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Abstract

An explicit formula for the number of n-variable “clique functions” is given, which
- contain “bad” parameters related to the numbers of certain monotone functions. We
compute the number of n-variable clique functions for up to n = 7 through the evaluation

of the parameters.
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1. Introduction

Let E = {0,1}. A Boolean functions f : E™ — E is called a clique function if it satisfies
the following condition (1):

if f(z1,...,24) = f(y1,...,¥n) = 1 then z; = y; = 1 for some 3. (1)

If a; = b; = 1 then the vectors a _ ay-+-a, and b = by - -+ b, are said to be intersecting
at the i-th coordinate. By taking as vertices the vectors @ such that f(z) = 1, and
connecting every pair of intersecting vectors by an edge, we obtain a “complete graph”
or a “clique” in the graph theoretical terminology, under the above-mentioned condition
(1). This is why we use the word “clique” for such a function.

The set of clique functions has been investigated in several papers: it is known to be a
submaximal set of functions in the ordinary Post algebra [Pos21], and it is a maximal set
in some modified Post algebra (cf. [Ibu68,KaF78 Noz82, MSHMF88]). It appears also
in the universal algebra where the functional constructions are studied from algebraic

standpoint [Ber83].

We are interested in counting the number of clique functions with n variables, since
it has been paid no attention so far. It is deeply related to the number of monotone
functions with n variables (the famous Dedekind’s problem [Ded97]), on which there
are a number of investigations [Kle69,Kor81,Hro85]. ’

In Section 3 we give a formula for the number of n-variable clique functions. Although
the formula is an explicit one, it contains a series of “bad” parameters related to the
number of certain monotone functions. In Section 4 we give an efficient algorithm to

evaluate the parameters, and determine the numbers of clique functions for up ton = 7.

2. Definitions and Notations

The set of n-variable clique functions is denoted by N(n). The set of n-variable mono-
tone (increasing) functions is denoted by M (n), which is defined by

M(n) = {f|f(z1, .-, Tn) < f(Y1, -y Yn) if z; < y; for all 7},
Let cp and ¢; be the constant-valued functions of n-variables assuming the values 0 and
1, respectively (we allow to write ¢o and ¢; regardless of the number of its variables).

For a set F' we denote the number of its elements by |F|.
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Leta=ay---a,, b=25b,---b, € E™. We denote @ < b ifa; < b; forall i, 1 <i < n.
For each vector a we define lower shadow S~(a) := {blb < a} and upper shadow
S*(a) := {bla X b}. Finally we set St(A) := U,caS5"(a) and S7(A) := U,caS™ (a).

For a function f, a 0-point (or 1-point) of f is a vector & such that f(x) = 0 (or
f(®) = 1, respectively). Let us denote the set of 1 -poz'nté and the set of 0-points of
f by Iy := {a|f(a) = 1} and Oy := {a|f(a) = 0}, respectively. Now define two sets
of extremum points: the set of mazimum 0-points, denoted by O}F (which is the set
{a|f(a) =0 and f(b) =1 for all b € S*(a)\ {a}}) and the set of minimum 1-points, |
denoted by Iy (which is the set {a|f(a) =1 f(b) = 0 for all b € S~(a)\ {a}}). The
set of minimum 1-points for the function ¢g and the set of maximum 0-points for the
function ¢; are defined to be empty.

Let A ={ay,...,a:} be a set of k points. We call A incomparable if each two points
a; and a; are incomparable, i.e. a; 2 a; for any distinct suffices : and j. A singleton
set {a} is incomparable. The set A is called intersecting if every pair of elements
are intersecting. A singleton set {a} is intersecting except when @ = o. Thus every

singleton set is incomparable and intersecting except when a = o.

Lemma 2.1. Let A ={a1,...,a;} be a set of m pbz'nts and Ot = A (or Iy = A) fora
function f € P. Then A is incomparable. Conversely, for any incomparable set A there

exists a function f such that O‘fF = A and a function f' such that I, = A.
Proof. Obvious. O

Corollary 2.1. For any incomparable set A there ezists a uniqgue monotone function

f € M such that O;’ = A and o unique monotone function f' € M such that I = A.

3. The number of n-variable clique functions

Let E" be the t-th layer of the cube E™, i.e. E} = {a € E™|w(a) = t}, where w(a)
denote the number of 1’s in a. For n even let E}/y ., denote the upper hdlf of the
mid-layer, i.e. {ala = la;...a, and w(a) =n/2}. Let E* denote the lower half of the
cube which is defined by E” = {a € uﬁ’;/(;"]E? \ E }. The upper half of the cube

nf2:upper
E% is also defined by E} = E" \ E™.

Lemma 3.1. Let f be a Boolean function. If Iy C E}, then f € N.
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Proof. Consider @ = a;---a, and b = b;---b, such that f(a) = f(b) = 1. Then
a,b e I; C E}. Hence w(a) > n/2 and w(b) > n/2. If w(a) > n/2 or w(b) > n/2 then
a A b # o is obvious. In the case w(a) = w(b) =n/2 we have a Ab = 1c,...c, # 0 by
definition of E}. O

Lemma 3.2. If a Ab # o then a’ Ab' # o for any a € St(a) and any b € ST(b).
Proof. Obvious. O
Lemma 3.3. [faAb=o0 thena<b and b < @.

Proof. Obvious. O

In the sequel we need special subsets of menotone clique functions defined as follows.
Q(n):={fIf e MNN and I; C E*} and Q,(n) := {f € Q(n)||I;| =r}.
Note that Q(n) = Qo(n) U @1(n) U ---Qn(n), where m is the maximum number of
the elements of the sets of minimum 1-points for all f satisfying Iy C E”. We will

determine m later.

Consider f € Q.(n). Define eztended shadow of f by
X = A{S*I)\IFYU{ER\ S(I7)},
where E is the complement of I, i.e. Tf: ={ale € I; }.
Lemma 3.4. For any f € Q(n) and any AC Xy, if AUI; =1, then g€ N.

Proof. We must show a’ A b’ # o for any a,b € AU I7. There are three possibilities.
1) a,b € E} then a’ A b’ # o by Lemma 3.1.
2) a,b € E™ then @’ A b’ # o by Lemma 3.2.
3)a€ E", bec E}. Assume a Ab=o0. Then by Lemma 3.3

b=a. (2)
Since a € E” there is ¢ € I} such that ¢ < a. Therefore

C. ‘ (3)

a

A

From (2) and (3) follows

o
A
o

I
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Thus b € 5“(ff:), hence b ¢ X;. This means b ¢ A. Since b ¢ I; (because b € EY),
we haveb ¢ AU I;. A contradiction. O

Lemma 3.5. For f € Q,(n) set D(f) :={g € N|I; N E" = I;}. Then
DU =27

Proof. Consider extended shadow X;. By Lemma 3.4 D(f) is the set of all functions
constructed by choosing arbitrary values (0 or 1) for @ € X; and setting value 1 for any
a € I;. From this follows |D(f)| = 2*sl. Since X; = {STIH\I;YU{EL\ S'(-I?)}
and S*(I7)N S‘(Tf:) = ¢, in view of the symmetry we have |S*(I;)| = IS‘(T;—)I, and
finally | X;| = |E}| - |If|=2""~r. O

We are going to count the number of n-ary clique functions in a systematic way by

partitioning them into the following m +1 classes according to the size of I; N E”: class

r is the set of clique functions f such that
Iy NEZ| =r.
Thus we have the following equality.

Lemma 3.6.
IN(n)| = 22"7" 422" 37 |Q,(n) |27,
r=1

where m = maz seq, ()| I5 |-

Proof. 1) Case |I; N E*| = 0. The number of clique functions is 22" by Lemma,
3.1. 2) Case |I; N E?| = i. For each function g € Q,(n) we have 22" 7= clique
functions f which satisfies IIf_ NE"| = r and I N E" = I;. Hence the number of
clique functions satisfying |I; N E™| =r is 22"7'=m 1Q,(n)|22" 7' ~". Therefore we have
IN(r)| =227 + |@u(n)2" 7 ! + -+ + |Qu(n) |27 ™. O

Now we determine the number m.

We introduce a notation. For a subset A C E7 of ¢-th layer we denote the subsets of

its shadow that are included in ¢ + 1-th and ¢t — 1-th layer, respectively, by
St(A) = E},, nS*(A),
S71(A):= E, nS™(A).

We have the following lemma.
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Lemma 3.7. For AC E}, 1<t < |n/2] holds
|+ (A)] > 1Al

Proof. cf. [Kor81, Lemma 1.1, p.9]. Note that we have strict inequality in above case.
5 ,

n/2dower OtheTwise, then

Lemma 3.8. For f € Q(n), if I; € Ef, /5 for n odd or Iy € E}

E" n odd
: e i - [n/2]
there is g € Q(n) such that |I;| > |I;| and I, C { ¥ dower Otheruise °

Proof. We consider two cases n odd and n even separately.
| 1) n odd. Let ¢; be the lowest layer which contain at least one minimum 1-point of
f, l.e.
EtNI; #¢and EPNI; =¢fort <ty
If t; = |n/2] then we are done. Now t; < |n/2|. Consider 4 := ST!(E} N I;). The
following properties hold for A.

1. Iy N A # ¢ (by Lemma 3.2).

2. a and b are intersecting for any a,b € A (by Lemma 3.1).

3. For any a,b such that a € A and b € I; \ E} a and b are intersecting because
for a there is @’ € I; N E}; such that a’ X a and a’ A b # o. Hence we have a A b # o
by Lemma 3.1. Therefore the set (I; \ (E NI;))U A is intersecting and incomparable.
Hence there is fi € Q(n) such that I}, = (I; \ E})U A. By Lemma 3.7

[A] = [STY(EZ N I7)| < |EL N I7|.

Therefore
51 > 7]

This procedure of constructing f; from f (lifting of minimum 1-points) can be re-
peated until the whole set of minimum l—pointé goes into Ef /. This last function is
the function g we need.

2) n even. The above procedure of lifting minimum 1-points still works up to Ey/,_;
in this case, too. However, we have just one half of E},,. So lifting to E,/; directly

“doesn’t work. Now consider a function f' such that

I;y=AUB, ACE},  and BC E}

nf2:lower*
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It is easy to see that BN St!(A) = ¢. Let S*1(4) = V, U V-, where
V, C E V. C Er

n/2:uppers n/2:lower

The following properties hold.

1 _V: c E:/?:lower?
2. V.nB = ¢

3. V,nB = b,

4. V.nV. = é.

The properties 1 and 2 are obvious.
3. Assume that there is a vector @ in V, N B. We have a € B and @ € V,.. There ‘
is @’ € A such that a’ < @. Since fora € B and a’ € A we haveaAa’ = o: a
contradiction. |
4. Assume that there exists a € V, N V_. We have a € V_ and @ € V,,. There are
a’,a” € A such that @’ < a and a”" < @. Sincea A@ = o, we have a’ Aa” = 0. A
contradiction.

Now using properties 1-4 and Lemma 3.7, we obtain
7] = |Al + [B] < [STHA)| + B] = Vi | + [V_| + |B| = [Vi| + [V_| + |B|

<

Z/2:lowerl‘
Therefore for the function g € Q(n) defined by I := V, UV_U B (it is easy to check
that g € Q(n)) we have |I7| > |I5]. O

Here we need a lemma from a result in [Kat68] which is a special case of an Erdos-

problem concerning a set of finite sets.
Lemma 3.9. Assume that n is even and C C En,. If [C| < ';‘ (n72> then

. 1 -1
|S~HC)| > |C| where the equality holds only when |C| = 2 ( (nn— 1)/2 )

Proof. Our lemma is a direct consequence of [Kat68, Lemma 7, p. 205, eq. (67)]. O

We are to determine m the maximal possible number of minimum 1-points for f
where f runs through @Q(n). From Lemma 3.8 the number of elements of a maximum
intersecting set in the top layer of E™ gives it. This is determined by the following

theorem.
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Theorem 3.1. The number of elements of a mazimum intersecting set in E™ is

"= Ln,ézj '(Lr:;zj )

Proof. We separate two cases. 1) n even. We are to find a maximal intersecting subset

of the top layer of E": E, /2o, It is easy to see that E,/siouer itself is such a set.

Indeed, for each a € E,/2.4ouer we have w(a) = n/2 and a begins with a leading 0, i.e.

a = 0a;...a,. Hence each pair in E, /34y, is intersecting. Thus m = % ( n72 )

2) n odd. We show that the set of all points in Ef,,_,/, having a common intersecting
coordinate ¢ is a maximal intersecting set, where ¢ may be any of 1 < ¢ < n. To
show this assume that a maximal intersecting set C is divided into two subsets by
the first bit, i.e. C = 14 + 0B, where A := {ala = a;---a, and laz---a, € C}
and B := {blb = b3---b, and 0b;---b, € C}. Thus A and B are subsets of E"!
and B is intersecting. Further, each pair of n — 1-vectors, one from A and the other
from B, is intersecting (*). Now the sets 0A and 1B are subsets of Efi1y/2- Furthér,
S-1(1B) = 0B + 157!(B) and obviously 0B and 157!(B) are subsets of Ef_1)j2- We
separate two cases.

2.1) A= E™'. We show that a ¢ A for each a € S71(B). Assume a € A for some
a € S~Y(B). Then there is a’ € B such that a’ > a. That is, a’ € B, and this means
a A a’ # o from the above-mentioned property (), but this is a contradiction. Since A
contains all n — 1-vectors, B should be empty.

2.2) A # E™'. We may assume that B is not empty. We have

BI< 3 ( (nn——_l)l/Z ) '
Because, otherwise we have some b € E(”n'_ll) /2 such that b,b € B which contradicts
that B is an intersecting set. Then from Lemma 3.9 we have |S™}(B)| > |B| (note
that |B|] = |B|). Then obviously D := 14 + 1S~Y(B) is intersecting and |D| > |C]|.
From maximality of C we have |C| = |D|, that is D is also maximal. Then D must
contain all vectors with the leading bit 1 (otherwise D can be extended to such a set,
contradicting maximality of D), i.e. D = {lala € E™!, w(a) = (n — 3)/2}. Hence we

have m = ( (n"_'?,\; 1 )

Combining the results of cases 1) and 2) we obtain the formula for m, which is

indicated in the theorem. O
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Let k(r,n) := |Q.(n)|, i.e. k(r,n) is the number of sets {a,...,a,| a; and a; are
intersecting and incomparable in E”}. By definition we set k(0,n) := 1. From Lemma

3.6 and Theorem 3.1 we have

Theorem 3.2. ,
|N(n)| = 22" =™ . 3" 2™ . k(r,n),

r=0

where m = L’%EJ_ ( " )

Note that the values k(r,n) can be known for some r through combinatorial consider-

ations: k(0,n) =1, k(1,n) = 21 —1,k(2,n) = (1/2) L&/ ( Y ) (2t —1) (2t —

n

2)+(1+(-1)")/2 ( n/2 ) (2/?71-1)(2"/2~2) and k(m,n) = 1 for n even and = n for n
odd.

4. Algorithm for enumerating Q. (n)

We are to count the numbers of elements of Q.(n) for r = 1,...,m. We conveniently
represent the cube E™! by the set of 2"~ integers {0,...,2"! — 1} represented by
usual binary number system, where each integer 0 < k < 2" ! — 1 corresponds to a
vector in E™"!. We generate each r-subset (subsets containing r elements) of the set
{1,2,...,2" 1~ 1} for 1 < r < m-and check whether it is incomparable and intersecting
(we delete the pointo =0-- .0 from our consideration since no subset is intersecting if it
contains 0). In view of the following “saturation” property which both incomparability
and intersection obey, lexicographi‘c enumeration of all subsets of {1, ...,2""1} is efficient
since we can use “cut” of enumeration (cf. [StM88]):

if {ay,...,a,_1} is not intersecting (incomparable), then

{ai,...,a,-1,a,} is not intersecting (incomparable).

In the sequel, we assume that each r-subset is represented as a sequence a;aq;...q,
where1 <a; < ... < a, <2™1, Recall the definition of lexicographic order of subsets.
For two subsets a = (ay,...,a,) and b = (by,...,b,), a < b is satisfied if and only if
there exists ¢ (1 <7 < ¢) such that a; = b; for 1 < j < i and either a; < bjorp=1—1.
This order has an important property that enables efficient enumeration of all subsets

having the above-mentioned property.
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The lexicographic enumeration of subsets (cf. [NiW78]) goes in the following manner

(for example, let n = 3):

1,12, 123,
13,

2, 23,

3.

Determination of the next subset is executed in two phases. The enumeration is in
“extend” phase when it goes from “left” to “right” staying in a row. If the last element
of a subset reaches 2"~! —1 then the algorithm shifts to the next row. We call this phase
“reduce” phase. Besides these two phases we will use in the algorithm below another
phase called “cut” phase. This phase will be used when the algorithm goes from some
subset to another subset in a lower row (not necessarily in the subsequent row), skipping
several subsets.

The “cut” occurs in our algorithm either when r-subset is not incofnparable or not
intersecting or when the number r of the elements in a subset is greater than m. The
last case can be conveniently implemented in the extend phase, since r increases only
in this phase. It is easy to see that each subset containing 2! for i = 0,...,n — 1 is
comparable if it is intersecting, hence we can skip these subsets. However, it is not
efficient to insert a check of 2¢ in the algorithm. It is sufficient to start our enumeration
from 2 skipping 2° = 1.

In PASCAL-like notation we present the algorithm for eknumerating all r-subsets of .
E™1 (1 <r < m) that are incomparable and intersecting (cf. [StM88]). Every r-subset
of {2,...,2""! — 1} is represented in the algorithm below by a sequence ji,...,J,, 1<
r<m, 2<5<...<j <211,

Note that the singleton set {1} and {2"~! — 1} is never checked in this algorithm, so
the obtained k(1,n) should be increased by 2 after the algorithm. The incomparability

and intersection of ji,...,J, can be checked easily (it requires at most r incomparabil-
ity and intersection checks assuming inductively that j,..., j,—1 is incomparable and
intersecting).

10
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Fig. 1. Lexicographic enumeration of Q(r,n) forr =1,...m “
begin ,
read(m,n); r :=1; j, 1= 2;
repeat
if j1,...,J, is incomparable and intersecting then
begin

print out jy,...,7,; ,

if j, < 2" ! — 1 then extend else reduce;

end

else cut;
until j; =271 -1

end;
extend= begin if r < m then { j,4; :=j, + 1;r:=r +1 } else j, := j, + 1 end,;
reduce= begin r :=r — 1;j, := 5, + 1 end;
cut= if j, < 2" — 1 then j, := j, + 1 else reduce.

We have enumerated all incomparable and intersecting sets for n = 6, 7. The compu-
tation time needed for n = 7 case is 7 minutes by a computer FACOM MT780 (executing
about 30 MIPS).

The data in Table 1 is obtained by this algorithm (up to n = 5 one can calculate by

hands). We give the numbers of n-variable clique functions |N(n)| in Table 2.

5. Concluding discussions

We have shown that the formula given in Theorem 2 reduces the calculation of |[N(n)]
to the enumeration of the numbers k(0,n),. .., k(m,n) which are now feasible for small
numbers of n (up to < 7).

Define a graph G (called intersection graph) by setting: the set of vertices := E™\
0---0 and the set of edges := two vertices @ and b are connected if and only if @ and
b are intersecting. We show G for n = 3 in Fig. 2. Then the number |N(n)| equals
the number of cliques of G, that is the sum of the numbers of 0-cliques, 1-cliques, 2-
cliques,. .., and m-cliques (the size of a maximal clique in the intersection graph G is
denoted by m as in Theorem 1). | |

For the dual “clique” functions

11
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N'={flif f(z1,...,2n) = f(¥1,---,yn) = O then z; = y; = 0 for some i},
we have the same result because of duality.

We may investigate relations of the set of clique functions and the set of monotone
functions. This may help us to understand both problems which remain now as difficult
enumeration problems.

Acknowledgments. We are indebted to Professors T. Hikita and H. Machida for many stimulating
discussions. - We also acknowledge the institutions of the authors whose support made this jointwork
possible.

O-clique  (empty set) - 1

1-cliques (vertices) 7
2-cliques (edges) 15
3-cliques (As) 13
4-cliques (®s) 4
INB)I= 40

Fig. 2. Intersection graph for n = 3.

12
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Table 1. Numbers of k(r,n)

Table 2. Numbers of clique functions N(n)

N(1) = 2
N(2) = 6
N(3) = 40
N(4) = 1,376
N(5) = 1,314,816
N(6) = 912,818, 962, 432
N(7) = 291,201,248, 266,450, 683, 035, 648

13

1 n=2 n=3 n=4 n=5 n=6 n=n=7

0 m=1 m=1 m=3 m=4 m=10 m = 15

r\ k(r,1) k(r,2) k(r,3) k(r,4) k(r,5) k(r,6) k(r,7)
0 1 1 1 1 1 1 ' 1
1 1 3 7 15 31 63
2 3 30 195 1,050
-3 1 30 605 9,030
4 5 780 41,545
5 543 118,629
6 300 233,821
7 135 329, 205
8 45 327,915
9 10 224,280
10 1 100,716
11 29,337
12 5,950
13 910
14 105
15 7



315

References

[Ber83] Berman J., Free spectra of 3-element algebras, Universal Algebra and Lattice Theory (R.S. Freese
and O.C. Garcia eds.), Springer, 1983, Lecture Notes in Mathematics 1004, 10-53.

[Ded97} Dedekind R., Uber Zerlegungen von Zahlen durch ihre grossten gemeinsamen Teiler. - Festschrift
der Technischen Hochschule ze Braunschweig bei Gelegenheit der 69. Versammlung Deutscher
Naturforscher und Arzte, 1897, 1-40 (also Dedekind R., Gesammelte Mathematische Werke,
Zweiter Band, Braunschweig, 1931, 103-143).

[Kor81] Korshunov A.D., On the number of monotone Boolean functions (Russian), Problemy kibernetiki,
38 (1981) 5-109.

[Hro85] Hromkovic J., On the number of monotone functions from two—va.lued logic to k-valued logic,
Kybernetika, 21 (1985) 3, 229-234.

[Tbu68] Ibuki K., “A study of universal logical elements” (Japanese), Res. of Institute of Electrocommu-
nications, no. 3747, 1968, pp. 1-144.

[KaF78] Karunanithi S. and Friedman A. D., Some new types of logical completeness, JEFE Trans.
Comput., C-27 (1978), 998-1005.

[Kat68] Katona G., A theorem of finite sets, Theory of Graphs (Proceedings of the colloquium held at
Tihany) (P. Erdds and G. Katona eds), Academic Press and Hungarian Academy of Sciences,
Budapest, 1968, 187-207.

[Kle69] Kleitman D., On Dedekind’s problem: the number of monotone Boolean functions, Proc. Amer.
Math. Soc., 21 (1969) 677-682.

[Pos21] Post E.L., “Introduction to a general theory of elementary propositions”, Amer. J. Math., 43
(1921) 163-185.

[MSHMF88] Miyakawa M., Stojmenovi¢ 1., Hikita T., Machida H., Freivalds R., Sheffer and symmetric
Sheffer Boolean functlons under several compositions, Journal of Information Processing and
Cybernetics, to appear.

[NiW78] Nijenhuis A. and Wilf H.S., Combinatorial Algorithms, 2nd ed., Academic Press, New York,
1978. '

[Noz82] Nozaki A., Completeness of logical gates based on sequential circuits (in Japanese), Trans. IECE
Japan, J65-D (1982) 171-178.

[StM88] Stojmenovié¢ I. and Miyakawa M., Application of a subset generating algorithm to base enumer-
ation, knapsack and minimal covering problems, The Computer Journal, 31 (1988) 1, 65-70.

14



