZAZETH B & I,

ERBEOMHS FER

VA ()y (A (iR, to EEER) (2.3)
CSBEB®WMRunge - KuttagEr2@aBET 2L

yn+1={ 1 +W17& (I-BE&) "teT} yn  (2.4)
BPELNLE, ZIT

Wi bi1 b1z 1
W2 ba2 1
W1l-= : B = e = : (2.5)
_Ws bst bs2 1 .
£ =diag(& 1, & .- -~ , &) \
-dxag{hk (tn+a.lh) hA (tn+aeh), <« +«« «« hA (tatash)}
TH B,
(x5 ] SEBREMRunge —KuttaiEid,. &L
K(§)=1+W1T& (1I-B£&) 'efT (2.6)
., Re(£:i)=0 (i=1,..8)TH B L5345 FTXTD |
g =diag(& 1, & 2, - . - £3s) (ai=a;i— & i=£& ;)
LT |
 K(§)1| =1 (2.7)

B LEANEETHS LW, |
[%#®1]BWRunge -KuttaliBMANEELLIAR
| ETH 5.
(%61 ai=a; THBEI%i,j(i=)FEET R,
Runge-Kuttatitconfluent, %5 Tt
\ i nonconfluetit"(‘?, 203
M—?DRunge-KuttaloHRLZ2AME»SBLNR3



51

COOHERE VR Ty L LS.

Z |

<f(t,§1)-1f(t,§2),§1-§2>=0, t20,&1,5§z2<R" (2.8)
P HETOIMHP»FERAZHERFER L BR S, 20L&

(E8 7] Q.82 BRETAIHEMRBLETRTDya, yo, D0EHLT

I oyet=yao1 | S | yo-ya | (2.9)
LT, FOBBWMRunge - Kutta@EigBESSE
TH B E WS,

[$%8] Q.OEBREFTEIIRTOBMBI(L, Y)ETRTDyn,yn
W >0lemd LT 2. NP RLT 2L 6. 20D
Runge—KuttaEﬁBNﬁ%T%étwL

[EHE 2] EBE®WRunge -KuttaEdBNEELXLSHWEBE

ETH B,
FHAMERRLE > TERT 5. |
M=WB+B W-W1WwW1T (2.10)

T, BRUWIEBQS)TERINLEFTHRUTINXZ P TH D,
FLWREKDIILTFTHMTH 3,

W1 0 .- 0

. 0 we . 0
W = :

0 0 -+ ws

[E#&O ] FAWRUMBFAMTNTHE2BMWRunge -
Kuttal2REMEETH S L W3,
HrBMRunge -KuttabARERNEETH 3 H»FLI
ZOKFEDONIX— SR EDFAMRUWEGET B LIk

Hie®maATEZ 5.
(£ 3] E®WRunsge -Kutt aifvfﬁfﬁﬁa‘lfﬁ?%‘f
BNEETH 5.
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COEBEINREMEEREZLOFERZAVWTC.OFHERT S
StiffIEBRBRMBESERIE. 20BRERIHLIBECBRRTZ D
MAWICERE SN 3,
[E£H4] SBEM2SKBEWRunge -KuttaEi3REN
EETH 3. | -
ti@B] nonconfluentT H 2 EMRunge - Ku ttaikic
| HLT |
() REME= ~ BNEZx
(2) REBEBES -  AN®E
T HEBEOERMRunge -KuttaEiedlT

(3) ANZSE -  AEE
(4) BN %% -~ BESX
BRI B,

3. QEﬁ@E@Runge-KuttaE 7
2BRHEB®Runge -Kuttaiko—REIiE
k1=hf(Xn+a.1h,Yn+b11kl+bb12k2)
~k2=hf(xn+azh, yn+tb2t1k1+bazk2) ‘ (3.1)

Yori=yn+twr ki +weke

Z Tat,az2,b11,b12,b21,b22, wi, wald. ’Jkiﬁ?%ﬁd‘?é%ﬁ??}

Ki

.1 2CEREB3IXEMRunge -Kuttati
1.1 RBEBKRLZOR

3SHROXBMEBEREI D, a1, b2 BENIA—FRLIRRESE
W, Bl aicl/20k 5 BEBALW ((OFE X )
3.1.2 ZHx# | |

FAFFBRY =Ay(AUBEEER)E G.DRRALTEET S
(.DXRBEN B, V2. Bo=biitbeek B I

w - w
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R (hA)={1+(1-B a)h X -(B 8/2-1/3)h2 X 2}

| /{1-BeshA +(Be/2-1/6)h% A %} (3.2)
ThHhd. CITARXREBERLBILODB DFHEERD B L.
Boaz1/2 B (3.3)

Beb HEN I A - TELEE T 2L, ARELL OIS EL
BENT XA — 9D 5k

bie<a1-1/{8(3a12-3a1+1)) (3. 4)
THb TLREBRBNEOHSIE. bi2=0h b
“a1>1/2 (3.5)

DEBZRLAXRELL S, ZLRAXEFARDIDERBRADOLAF R
LY HNEE ﬁE@"iﬁ?ﬁ"“ﬁ)ﬁfhéo)f NHX%E%E opt.stl™E L
LiTtﬂifﬂ’\iﬁbsﬂﬂz.T’ﬁEﬁEE T B,
RIZ2BE3 &:Hiﬁ’ REMEETDH S f’&)d)%zﬁ‘%iﬁéb 5.
2.10) TSI T HM, WE’EEEU\‘?X—?U)}D‘Q‘C%EL zh
ENARAERANCE RO B EREENT A — S DREERD
%, %O R | | |
br2<ai-1/{8(3a12-3a1+1)} | (3.6)

#fohh, TLFTRBRBVEDH &I
a1>1/2 ' (3.7)

ThHE IRLORHE 2BRRIKNEPAZETHILDORKRE
B.HDEA—-ZLOTHENT., 3RETCHRARERLREAMEES
BEFETH B LHbH b, |
3.1.3 HHO0NABLZ0AMNYE
BRI HER OB TS D B E T i,
Tast=tah*+o0 (h%) (3. 8)
LRI IENTES, T REZLRAEBSFBEROELOR
BRIV EEFETIENLAREBRITIRBOA20RE (
DBH Easi(J=1,..,DEBI3) oRAMOBIELZ>TWVWE, 22T
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1

THHYDARZDANOHERIROHELEREE AW 5,

4 .
Asz =3 azj? ’ (3.9)

;2
3.2 2BEEAXBEBEMWMRunge - Kuttat@g

2BMAKEL LT, Butcherick 3 FE BB — D EET 3.
3.2.1 ZE W%

EEALD, TOFERRBOEETH 3.

3.3 BAAROHBH

CBRIRERV 2 BRAREOEERER T b 0 HEHE
E®ETable. licmT, ZBBEAARPARES. RERNEEELD
REVWAREOWT . BNEEEROERRVENEERM@E R

L7 Table.I 2BEENBAMAROEH

NR % —- ZEH K Ass
Butcher RKBBEE 0.
Radau IA KRB EE 6.00137d-4
Radau IIA KB EE | 6.00137d-4
Norsettl 143. 816 (-12.928,0.) | 8.30981d-5
Norsett? RBWEE 1. 61206d-2

Norsett, Burragel RBWEE 2.50765d-2
Norsett, Burrage2 | 143.816 (-12.928,0.) | 1.29264d-4

Jainl 37.926 (-6.000,0.) 6. 00137d-4

Jain2 37.926 (-6.000,0.) 6.00137d-4
opt.stl KRB EE 2. 81250d-3

3.4 ﬁ%ﬁe‘:ﬂ‘bﬂ)')ﬁ 20: R
Fig. 13, #M@ica . Wb hH, 2hrhtl-1,1]0&H
TEBEICRLENO AN SHERE FEC DIREANEERL S
LTHEB ENEEEKomEBEISIIRA ﬁlj\bi&é%é'a)ﬂ
BEUCUBEAAKXD (ar1,b12)2 BEE LT 2E25RL 2 B@'C‘?)%.
(ZF®®/ NS %13, 1B-1,5E-2,1E-2,5E-3, 1E-3, 5E-4, 1E-4, 5E-5, 1E
-5.5E-6,1E-6,5E—7) SOETh 0N E®REEBNIE. 2BE3X
¥F§B§Ru»nge—-Kutta&&:ﬁ‘?%Asawﬁﬁd)ﬁﬁk\ £



BWEETHE2LD0aDEEED» B,
EBEOARSFELONALE, Z2ORARDaRUbienEz A ER
LT MR LR RBAT AL LY., ZOAROBRESBOA
RDZNERNKNTEZE 2O0RAROBROTHERELESCAD
TENTE B, spop  1E-1 |

Oon

o

°
- & ‘ 1E-

Sl ‘ . _ \

. )

- Norse i,
~S .Jainl/// &an Yorsett2
SO - - — — = = - = L — -_— —.— — — -
z° Norsett, Burrage2

4 & ;

(=

o4

<

o | ErEERROER R

o

" T T T T f T T T T
-1.00 -0.80 ~-0.60 -0.40 -0.20

Fig.l1l 2BRER3IXE
iT
4 . SEHEBMRunge - K
SBEBEB®MRunge -Kutta®&on—&®BIid
ki=hf(xn+ath, yn+bt1ki+br2k2+bi1sks)
kz=hf(xn+azh, yntb2a1ki+b22ka+b2sks) (4. 1)
ks=hf{(xn+ash, yn+bsiki+baaka+bssks)

yne1=yntwirkr+wakat+twsks

55
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Z & Tai,az2,as,bi11,b12,b13,b21,b22,b2s,bs1,bs2,bss;, wi,wz, wsil,
AXEERSTIRBTHN. ARXIXBEHXTable. 20 X3 X HRETE
J vy 2 XATRT.

Table.2 HRETFY v 2 XRF

at b1 bi2 | b1s

az b21 ba2 bas

as LER bs2 bsas
W1 W2 w3

4.1 3BEAXEWRunge-Kuttai
SITHIBRBAKREBRPMRunge -KuttaEoBEEHKR
CWVWTERL, BBRBARERVIBREBEAXYBENEOBRALAD
THEEZRT,
4.1.1 3BBEAKR¥EWRunge -KuttakoREH
SBREBAKXELEEWRuUunge -KuttaEHARERET 22D
2F RS -

B+ 2 1/2, Be- B4+ +1/6 2 0.0 (4.2)
T Bl=b11+b22+b33,ﬂ>2=b11b22+b22b33+b33b11 TH b,
C3BBAXRYRVEY., RENXETHEILLODOEHERD
5, (ZLINTERBREINLFHIMRUWE, FEABEBTHNICLZ LD
BBHANASX - CREONERERFZRENCRD 2,
DR ﬁmlfﬁx—ﬁ’mﬁﬁﬁ;

v

-
o

S

-1.0=a151.5 -1.05a32=1.0 4
THhdvEEE FDLX ST
a1 =0.789 a2=0.5 - (4.3)

THBI LB bk,
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4.1.2 BEAROEH E |

SBEBR4RXREEBEMRunge -Kutt aERUSBEHRAKTE
WMRunge -KuttabioBAAROEERRRUTH Y NHE
EHEB®ETable 3R T, kB BAARFAREMZ 2 RE

MEERZLLZVWARLEOWTHR, ENLEFHBROTBRERUEES

EERXREZRL L,

Table.3 3BHARENBAAROEH

AR #& KEH Ass
[k XA .
Lobatto IIIA AESE 3. 25521d-5
Lobatto IIIB ARE 2. 47154d-5
Lobatto IIIC KRB EE 4.21971d-5
Hundsdorfer REWELE 8. 97334d-3
Norsett 1 RBOEE 6. 60673d-2
Norsett 2 969. 897 (-34.760,0.) 1.701964d-5
Norsett 3 118.509 (-11.057,0.) 7. 493044-7
Cooper&Sayfy KRB EE 6. 77505d-2

4.2 3BESXEBMRunsge
Kﬁ%#ﬁ&%@ﬁ‘
Butcheri{Z X 6ﬁ¥{k®%#(si‘mplifying condition) % A W T,
SHKORBAHERL Das,bss A BBATA-F L boO WAL H R,
4.2.2 & & % | : |
FAFPABAY =Ay(ARBERFTER)Z UL DERALTEET 5 &,

(2.2)73§?%6 b, WF Boe=bii+bazt+tbsszk B ITIF.

-Kutta
4.2.1

R(hA)={ 1+(1-8a)hA -(B0/2-7/20)h2 A 2+(B8 a/12-1/20)h% A *}

/{1-BehA +(Be/2-3/20)h2A2-(Be/12-1/30)h%A 3} (4.4)
ThHbd., T ﬁiiﬁ*AfE&:Ztéf:ﬁ)@%#’éﬁbé &
Be=21/2 (4.5)

BeX BHNI A~ TRT L, AREFIR L 2D ICLEL HHNS

-10—
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I X =% DK HFIL
9ba2(20a34-40a3%+28as2-8a3+1)+2(45a3*-90as®+60as?-15as+1)}
/{5 (6as2-6as+1)2} = 1/2 (4.6)
ThE ETRMHNEREMOERBAOARBATH SN HEH
BROARDPBLATVWEIDOTARS % "opt.st2" L LU THRAAR
EMITEORKEE RET 5. |
KE3RRSKEN. RAMEETHIROOREL RD 5.
CINTEBREARFIMRUWY, FAEFHECLE RO CLHE
LEBNSNIX-FEOEHEE. REWIZRD L, |
ZORBREENTI X %0 8EH N
. -1.0Sass1.0  -1.0SbssS1.0
THBLEE, ZTOLSLRBUFENAZRLC LI ADCLELH
MANSA-SBMORELOLIER—KT 3L Bbbo R,
LoT2BAIKENHALARE. 3BESKENBEEON
TLARER L RBEMEEHIE. SHEAWATHS L BAS N3,
4.2.3 fBUNEBLZOANHE |
(4.1 L 2 BER e DRBAT 5 G D B E T i,
Tret=tnh®+0 (h7) (4.7)
LR LA TES, ZITtld HiLRRBMAEFSEROELOD
BRI EETIBH L AR BRI IRROAOEE (
SR FEas;(j=1,...20EB253) ORMOBIEL->T Wb, 22T
THLONBZOA IO HELC IR TERE H W 5,

2e

Asz=3 as;2 (4. 8)

i=1

BeBBH I ohhrtes2i bV BEHEERAETRNICT 248K
BBELATWRDOT., T h#Table. 42577, ‘

-11-



Table.d BoeHFEHEIZIoh Lt ENDEANR

5+ 45 1484 o 5+6J 15+408 ¢  20+34 15-208 e
10 36 : 180 | 15
5- 4% 5-64 154404 o 1488 o 20-34 15-208 o
10 180 36 : 15
i 20-3415-208s  20+3415-208 o 108 a-1
2 71 72 18
2 5 4
I 18 9

4.3 3BEHO6XEMRunsge -Kuttai
SEEM6 XKLL LTI Butcherick 3 HFEN W —>H & T 5.
4.3.1 TxEg
EBALDCOFER RERWEETH 3.
4.4 BEAROHR
SRMSKERVUIBRO6REOBANAROZERBEREIT B Y
IMEWEER ETableSim T, ZBEMAARBAZRER L 2 R
BWERREERAZWARLCOVWTH., RAZEEROBRRVE
HEERME R L2

Table.5 S3BEBSXEDRAAXNADKHE

NG . etk X [ As;
Butcherl KREBHEE 0.
Butcher? 144.971 (-11.842,0.) 9.79167d4-7

Radau nodes | 144.971 (-11.842,0.) | 9.791674-7
Radau IA REWEE 9.79167d-7
Radau IIA ’ RBWEE 9.79167d-7
opt. st2 KB EE | 1.23457d-6

4.5 B3BREBSKREOREHLALHIBEOHEF

Fig. 213, MW ICas, §Micbos2 ), ZATAZ(-1,1I0BHET
EHELRLEDAOZERME FEUDFAZE (=RENE
) L2 3-5%H8 BREZEREBROBRSITIIBRA. BALCK
PHBRUBAARD (a0, bs) 2 EBEF2AERLAE b DOTH B,

_12_
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(ZEFHOFT ST,
-8,5E-9, 1E-9, 1E-10)
EED

1E-4, 5E-5,

ARAXBPEHEZLENRE &

1E-5,5E-6, 1E-6,5E-7, 1E-7, 5E-8, 1E

FORARXRNDasKE U bssD % T EE

Y3 3 A %Fig 2R BATAILEIREND., 2oARDEBEEDRMHOARA
X FheemAEPTEBLLE Z20AKXODHROTHBELESZICHS
BT E B, _

§- 5E-3_ 1E-4 1E -4 1E-4 .1E-4

] REMEE

2 (=ARE) SE-5

E‘ ‘ pt sA 1E-5

i Ra at IA——‘—-—-—--Rada.u 1147

| o mR o Radae TS ) I

E / ‘ v y \Butcherl y W 2Butcherl

] ) / Radau IA Radau nodes — R
e 151’7 5E1-6 Butcherl
29 \ ' Butghé'rZ

¢ rEERgOTR R

l~)..00, -D:BD ' -0:50 ' -0:40 ' -0:20 ' -0:00 ' O~2‘D | 0.4‘0 ' O.Slﬂ ' 0.810 ' 1-60

: A3

Fig.2 SBEERESXEMHMRunge -KuttaiEoan
EERL:THUIHREOBREE

5. 35O R ABERBEHRunge - Kuttai

Runge-Kuttaild, T20HERARCRAEZFHEOFREZ
ATV W, RRE@MOILDIEREINFEE LT, R

Mersonic & 3 T

DHRARE I B DB KB,

CTRUEREARCEXE

-13._
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AXEISDRA "BRXEARXDBERLEREDBERIER2 X 3

XXy,

EXERARXOBFHIT BT D
TOWMETE., - BROBWEIDVFIEHEEST. LErLREER

REFTHET D HETH 5.

CELTLAREDEBR 2B D LF CE2EXBMWRuDE e -

Kutta@Eicagl T,

SHRABANEZRET S, 20— &/ BQ.

I BBRrREEDNBRBBEXRE(I=Sn,p< ) ZHWVNEIDRARAENDHE

ERODIFTIEHTE B,

ki =

Yner = oyt + X cikij

hf(xa+aih,yn"+Z biik;)

(i=1,2,...m)

i1

(5.1)

i=1

m
ynet®= Yo+ X wik;

i=1

Thet = Yo+t — Yn+1®

CITTe-i3pREDEFRITHLUYDRED

HEBETH 2, 2 0RRIETable. 6D FEH T FY v 2 XTERT,
‘Table.6 RE< MY v 7 X KR
a1 b1
a2 b21 baa
a,:l b:H— b:|2 b
ar+ biet.1 bier2 .- b+t bre1. 141
ae | bar bas Bai e b
c1 c2 B T | T |
w1 w2 ce ee e w1 Wisi =+ <+  Wa
5.1 SO RAEYENAACKEB L HAER

SHRABERBEAXANDEIH ITH LD,

B-EZRTNREFE

ERBSLIIIMBELALTEYTHE LS. ThoomMBECHALR

EEBRZLLEE I ETH 5,

IhRUBREARL ZRKEIDRZ

N EREARODAAR A LIABRKBRL - REERELZLLE S

..14_
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CrTHhB FLTB -LEBTRE&IE ZORLSDAAHLA
ROTLOOIBMETH S, T bbhsionreBMBECH T2 HER
PRI OPRAABARDSI bEREAREA WS 0T,

BREAROABNINEL TEZ RV EF 34 EHFH 5, BLE
PEFAERORAL GEREARLFHEOREERA bh WEMH
TEHERETHLIENEL LW,

—BMBICRunge -KuttaEZnoXREKXHFAZIHLIEHEEZ
LboTWRBNT, MYLHBNIA— 232 BATHAZES, 23
LWEBESB LRI EICHBNRIA—FYOELEDTAR 2R
TN SHRABREBMEELOVWTLARTHZ, T4bbaAR
NDERERVBREFTLZORRELOBAL RO LECERALEE
BEERBE L SHLEBRECONTRALYINERRTH S
3 AR EET S, CITHLYIBERRAOERCIZED
Eticlay 7V —F>"y > -—YNOLLSI1EMAL A
B FHERECEROE S X3,

(DEXRE, BREOXBAEIAB» S, AYCHHNTXA-F %
B THA L # <, |

(DA FEFPRENEERELELOBAOEMNTA - S DREER
D, TORBOEEN LB VWTHBNTI A - S 2 ZEABLED S &
ZOLEBLABTRIRFALHT T LU N MEHNELEROHE
PEH2, LELRENEEREZLOBEOEMNTI X —F - DR
EHRRDLNT WS AR BENIS X - HASLEETEAEAR
CEHEY, REMNEERELOLEOHBNIRA-—FRUZDE
EOMLY IV HEHNTELOHERD S, ILMFELCABCRE
MESRIBHILZ LA TEAVWH SR EXEORERY
AREHITED, LROFERIVZOLENDEBNIA - IR
VHEEROEE R 5.
(Hgmﬁmﬂﬁgﬁwﬁﬁ¢énﬁ®%m?‘ﬁ¢:§&\it

_15_
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Xy Y 2ElRE), EREOHEEREFADEL L bR WHET
BRENDHEZROEFBRANLELZEBENIA - SDEERD 3,
TR EDH LYV BMEF L CBATVWIHENS X -2 D%
®» 3. '
(O LEOLSELTRLRREHAT X - FOBER . RE
TDRARDOEBEH®RD 3. '
LROFHEEH-T., 59D R AREBRW 2B RERC3IBEREOD
ITRNEZREHLT, BFEWMEKD D054 7DAREE %L & &
BLTHEET 3,
(1) BREDHEEROEFBAL S &
(i) AFEDHEERDBEFIRIARL B &
5.2 S»HRAAB2RREBME
SORAE2BEERMED — BB i
1=hf(Xna+ath, yn"+b11k:)
2=hf(xnt+tazh, yn*+b21ki+bazkz2)
Yar1=yn*+c1 k1 ' (5.2)
yo+1*=yn*+wiki+weke
Thet = yner = yner®
BERELBRELOE22KZTCHTLOLELALE, 2050
RAENHEEESIDLRANTHME TEBIETable. TORIK %
TITH. BHEORBAHRLERTIMAT L INZ B
NRISRX=—SBES LWV, 1XREL3XREPLBRENS 5 0F 2%
DAXRDBHIZOWTHHAT 3.

Table.7  2BYHBGEDSHIAADTEME L 5t

R BRE | IDidA etk

IBRIX | 2BH2K| O | FhESFRECASREETHSZ LA Th
IBLIK | 2BH3&X| O |FAAESRERICHBIEETHS I LA THE
182K | 2B3R| X
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5.2.1 . 1XREL3XRELPLHBRING S DRAERAR

CHOD2BEODAAEDODRROEENRNI A - FIE. a1 DATHDH,
FRTCOBBEEMOER L > TRES RS, T CELHANE
&\ bee=ark ¢ 5 singly-diagonal ly B BB E (bii=bez=...=bss
THAHAIERBE) ODBERECODVWTEERET 5.

1 REL3REFABCRBENEETICL 220 0K E I

— | 2151/2 5.3
TH3 IORAZBAROBAARELTCG.3I)OBETHHOIE
EHEERACOBERNALE L DARSIEET 5. (ZDARDa
NEE. 2BRB3REBMEDOHEMAR Norsett2’db DERALT
HoEHE. XBRCEAREFR-> T VWL VWHTI I T2 "Norsett2™ &
LTs<L. )

Fig. 3l MMica: . BB Y IV NENELZROBEROEALR
Fr0. at[-1.0,10]0RECER S eRLE 0l REOHES
MASL3KREDHELERASDEOER. SHRAA2EFRBWE
EFWXZ2HB. 20RAEDHEAARN "Norsett2 " (ar. Ass) & EE
LT 2AERLRLDTD B, |

Fig. 32 A LTAROBHE 2 RDF ETHI.

(DHEERACRUACO BN X CEEIRELBE. T bbb
FHBRERZT 2L E30ain@EEAVSE, AR% % Fornulal "k F
3, | | |
O HEERACOBEBIEREIBRACLZBE>2HE. Thbba
HDEELT, 1/2cEwEEER AREE Fornulad" &+ 5,
Table. 8B RARDPDFEBRIY vy 727 X% 5RL., Table.ICHFAXARD
HHEE T,
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< - SRKREDOW E XK B —LOYGtva(Ass) : ‘
- ] o V ! B E=E
= g "
o 7 :
. i .
o) i} : Formula?
2 2 ,
| |
. ]
[]
# 34 '
4 - 1 X&E o E X — L OG1e ( Ai13) :
®o] \
F o3 :
w ° 1
£ ] \
o © !
(- ]
I 1
10 g“ :
c - L] 1 ) ¥ 1 1 1 1 1 T ¥ T 1 :
‘.{.00 -0.80 -0.60  -D.40  -0.20 = =-0.00  0.20 0.40
Al
Fig.3 zﬁﬁﬁiy)ilﬁiﬁa)ﬂﬁm’?i‘é‘lﬁﬂ)”ﬁm
Table. 8 ERXAROBHZFY v 27 2
Norsett?2
(3+4°3)/6 (3+47°3)/6 0
(3-43)/6 -4'3/3 (3+47°3)/3
1 0
1/2 1/2
Formulal Formulaz
13/20 13/20 0 11/20 11/20 0
-1/18 -127/1890 13/20 -7/6 -103/60 11/20
1 0 1 0
100/127 27/127 100/103 3/103
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Table.9 BARFEHEE

A HE/NT A —Fa Ais Ass

Norsett2 (3+43)/3 8. 33333d-02 1. 61206d-02
Formulal 0. 6500 2. 25000d-02 2. 05029d-02
Formula2 0. 5500 2.50000d-03 7.32863d-02

5.3 IO RAAEIBREERNE
DHORAABIEBERYEYENED — B L.
ki=hf(xn+ath, yn"+b11k1)

EXRELERELOE2 2RI THFLOL Lin b %,
AEOHEE L TOTMBEBER U EEHIETable. 100 iz % 2
T, WHFEORRREMER*

]

k2=hf (xn+tazh, yn"+b21ki+baz2kz)

ka=hf (xnt+tash, yn"+bsiki+bsz2ka+bsasks)

yar1=ya"+tc1kt (+cakz)

Y+1*=yn " +Wwi1ki+weke+waks

Tha+1 = Yos1 - yaer®

°

DDRAENDARDEHRITOWTHEHHT 3,

Table. 10 3B S WAADTHE L 256

ERE | &KE | SoidA Ttk
1B 1K | SEHBK| O |Mbur el Bmasechs o & ik
\BE2K | 3EBBK| O |MrerircBeechs o & ik
1 BB2K | 3SEHAK| O AR ATTE 2 7o S BRESET
PRtk ey
2EB2K | SBBSK| O | 3%h BLE. 2UET
N
282K | 3BmAK| O BrE. 20uET
* R R 28 e 20
2BBK | 3BBAK| X
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5.3.1 2BR2RELIBHAXREFPLMREAD >ORAE
N

CH3BERIDEAAEDHENT A — Fldar,a:THD. (4.3)F
) 3BRBAREFRBUNEEC LR OOBENT A — 2 0% #Ii
[-1.0,1.5]1 & B T X

a1z 0.789 az = 0.5 (5.5)
THY, TDEEDa,a:: T2RB2REBAREER L 3,

TG ONRATAREDH Y VM EHTEL AH BN @
FLBLEDa,NEERD., TREAVTAR (AREE For-
nulal" b §3) 2MEL. 2A3BRARERNEOBAAR BT
REBWEETDH B "Cooper&Sayfy” &, singly—diagonallyiﬁﬁiﬂ‘lifﬂ)
BAART CREMNEETH 5 "Norsettl"® 2R Fh 2 &z L T,
AR (ARBRHEBALARZLAL) 2ARLA 2hKEAXR
PEEAVWLELUAOBREZ L OAROEE O TR & F 3,

Fig. Mz M B icar, B icack £ 9. 2R ZA[0.51.5],[0.0,1.0
IO RETED SR L ENDARENT LY VM EHNEEL A S
ERE SORAEFRBEWEECLI LI LK LE0ARD

(21,2)2 BB 42 A% RLTWVE, (ZE®OS Sk 5.0,1.0

,2.0E-1,1.0E-1,9.0E-2,8.0E-2,7.0E-2,6.7E-2,6.5E-2)

Fig. 5l M Ca:, BMiCack D, £ £ [0.51.5],[0.0,1.0
INEBEATEHI L LEN2REDITHLUVBEHEER A F
ERN COHLRAEFRBMEELLZS IS LZHEABE LXOAAD
(a1,a2) 2 BEE LT 52 HZ2RLTWVWE, (ZF80E 3. 3.0,2.0
,1.0,8.0E-1,6.0E-1,4.0E-1,3.0E-1,2.0E-1,1.0E-2,6.0E-2,4.0E-2
,2.0E-2,9.0E-3)

Fig.4,Fig. 5k 9. AP KRNV BL L LLXVWHEATAsH D5
EERIFLEZESZIILAAN (AXEL % "Formula2"t ¥5) %
L, Table. lICERRNDBEHE MY v 72 X %2R L. Table.12iC

_2 0_
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ERAOFHEEEZFT.

Table.1l HFERXADFEHEIFY v 7 R

Formulal
1.04770591 1.04770591 0. 0.
0.5 -0.61367157 1.11367157 0.
-0.04770591 2.09541182 -3.19082364 1.04770591
0. 1.0 0.
“ 0.13889733 0.72220533 0.13889733
Formula2
133/100 133/100 0 | 0
1/2 -5400/18167 28967/36334 0
-33/100 133/50 -108/25 133/100
0 | 1 ©
.1 1250/20667 18167/20667 1250/20667
Cooper&Sayfy - v
1. 1 | 0 - 0
1/2 -3/4 5/4 0
0 2 3 1
0 1 0
Norsettl 1/6 - 2/3 1/6
r r -0 0
1/2 (1-2r) /2 | r 0
i-r 2r 1-4r » | r
0 1 0

(2r(r-1))/(2r-1) (6r-1)/(6r (2r-1)) (2r (r-1))/(2r-1)
7L o= 1/2 + (F3cos(z /18)/3)T & 3.

_.2 1_



Table. 12 #ASK0SHHE

NG ay d2 Azs Ays
Formulal 1.0477 | 0.5000 |6.56329d-02 | 6.57892d-02
Formula2 L%m/ 0.5000 | 2.84284d-02 | 9. 96854d-02
Cooper&Sayfy | 1.0000 | 0.5000 | 8.68055d-02 | 6.77505d-02
Norsettl 1.0686 | 0.5000 |5.93115d-02 | 6. 60673d-02
.50 0.50  0.70 0.80 0.0  1.00  1.10 | 1.20  1.30  1.40
. Al
Fig.4 SBRIDABRAENDRERELITHUYNIREOBREI

(AXEDHEERA LB ITIZTHRE)
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3.0 2.0

1.0

8E-1

4E-1

2E-1

///////’/,,,———"""___—— Ig-l
”y/o/// N°r58tti/,,,_————FormuiaZ"'
’,4/’i————_—_—_______________-—

2E-2
177 7 ,
Cooper&Sayfy Formulal " 9E-3

0.00

" .00
Rl

Fig.5 IRMIVRAIENERER LT LI REORFEH L
(2REDHEZERAHCRTIEARE)
HEXBR ,
HEITREELALZIDRZ2EBAACHLT, BHEZRIFZW
%

LRUZZHEEFNPREBLEB I DA TWEI HPEI L ERET S

DRRDBEEBREB I Lo .
yi1' = -{200.8y1-399.6y2+4e22x(2y1+y2)2}/5
y2' = -{-399.6y1+800. 2ye+2€®2x (2y1+y2)2) /5

y1(0)=2 y2(0)=1 v
‘ MAaE H=10.01 BMHoyXmE [0.0,2.0]

_23_



Table. 13 2BH > 0RABARIC L I REERER 27 L.

Ta

ble. M AAR K2 BREROE—X T v 7 BT RELBEXRE

NBREBROEEREZEZ T,
CErBERXRBERZFL.

Z 2Table. 153 BE I HDEAERN
‘Table. l6lCAARNIC L 2 HEHRNE —

ZFvTEBHIARAELBEREODHEROEERZE R T,

71

Table. 13 2BRIOAAERANIC I ZBEERRSER

A% BT v 7ORE | BRIXAT vy TDORE - BRRE
oy T fiseibtte | O BSSEARAEE | b IR
FORMULA1 Y1 0.48420557230d-04 | 0.55582122875d-06 | 0.85066755261d-04
: ¥z 0.24210278615d-04 | 0.27791061438d-06 | 0.42533377631d-04
FORMULAZ v | - Ta3danioatd-0d | §: 3430605320000 | B B3Ta31840

Tmn44%—x%vrtzﬁéﬁéﬁﬁ(Z&ﬁﬁwﬁﬁﬂﬁﬂwﬁé)

/N EREDRE KRENHAE HERE

STy |G ARt |G MM | O MR

ROy BR[O ARERR | b A

FORMULAZ 31 | - 132480401 | 0 4330440 | §: A4%40geaces

Table.15 3BEIOAABARICL I BEERSER

YN E—XTvTDRE | BRAT v TDORE BAAE
FORMULAL - wi | - 1236200460004 | 0: 431213873840 | §: 1408048458140
FORMULA2 Y1 0.13520464274d-04 | 0.11756535687d-06 | 0.22345026468d-04

¥z 0.67602321371d-05 | 0.58782678437d-07 | 0.11172513234d-04
COOPERSSAYRY 31 | §. 13934Bl078d-04 | 0 1086311384008 | B RU4RMRAALNA
NORSETTL yi | - I30PRARCHRA0E | §: 193722300408 | B HAR#ARTRN8AA

Table. 16 B—RF v 7IcBIT2AZ#HE (3BRES DRABARNBHE)

AN BREDRE | EKRKEORE HEARE
FORMILAL 9y |0 34200408 | B ARHbG3EDE | B BafealBi s
FORMILAZ.— v | B biaetdsachs | 265800403 | B 2002030
COOPERSSAMEY 3. | b BRERAD | B3dTs0E | B 3H1AREHS
NORSETTL i | b RARseacd | B MBI | B MARSRAEHS

_2 4.
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7. BbHIC
FrSBEHR2S-1XREI THI32BESREL3IBRSRERS
WT i, AZEBRERBMRERIZTELEATH2 L WS A3,
o THFELECHEBCRVEEBEZLO L WL 3K 33,
ARETHIARTHBEE R B, ToMBESrEHME I L -
TIEEMTEZLEVNS I L 2MBLLTVWEH, FEBEIFBE
METRAA2BED2BEASL< L2, BHMBECLIENOHN
EFB<LBEWI I LHFFELLNE, —F REMWEETHBIA
RATHMEZ BB AL, ARETHIAROBENL S 2 REBM
EANOEBRO RO AA2BOHBEELZLERLWTHS 5. L
PLERCEXNLEISIECE®NRunge -KuttaETE., 1 X7
y 7T LRk ERDILEDERBELZAVCZOBIFRBIER
PELRELLTE. TORBANRT IO RAZ2BORCE F I
HEEEOHBA VL Z L CEBL AW AEL 5%\,
I OWATHEELLSORABEARBEEREERS LR DT
T OVRECHLIBECEAT W AR IRIBLAL D - %7
BEEANIA-SFS0BEDIDRIBAROBBEB W T Ik T
LBUNREOBAPLOBRBELFF ViR WA, ZEEICIZEHNS
A— P DEEPENERESETL, HLbUNHEHNEERDEIRD
T ODEHL LW,
BREEBOEREP LD FELAZRETCHLTELPLZ DRV
BERLTWEH, StitMBECALIBANTABLEASL LB L
BHEOEMEINZAZRENDIL LB I LHBED 5.
FERAZSEFELL2AREZAVWCHERBSLiIfIMELCIALTE
DLEARNLTBREY 7272 70RRE2AATWVWEY., $#BEFZID
FRALARKENTHERSAREEDRERS Ny -V THS
K.Burrage, J.C.Butcher, F.H.Chipmanic X 2 S TR I DE (1979)’(’
«S.P.Nors.ett,P.G.Thomsen&:i 5 SIMPLE(1984)F LD BER

L)
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