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1. Introduction

The purpose of this paper is to develop part of functional analysis concerned with
fixed point theorems within a relatively weak sﬁbsystem of second-order arithmetic,
known as WKLg. The interest of WKLg has been well established through ongoing
program, called Reverse Mathematics, whose ultimate goal is to answer the following
question: What set ezistence azioms are needed to prove the theorems of ordinary
mathematics? For information on the program, see [6], [7], [15], [16].

We here briefly describe fhe system WKL and two other related systems RCA,,
ACA,. RCA, is the system of recursive comprehension and %9 induction. This is the
weakest system we shall consider, but is still strong enough to develop some basic

theory of continuous functions and countable algebras. The system WKLq consists



of RCA, plus the weak Konig’s lemma: every infinite tree of sequences of 0’s and

1’s has an infinite path. The first-order part of WKLy is the same as that of RCAg,

but WKL, proves many important theorems which are not provable in RCA,, e.g.,
the Heine-Borel theorem. From the viewpoint of the traditional proof theory, both
RCA, and WKL, are as weak as Primitive Recursive Arithmetic, which is regarded
as a formal system suited for Hilbert’s finitism to a great extent. The third system
ACA, consists of RCA, plus the arithmetical comprehension axiom. This system is

strictly stronger than WKLy, and its first-order part is just Peano arithmetic.

In this paper, we discuss several forms of fixed point theorems and their applica-

tions within WKLg. A topological space X is said to possess the fized point property
if every continuous function f : X — X has a point z € X such that f(z) = z. An
elementary argument in RCA, shows that the unit interval [0, 1] has the fixed point
property. However, it is not provable within RCA, that [0, 1]? (or the closed unit disc)
has the fixed point property. We indeed sho‘w that this statement is equivalent to
WKLy over RCAgy. A general assertion of Brouwer’s theorem is that every nonempty
compact convex subset C of R" has the fixed point property. We prove this asser-
tion within WKL, provided that the set C' can be expressed as the completion of a
countable subset of Q™ as well as that the complement of C' is expressed as the union
of (a sequence of) basic open sets. In fact, the assertion with the same proviso can
be proved in RCA,, since if the compact set C contains two or more points, the line
segment connecting two distinct points in C must be coinpact, which implies WKLy,
and otherwise the assertion is trivial. We then extend Brouwer’s theorem to its infi-
nite dimensional analogue (the Tychonoﬁ'—Scahuder theorem for RV) by adapting Ky

Fan’s technique based on the Knaster-Kuratowski-Mazurkiewicz theorem (see [5]).
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As an application of the fixed point theorem for RN, we prove the Cauchy-Peano
theorem for ordinary differential equations within WKLy, which was first shown by
Simpson [14] without reference to the fixed point theorem.

We next discuss the Markov-Kakutani fixed point theorem which asserts the ex-
istence of a common fixed point for certain families of affine mappings. “While the
original proof due to Markov depended on Tychonoff’s theorem, Kakutani [11] gave
a direct proof. We é,dapt Kakutani’s proof for RCA,y. Kakutani [11] also proved
that the Markov-Kakutani theorem implies the Hahn-Banach theorem. We use his
technique to reprove the Hahn-Banach theorem for separable Banach spaces within
WKLy, which was first shown in a direct but somewhat unnatural way by Brown and
Simpson [3].

In section 2, we define the formal systems RCAy, WKLy and ACA,. Section 3 is
devoted to the development of basic concepts of real analysis. In section 4, we discuss
uniform continuity and integration. In section 5, we investigate what set existence
axioms are needed to prove some variants of Brouwer’s fixed point theorems. In
section 6, we prove, within WKLy, the Tychnoff-Schauder theorem for RV, and apply
it to the Cauchy-Peano theorem. In section 7, we prove, within WKLy, the Markov-
Kakutani fixed point theorem for RV, and then use it to prove the Hahn-Banach

theorem for separable Banach spaces within WKL,.

2. The systems RCAy,, WKL, and ACA,

In this section, we describe thé formal systems RCAy, WKLy, and ACAO, following

[3], [16]. The reader who is familiar with these systems may skip to the next section.

The language of second-order arithmetic is a two-sorted language with number
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variables 1,7, k,l,m,... and set variables X, Y, Z,.... Numerical terms are built up
from number variables and constant symbols 0 and 1 by means of binary operations
+ and .. Atomic formulas aré t; = ta, 1y < ty, and t; € X, where t; and t, are numer-
ical terms. Formulas are built up from atomic formulas by means of propositional
connectives, number quantifiers Vn and Jn, and set quantifiers VX and 3X.

A formula is said to be arithmetical if it contains no set quantifiers. An arithmeti-
cal formula is said to be ZJ if all of its number quantifiers are bounded, i.e., of the

form Vn(n <t — ...) or In(n < t &...). An arithmetical formula is said to be 29

(resp. I19) if it is of the form Im¢(m) (resp. Yme¢(m)) where ¢(m) is a EJ formula. |

The system RCAq consists of the ordered semiring axioms for (N, +,-,0,1,<)
together with the scheme of A comprehension and E?‘ induction. The AY (recursive)

comprehension scheme consists of all formulas of the form
Vn(¢(n) & (n)) = IXVn(n € X < ¢(n)),

where ¢(n) is a £ formula, (n) is a II? formﬁla, and X does not occur freely in

#(n). The X induction scheme consists of all formulas of the form.

#(0) AVY(d(n) — d(n+1)) = Vng(n),

Whel;"enqb(n) is a X2 formula. At all times, we assume the law of the excluded middle.

The systém ACA, consists of RCAg plus the arithmetical comprehension scheme

3XVn(n € X & ¢(n)),

where ¢(n) is arithmetical arid X does not occur freely in ¢(n). We can easily see .

that any arithmetical instance of induction scheme is provable in ACA,, and that

ACA, is a conservative extension of first-order Peano arithmetic.
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The system WKL is intermediate between RCAg and ACA,. Within RCA,, we
define Seg, to be the set of (codes for) finite sequences of 0’s and 1’s. A set T' C Seq,
is said to be a tree if any initial segment of a sequence in T is also in T. A path
through T is a tree P C T such that for any two sequences in P, one of them is
an initial segment of the other. The axioms of WKLg are those of RCA, plus weak
Konig’s lemma: every infinite tree C Seq, has an infinite path. WKLg is known to

be conservative over Primitive Recursive Arithmetic with respect to IIJ sentences.

3. The basic concepts of real analysis

This section is devoted to the development of basic concepts of real analysis,
including continuous functions, compactness and convexity in the spaces R™ and RV,
all within the system RCA,.

First of all, we use the symbol N informally to denote the set of natural numbers.
We introduce total functions from N into N by encoding them as sets of ordered
pairs. Within RCA,, we can define most of elementary numerical functions (e.g.,
the exponential function m”™) in the usual way, and can prove their basic properties.
We then define (codes for) rational numbers to be certain ordered pairs of natural
numbers. The arithmetical operations on the rational numbers are defined in the
standard way. We write @ for the set (or the field) of rational numbers thus defined.

We define an (infinite) sequence of rational numbers to be a function f: N — @,
and denote such a sequence by (a, : n € N) or simply by (a,), where a,, = f(n). A
real number is defined to be a sequence (a,) of rational numbers such that VnVi(|a, —
antil < 27"). We use R informally to denote the set of all real numbers. Note that

R does not formally exist as a set within RCA,. Two real numbers (a,) and (b,) are



defined to be equal, (a,) = (b,), iff ¥n(]a, — b,| < 27"*1). The relation < is defined
by (an) < (bs) iff In(b, — an > 27"*1). Then it is easy to see that for any two real
numbers (a,) and (b,), exactly one of the following holds (in RCAo): {(a,) < (ba),
(an) = (bn), {an) > (by). Welet 0= (0:n € N)and 1= (1:n € N). The operations
+ and - are defined by

(an) + (bn) = (@ns1 + buy1),
<a7t) ) <bn> = (an-i-m : bn+m>7

where m is the least number such that max(|agl, [bo]) + 1 < 2™~!, Within RCA,, one
can prove that (R, +,-,0,1,<) is aﬁ Archimedean ordered field.

An infinite sequence of real numbers is defined to be a doubly indexed sequence
of rational numbers {(amn : m,n € N) such that for each m, (a@mn : n € N) is a
real number. Such a sequence of real numbers is also denoted (z,, : m € N), where
T = (Amn : 1 € N). We write RY for the set of infinite sequences of real numberé.
Similarly, an n-tuple (or finite sequence with length n) of real numbers, forn > 1, is a
doubly indexed sequence of rational numbers (a;; : ¢ < n,j € N) such that for each
i <mn, (a;:j€ N)is areal number. We write R* (n > 1) for the éet of n-tuples of
,real numbers. In case n = 1, R" is identified with R. Two elements in R™ (or RY)
are defined to be equal, if their corresponding components are equal with respect to
the equality of R.

We define max : R® — R and min : R® — R as follows:

max({{aij: j € N):i<n)) = (max{a;;:¢<n}:j€N),

min({{a;;: JE€EN) i <n)) = (min{a;;:3 < n} ‘:j € N).

It is easy to check that the sequences on the right sides are “real numbers”. The
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finite sum 3 : R* — R is defined by

S (a7 € N) 16 <)) = (X aiggancny 5 € V).

i<n :

Its well definedness is also clear. Although max, min aqd > could be defined as
continuous fuﬁctions from R™ to R (the notion of continuous functions will be given
later), we treat them like operations such as + and - on R.

The vector addition and scalar multiplication on R™ and R are defined in obvious
way. We define the norm || - ||, on R" by |[{zi : 1 < n)||» - r£1<ahx|wi]. Thus R™ can be
viewed as a normed linear spéice. We also use || - ||, as a seminorm on R by letting
{z; : i € N)||n = |[{zi : ¢ < n)||,. Then RV is a linear space with countably many
seminorms, and indeed a sepa,rable Frechet space. |

We next discuss the topology 6n R™ and RM. Let Q™(n > 1) be the set of (codes
for) finite sequences of rational numbers with length'n. Q" may be regarded as a
subset of R*. We assume that Q" and Q™ are disjoint if n # m. We then put
Q<N = Uﬁzl Q™. A code for a basic open set B,(a) in R" (reép. RM) is an ordered
pair (a,r) with a € Q™ (resp. Q<) and r € {O}AAU Q" (the positive rationals). For
a € Q<N we define dim(a) to be the dimension of a, ie., a € Q¥m@®, A point
z € R" (resp. RV) is said to belong to a basic open set B,(a) in R" (resp. R),
denoted z € B,(a), if ||z — alln < r (resp. ||z — a|laim@) < r). By z € B.(a), we
mean ||z — a||dim@) < 7. We write B,(a) C By(b) in R* (resp. R") to mean that
16— a|ln +7 < s (resp. dim(b) < dim(a) and ||b — chﬁm(b) + 7 < s). A basic open set
B, (a) is said to be nonempty if r > 0.

A code for an open set U in R" (resp. RY) is a sequence of (codes for) basic open
sets in R" (resp. RY), i.e., a function ¢ : N — Q" x Q (resp. ¢ : N — Q<N x Q)

such that for each n € N, ¢(n) is a code for a basic open set in R™ (resp. RV). A
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point £ € R™ (resp. RY) is said to belong to an open set U with code ¢ in R™ (resp.
RYN), denoted z € U, if it belongs to a basic open set in the sequence, i.e., there exists
n € N such that € ¢(n). This definition of open sets is not identical with the
corresponding definition in [3]. Our definition guarantees that for any * € R"™ and
any r € R with r >0, {y € R™: ||z — y||. < r} is an open set.

We define closed sets to be just complements of open sets. Remark that a closed set
has only negative information on its members, and so, in generai, it is difficult to deal
with points in a closed set. We thus introduce the notion of countably representable
closed sets, which have both positive and negative information‘ on their members. Let
f be a function from N to R™ (or R"). We informally identify f with its range, say
A, although A may not exist as a set. A closed set C C R™ (resp. C C RV) is said to
be countably represented by A C R™ (resp; A C RV) denoted C = A4, if for all z € R™

(resp. z € RY),

z € C & there exists an infinite sequence (a;) from A such that

for each i, ||z — al|n < 27% (resp. ||z — ail|iyr < 279).

For example, tO, 1]" is countably represented by An = {(qo, - - -, qn-1) € Q" 0<¢<1
for each i < n}, and [0,1]V by {{g0,91,--+,¢4,0,0,...) € QN : 0 < q,'VS 1 for each
z" < n}.

A code for a continuous partial function f : R* — R™ (or RN — RV) is a sequence

® of pairs of ﬁonempty basic open sets such that
() (Br(a), By (b1))€® & (By(a), By, (b2)) € @ — ||by = bo|x < 51+ 52,

where k = min(dim(b;), dim(b;)),

(ii) (Br(a)aBn(bl))e(I)‘& B,,(b1) C B,,(by) — (B,(a), By, (b)) € 2,
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(iii)(Br, (a1), Bs(b))€® & By, (az) € Br,(a1) — (Br,(a2), Bs(b)) € 2.

Although @ is formally a function from N to Q" x Q* x Q™ x Q% (resp. Q<N x

Qt x Q<N x Q7), we write (B,(a), B,(b)) € ® if ®(n) = (a,r,b,s) for some n € N.

Intuitively, (B,(a), B,(b)) € ® means that f(B,(a)) € B,(b) where f is the continuous
partial function encoded by ®. A point € R" (resp. RY) is said to belong to the
domain of function f with code @ if for all € > 0 (resp. for all e > 0 and all : € N),
there exists (B,(a),Bs(b)) € @ such that ¢ € B,(a) and s < € (resp.. s < € and
dim(b) > ¢+ 1). If a point z € R™ (resp. RY) is in the domain of f, we define f(z)
to be the point y € R" (resp. RY) such that if z € B.(a) & (B.(a), B,(b)) € & then
y € T(b) We can’prove, within RCA,, thatv such a y exists uniquely (up to the
equality of points). A continuous partial function f : R* — R™ or f : RN — R is
said to be a continuous function from a closed set C to a closed set D, if the domain
of f includes C and for each z € C, f(z) € D. ‘

In the rest of this section, we discusé the notions of compactness and convexity,
which play the most important roles in fixed point theory. Let C' be a closed set in
R"™ or RN, C is said to be compact (in the sense of Heine-Borel) iff for any open set
(B;:1 € N) with B; basic open, if (B;: i € N) covers C (i.e., all points in C belong
to some B;) then there éxists n € N such that (B; : ¢ < n) covers C. The notion
of compactness should be distinguished from related concepts such as the Bolzano-
Wierstrass property: évery bounded seqﬁence has a limit point. H. Friedman [7] has
shown that WKLy and the compactness (in the sense of Heine-Borel) of [0,1] are
equivalent over RCAy, and that ACAg and the Bolzano-Wierstrass property of [0,1]
are equivalent over RCA,.

We here state the following lemma without proof.
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3.1 LEMMA(RCAy). The following are pairwise equivalent:
(i) WKLy,

(ii);, [0,1]" C R™ is compact, n > 1,

(iii) [0,1]" is compact.

For the proof, see Lemma 2.4 and 3.3 of Simpson [14] and the references given there.

We finally discuss the notion of convexity. Let C be a closed set in R™ or RN. We
define C to be convez iff for all z,y in C and for all ¢ € [0,1]NQ, gz + (1 —q)y € C.
Then the following holds.

3.2 LEMMA(RCAy). Let C be a convex closed set in R™ or RN. Then for any
finite subset {z,...,zn-1} € C and for any set of non-negative reals {ag,...,an1}
with 3 ;. a; = 1, we have

Z a;z; € Cl
i<n
PRrROOF. Fix any {zo,...,Zn-1} € C. We first prove the following statement by

induction on k < n:

(x) for any non-negative rationals {qo,...,qs-1} With > _¢; =1,
i<k

Zqixi e C.

i<k
We here notice that the statement (%) is II?, and so we can use the II9 induction
(which is equivalent to ¥ induction, see [8, Lemma 1.1]). Assume (*) holds for k.

Let {qo,...,qx} be a set of Iion—negative rationals such that 3 ,cx ¢; = 1. We may

assume g # 1. For if ¢ = 1 then ¢; = 0 for 7 < k, and so }";<x ¢izi = 1 € C. Now

consider the set of rationals { —qL, L yenns Ll }. Then we have
1—qgr 1—gqi 1—qx
qo0 + a1 +o+ k-1 :Zingi"Qk:l-
l—g  1-gk 1— gk 1—q

/0o
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So by the induction hypothesis,

Z % z; € C.
i<k 1—qk

Finally, by the convexity of C, we have

g =1-q)O & z;) + gy € C.

i<k i<k L~k
Thus, for any non-negative rationals {qgo,...,¢n-1} With ¥;c,qi = 1,
Zqixi € C.
i<n

Since C is closed, we can easily show that for any non-negative reals {ap,
with >, a; =1,

Za,-:ci eC.

i<n

This completes the proof. O

4. Uniform continuity and integration

. --,an—l}

In this section, we discuss some important properties of uniformly continuous

functions, and then define the Riemann integration for those functions.

We begin with the following definition (cf. Aberth [1], Simpson [14]). Let f be a

continuous function from a closed set C(C R") to R™. Then f is said to

be weakly

uniformly continuous on C if for any e € N, there exists d € N such that for all =

and y in C, if ||z — y]ln < 274 then ||f(2) — f(¥)|lm < 2-e. f is said to be

ung foi"mly

continuous on C if there exists a total function h : N — N such that foralle € N

and all z and y in C, if ||z — y||, < 27 then || f(z) — f(y)||m < 27°. Such a function

h is called a modulus of uniform continuity for f.

[



4.1 LEMMA(RCAy). Let C be a compact closed set in R*. - Then any continuous
function f : C — R™ is weakly uniformly continuous on C.

PROOF. Let & = {(B;,B!) : i € N} be a code for a continuous function f :
C(C R™) — R™, where B; and B/ are basic open sets in R“ and R™, respectively.
Fix any € > 0. Let B = {B : (B,B’) € ® and B’ = (a,r) with r < §}. From the
definition of the domain of a continuous function, it is easy to see that B is an open
covering of C. So by the compactness of C, there exists a finite subset of B which

also covers C. Let {(ao,70),(a1,71),-.-,(ak—1,7%-1)} be such a finite covering. Now

put C = {(a;,r; =271 : 7; = 27" > 0,1 < k,l € N}. It can be shown that C is an

open covering of C, too. Again by the compactness of C, there is an L € N such
that Cr = {(as,ri —27") :r; — 278 > 0,4 < k,I < L} also covers C. We finally set
6 = 271, and show that for all z and y in C, if HI —Y|ln < 6 then || f(z) — f(y)||m < €
Choose any two points z and y from C such that ||z — y||, < é. Since Cp, covers C,
there existé a basic open set (a;,7; — 27') in C;, which the point z belongs to. Then
“both z and y belong to the basic open set (a,-,fi) in B, since ||z — y||, < 2L < 27,
Hence, by the definition of B, both f(z) and f(y) belong to a basic open set (a,r)
with r < §, that is, || f(z) — f(y)|lm < e. This completes the proof. o
| 4.2 LEMMA(WI{LO). Let C be an n-dimensional rectangle {(:to, ey Tpey) € R":
a; < x; < b;} with a;,b; € R. Then any continuous function f : C — R™ is uniformly
contiﬁuous on C.
PROOF. Let f be a continﬁous function ffoﬁl the rectangle C to R™. Within
WKLy, a recténgle C is compact by Lemma 3.1. So we know from Lemma 4.1, that
for éach e, there exists d such thé,t lz—ylln < 27¢ = || f(2)— f(¥)||m < 27°. Look back

at the proof of Lemma 4.1. In the proof, the compactnessk of C is used twice, first for

/2
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the covering B and second for C. If C is a rectangle [ag, bg] X [a1,b1] X ... X [an—1, bp1]

with a;, b; € Q, we can easily decide whether a given finite subset of B (and C) covers

-C or not, and thus obtained d(= L in the proof of Lemma 4.1) from e in a recursive

way. We now want to reduce the general case (a;,b; € R) to this special case.
Suppose for each i < n, a; = (a;;: j € N), b; = (b;; : y € N) with a;;,b;; € Q. For
each j € N, let C; be the rectangle {(zg,...,%n-1) € R" : a;; — 279 < z; < b; + 279},
Then it is easy to see that C = ey C;. Define B as in the proof of Lemma 4.1. Since
B is an open covering of C and C is compact, there exists jo € N such that B covers
N;<i, Cj- So we can effectively find a finite subset {(aq, 7o), (a1,71),.. ., (@r-1,76-1)} C
B which covers ;¢ C;. Define C as before. Now‘ C is an open covering of MN;<k Cj.-
We can then find a finite subcovering Cr, in an effective way. Thus, in WKL, there

exists a total function h: N — N such that for all e € N and for all z,y € C,
Iz = ylln < 27 = || f(z) = f(¥)llm <27°. O

For the reversal of the above lemma, see Aberth [1, Theorem 7.3] and Simpson
[13]. They indeed show that WKL, and the statment that any continuous function
on [0, 1] is uniformly continuous are equivalent over RCAé.

The next lemma shows that a uniformly continuous function from a countably
répresentedvclosed set A(Q R™) to R™ can be uniquely encoded by its restriction to
A. Since a function from A to R™ is just a point in (R™)N ~ RY, this lemma is very
useful to deal with certain function spaces (cf. the discussion before Theorem 6.2).

4.3 LEMMA(RCAy). Let C be a closed set in R™. Suppose that C isrcountably
represented by A C Q™. Let f : A — R™ be a uniformly continuous function with a
modulus function % (i.e., for all @ and b in 4, || — b]|» < 271 = || f(a) = F(O)||lm <

27¢). Then there exists (a code for) a unique continuous function f:A— R™such

/'3



that f(a) = f(a) for all a in A.

PROQF. Let f: A — Rm be a uniformly continuous function with modulus A. Let
P(C Q™ x QT ‘>< Q™ x Q%) be a code for‘a continuous function f : A — R™ defined
by

(a,7,b,8) € ® & Je(r < 27" and || f(a) — b]|m < s —27°).

Note that the above definition is .9, and so & can be seen as a recursive enumeration
of its members. It is easy to see that @ satisfies all the conditions to be a continiious
function code. It is also clear that f(a) = f(a) for all @ in A. O

We next discuss the integration of uniformly continuous function on a closed in-
terval [a, b] with a,b € R. For simplicity, we do not deal with multi-variable functions
here. Recall that a continuous function on [a,b] is always uniformly confinuous in
WKLy, but not always in RCA,.

Let f : [a,b] — R be uniformly continuous with a modulus function h. We define

a function S: N — R by

b— a2t b

S(m) = o kz_:f(a-{-k

—a
2m )

Then the (Riemann) integration of f on [a,bd], denoted /ab f(z)dz, is defined to be
lim, o, S(h(n)). To see the existence of such a limit, we first show the following
lemma.

4.4 LEMMA(RCAy). If a sequence (z,) € R satisﬁes Ing Vn Vi (|z, — Tpgi| <
2m0~") then there exists z € R such that Vm IM Vn > M (Jz — z,| < 27™). (cf.
Brown and Simpson [3, Lemma 4.1]).

PROOF. Forn € N, let z, = (gnk : k € N) with g, s € Q. Let & = (gnino+2,ntnot2 °

n € N). Then it is easy to see that t € Rand Vn > m +no+ 1 (Jz —z,| <2™™). O

[ 4
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Choose mg € N such that [b—a| < 2™°. Then by the uniform continuity of f, for

b—
- ~), we have

b—a
anywe[a—i—km,a—}-(k-{—l)m

b—a

[f(2) = fla+ ko)l < 277
Hence, for allz € N,

. |b_al n+1)+mo -n
|S(h(n+z)—mo)——S(h(n)-}-mo)] < W(zh( +1)+ -2 )

=|b—a| 27" < 2m0"",

Therefore, by the above lemma, lim,_, ., S(k(n)) = lim,_,o S(k(n) + mo) exists.

5. Brouwer’s fixed point theorem

In this section, we investigate what set existence axioms are needed to prove some
variants of Brouwer’s fixed point theorem. We begin with the following theorem.

5.1 BROUWER’S THEOREM 1 (a,)(RCAO). For any continuous function f : [0,1] —
[0,1], there is a point « € [0, 1] such that f(z) = z.

(b)(WKLy). For any continuous function f : [0,1]* — [0,1]", there is a point -
z € [0,1]" such that f(z) =z (n > 2).

PROOF. (a). We imitate Simpson’s proof for the intermediate value theorem [15].
Suppose that for all rational ¢ € [0,1], f(q) # ¢q. With the Ay comprehension, we

define a nested sequence of rational intervals follows:

[a07 bO] = [07 1]
[(an + bn)/2,b,]  if f((an +62)/2) > (an + b.)/2
[an, (an+ bn)/2] if f((an+0,)/2) < (an + bn)/2'

[Gnt1, bng1] =

15



By nested interval convergence (see Lemma 2.2 in Simpson [15]), there exists a real
z such that £ = lima, = lim b,,. This z is a fixed point for f.

(b). Among several known proofs of this theorem, one given by D. Gale[9] seems
to be most easily carried out within RCAp. His proof mostly consists of manipulations
of finite db jects (HEX), which do not use any set existence axiom. The only infinitary
argument or fact you need is that every continuous function on [0,1]" is uniformly
continuous, which is proved in our Lemma 4.2. For details, see Gale[9]. O

We remark that part (b) is not provable over RCAq. In fact, we have

5.2 THEOREM(RCA,). The following are pairwise equivalent:

(i) WKL,

(ii) for any continuous function f : [0,1]*> — [0, 1]?, there is a point z € [0, 1]? such

that f(z) = z.

PROOF. Since (i) — (ii) is already proved by Theorem 5.1.(b), we only shoW
(i) — (i). Our argument is essentially due to V. P. Orekov (cf. chapter IV of
Beeson|[2]). |

By way of contradiction, deny (i). Then [0,1] is not compact by Lemma 3.1.
Let (I, : © € N) be a sequence of rational open intervals which covers [0,1] but has
no finite subcover. From (I;), we cén easily construct a sequence of rational closed
intervals (J; : ¢ € N) such that ¢ # J; C [0,1], (J;) covers [0,1], and any two distinct
J!s are disjoint or have only an endpoint in common. We may assume that Jy has 0
as its left endpoint and J; has 1 as its right endpoint. Define A; to be the union of
a_,lln J; x Jyand Ji, x J; fori < k.

From now, we construct a retraction fof [0,1])? onto the four side of the square

[0,1]%. If such an f is constructed, (ii) does not hold. For if r is the rotation of 90°
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L 1), ro f is a continuous function from [0,1]? into itself which has

about the point (3, 3

no fixed point.

We define a retraction f in stages. Suppose f has defined on all 4; for7 < k. We
want to deﬁne‘ f for Ag, compatibly‘ with thé value already assigned. Decompose Ay
into its connected components P;,... P,. We can easily observe that each P, has at
least one free side on which P; does not adjoin U;; 4; or any side of [0,1]%2. Now
f can be extended to P; by combining a retraction of P; onto the sides on which
the values of f are already determined (or onto any one side if no such side). Since
Uken Ak = [0,1]?, this procedure clearly defines a retraction of [0,1]? onto its sides.
More formally, we have to construct a code for this retraction. This is done by
enumerating the pairs of nonempty basic open sets (By, Bz) such that By C U;; A4;
for some k and f(B;) C B,. Since this construction is just a routine, we omit the
details. O

We now generalize Theorem 5.1 as follows:

5.3 BROUWER’S THEOREM II(WKLy). Let {ao,...,ax} be a finite subset of Q™.
Let C be the closed set {Zisk diai ta; € R,a; 2 0fori < k,and 3;p o; = 1}. Then
for any continuous function f : € — C, there is a point € C such that f(z) ==.

PROOF. As in the standard proof (see [17]), we will show that C is a retract of
a sufficient large n-dimensional rectangle (in a certain coordinate system). Changing
coordinate systems is not essential, but makes‘ it, much easier to construct su(fh a
retraction.

We first find a basis for the space L spanned by {a; —ag, a2 —ay, - .., ar—ao}. This

can be done by simple calculations of rational matrices (e.g., Gaussian elimination).

Notice that the assumption {ao, a1,...,ax} C Q" (rather than C R™) is necessary to
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determine whether some entries of the matrices in the computations are zero or not.

Let B be a base for R" including the base for the subspace L spanned by {a; —
ag, @2 —do, - .. ,ar—ao}. Using the coordinate system relative to the base B, the points
ao, a1, ..., a can be expressed as n-tuples in R' x {0}"~!, where [ is the dimension of
the subspdce L. So there exists d € R such that the convex hull C of {ag, ay,...,ar}
is included in [—d, d]' x {0}"! C [~d, d]™ with respect to the new coordinate system.
There is an obvious retraction from [—d, d]" onto [—d, d]' x {0}*~!. So if we can show
that C is a retract of [—d,d]' x {0}, then we may conclude that C has the fixed
point property (i.e., any continuous function from C' to itself has a fixed point) since
we already know from Theorem 5.1 that [—d, d]™ has the fixed point property. Remark
that if C' has the fixed point property in the new coordinate system then it also has

in the standard coordinate system, since a continuous function code in the standard

coordinate system can be easily translated in the new coordinate system (and vice.

versa).

From now on, we regard C as a subset of [—d, d]' by ignoring the zeros in the (I+1)-
th to n-th coordinates. To clarify the shape of C', we remove all the superfluous points
from {ag,a1,...,ax} and construct the smallest subset S C {ao, ai, ..., ax} such that

the convex hull of S is still C. Note that a;, is superfluous if there are [ + 1 points

@iy Qigy - -+, G4y 10 {ag, @y, ..., ax} such that a;, # a;; for all j 5 0, and such that a;,
is involved in the convex hull of {a; ,as,,...,a;41}-
We may assume that {ay,...,a;} has no superfluous points. Let @ be the center

of C, ie., & = (Dicrai)/(k +1). We construct a retraction § : [—d,d! — C as

follows. For b € [—d,d]'NQ", if b € C then we put g(b) = b, and if b & C then we '

put g(b) = the point at which the line segment connecting b and @ intersects a face
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of C. Note that such an intersection can be obtained by solving a system of linear
equations with rational coefficients. The function g thus defined on [—d, d]'N Q" can
be uniquely extended to a continuous function § on [—d, d]. In fact, a code ® for the

continuous function § is defined by

(B,BYe ® & Ibg,by,...,0 €[-d,d'[)Q’
B is included in the convex hull of {bo,...,b}

and {g(bo),...,9(b)} is included inB’.

Then we can easily see thr;Lt ® is indeed a code for the desired retraction.  This
completes the proof. O

The above theorem can be further generalized to Theorem 5.4 and Theorem 6.1.
Since the next theorem can be proved in the same way as Theorem 6.1, we just state
it without proof.

5.4 BROUWER’S THEOREM III(WKL,). Let C be a nonempty compact convex
closed set in R™, which is also assumed to be countably represented by A C Q™. Then

for any continuous function f : C — C has a fixed point.

6. Tychonoff-Schauder theorem for R" and its applications to

ordinary differential equations

In this section, we extend Brouwer’s theorem to its infinite dimensional analogue
(Tychonoff-Schauder theorem for RV), from which we prove the Cauchy-Peano the-
orem for ordinary differential equations.

6.1 TYCHONOFF-SCHAUDER THEOREM(WKLy). Let C be a nonempty compact

convex closed set in R™, which is also assumed to be countably represented by A C
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Q". Then for any continuous function f : C — C has a ﬁxed point.

PROOF. By way of contradiction, we assume that for all z ek C, f(z) # z. Let ® be
a code for f. Recall that (B, B') € ® means that f(B) C B’. Let B = {B : there is B’
such that (B, B’) € ® and B B’ = 0}. It is easy to see that B covers C, since f(a:) #
z for all z € C. By the compactness of C, B has a finite subcover {By, By, ..., Bi}.
So there exists n > 1 and € > 0 such that for all z € C, ||f(z) — z||, > . We may
assume € is a rational number. Fix n and e. For contradiction, we will show that

there exists z € C such that ||f(z) — z||, < e. We define, for each a € A,

Ta = {B: there exists B'=(b, s) with dim(b) > n
such that (B,B’) € & and ||b— al|, + s < €}.
Ta is a Y predicate and hence T'a can be viewed as a recursive enumeration of its

numbers (cf. Lemma 2.1 of Simpson [14]). Clearly, U{Ta : a € A} covers C. So by

compactness, it has a finite subcover {B;; : « < k,j < I} such that B;; € Ta;, where

a; 1s the (z + 1)-th element of A. From this subcover, we will construct a continuous

function ¢g on a finite dimensional set, which has a fixed point by Brouwer’s theorem.
Then from this fixed point, we will make z € C such that ||f(z) — z|/, < e.

Suppose that B;; = (bij,ri;) and dim(b;;) = my; for ¢ < k and j < . Let
m = max[{m;; : ¢ < k and j < [}U{n}]. For z € RV, z[m] denotes the initial
segment of z with length m. Let D be the convex hull of {a;[m] : 7 < k}. We will

construct a continuous function g on D.

For each ¢ < k, we first define a continuous function d; : D — R by

di(z) = max[{ryj — ||z = bijllm;; : 5 < FU{0}]-
Note that d;(z) > 0 iff any extension of z to C belongs to B;; for some j < I. It is not
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difficult (but somewhat messy) to construct a code for the continuous function d;. So
we leave this construction to the reader. It is also easy to see that 3_ ;<) d;(x) > 0 for

each z € D. We set

Bile) = Ej_<_k dj(z)

Then for all x € D, we have

Y Bi(z) =1.

i<k

We finally define a continuous .function g:D — D by
g(z) = Zﬁi(iv)ai[m]-
i<k
We now apply Brouwer’s theorem II to the function g : D — D. Let z be any fixed
point of g, and Z be a point in C such that Z[m] = z. Let I = { < n: gi(z) > 0}.
Such an I exists by bounded X? separation (cf. Lemma 1.6 of [8]). We here notice
that

|f(Z)— ai|]|]. < e foralliel,

since if B;(z) > 0, T belongs to B;; for some j and hence Z belongs to Ta;.

Since Y ;c; Bi(z) = 1, we have

@) =zl = 132 B8:2)f(z) = 2 Bl)aill

€l : iel
< 2B f(®) - aill
1€l
< e

This completes the proof. O
Remark: The above theorem is indeed provable within RCA,. For if the compact
set C includes a line segment, the line segmeht is also compact, which implies WKLy

by Lemma 3.1, and otherwise the theorem is trivial since C consists of a single point.
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As an application of the above fixed point theorem, we prove, within WKLy,
the Cauchy-Peano theorem for ordinary differential equations. In [14], Simpson has
already proved the Cauchy-Peano theorem in WKLg by eliminating the use of the
Ascoli lemma from Peano’s original proof. A key idea in his proof is that a solution
of the iﬁitial value problem can be found in a set of equicontinuous (or Lipchitzian)
functions, which can be encoded by points in RN (see Lemma 4.3 in this paper). In
order to use the fixed point theorem, we need a precise description of the set in RV
corresponding to the set of equicontinuous functions, while Simpson only uses the fact
that the equicontinuous functions can be embedded into the compact set [—1,1].
We here emphasize that our aim is not merely to prove the Cauchy-Peano theorem
but also to develop a part of functional analysis related to fixed point theo‘rems within
second-order arithmetic.

6.2 CAUCHY-PEANO THEOREM(WKLy). Let f(z,y) be a continuous function
fforn the rectangle D = {(z,y) € R*: |z| < a,|y| < b} to R. Then the initial value
problem

dy '
75 = f@y) y(0)=0
has at least one solution y = ¢(z) on the interval [~a, a], where a = min(a, b/M)
and M = max{|f(z,y)| : (z,y) € D}. (Note: It is provable in WKL, that f has a
maximum on D. see [13].)
Proor. Sﬁppose that {g:}ien ‘enumerates the rationals in [—a, «] so that ¢o = 0

and ¢; # ¢;(i # j). We define a closed set C in RN by
(u;) € C & uo =0 and |u; — u;| < M|g; —g;| for all 4, 5.

By Lemma 4.3, we may think that v = (u;) € C encodes a continuous function

% : [—a,a] — R such that @(g;) = u; for all i. By identifying u with @, C can be
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regarded as the set of continuous functions ¢ : [—a,a] — R such that ¢(0) = 0 and
lg(z) — g(y)| £ M|z —y| for all z,y € [—a,a]. It is easy to see in WKLg that C is
compdct and convex. To apply Theorem 6.1 to this C, We'alsqneed to show that C
is countably represented by some A C QV.

Let P = {{po,-..,Pn) € Q<N : py = 0 and |p; — p;| < M|g; — g¢;| if i # j}. For
p= (pg;pl, ...,Pn) € P, we define a standard extension p = (Po, D1, - - - » Py Pty --)

of p into QY as follows: for each k > 0,

pi if gk € [qi)a]7 ¢ <n and -3l <n (ql € (Qi,a]),
Pe=9 P — ) +pi if g € [gi,5), 4,5 Snand =3 <n(q € (¢, 95)),

P if g € [~a,¢;), j <nand =3 < n (g € [-a,q;)).
We put A = {p € QN : p € P}. Then A can be seen as\the set of piecewise
linear functions on [—d,a].- We will show that C is countably represented by A.
Choose any u = (u;) € C. We want to find a sequence (p* : & € N) from A
such that [lu — p¥[lx+1 < 27 for each k. Fix k € N. We construct a sequence

p* = (po, p1, ..., pk) in P such that Ju; — p;| < 27% for each i < k, and then extend it

to p* € A. Let n € N be large enough (strictly, n > 2k+2 and 2;:1 < M|g;—g;| for all
1,7 < k(i # 7)). For each i <k, let r; be a rational number such that |u; — r;| < 27"
Suppose |ri| < |ri ] < ..o < ey ] with {ig,24,...,%} = {0,1,...,k}. We now define

(po, p1, - - -, pr) as follows: for j < k,

2+l . 941
rij — Tom if rij 2 on 9
R 23+1 . 23+1
plj - r‘ij + on lf rij S )
0 otherwise.

Then it is easy to see that |u; — p;| < 27F for all i < k. To show {po,...,px) € P, we
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compute: for j <<k,
21+1 . 2j+1 2l+1 _ 2j+1

on ’ 2n
1 1 2291 9kl

< maxﬂuij—uh|+§;+.‘2;— o 2n}

Ipzj - piz' < max{lrij - rizl -

S M|qi; — g3

It is also obvious that pg = 0. Hence (po,...,px) is in P, and so it can be extended
to p* in A.

We next define a continuous function F': C — C as follows: for u € C,

Fw = ([" ftan)dt: i € V),

where 4 is a continuous function encoded by u. It is then obvious that F(u) € C for

u € C, since FE)(O) = 0 and for all z,y in [—a,a,

p— — Yy
F(u)(e) - F)@)l = | [ fta(H)de] < Mz - y.
Formally, a code @ for F is given by

(a,r,b,s)€® & a,be Pandr,se Q™
and if n =dim(a) and —a <qi\y < g, -.. < ¢, S @
with {z0,...,%,-1} = {0,...,n — 1},
then there éxists e € N such that
(1) o=, ¢;—¢,,(1<j<n—=1), gi, +aareall <
(i) r < 27h)=2

(i) [|[F(@) — bllgimg) < $ — a -2,

where h is a modulus of uniform continuity for f. Conditions (i) and (ii) together

implies that for any point u = {u;) € B.(a)NC, |u; — @] < 274 for all i, where

24

1
M - 2h(e)+2

67



68

a = (a;) is the standard extension of a. Then |f(¢,a(t)) — f(¢,a(t))| < 27° for all
t € [-a,al, and so ]F@)(w) - Ff((:z)(a:)| < |z]-27¢ < a-27°. Therefore, F(u) € B;(b)
by (iii), which means that ® is a code for F. We leave the details to the reader. At

last, the fixed point of F clearly gives a solution of the initial value problem. O

7. Markov-Kakutani fixed point theorem and Hahn-Banach

theorem

The Markov-Kakutani fixed point theorem asserts the existence of a common fixed
point for certain families of affine mappings. A continuous function T' from a convex
closed set C to itself is said to be affine if T(qi +(1—-9q)y) = q¢T(z)+ (1 - )T (y)
whenever ¢ € [0,1]NQ and z,y € C. This theorem has numerous applications [4],
[17]. Among others, Kakutani [11] has proved the Hahn-Banach theorem from this
type of fixed point theorem (see also [10], [18]). In this section, we prove the Markov-
Kakutani theorem for R within RCA,, énd use it to prove the Hahn-Banach theorem
for separable Banach spaces within WKL,.

7.1 MARKOV-KAKUTANI THEOREM(RCA,). Let C be a nonempty compact con-
vex closed set in RN. Let (T,) be a sequence of continuous functions from C to C

such that
(i) for each n, T, is affine on C,
(ii) for each m and n, T, 0 T,,,(z) = T,, o T,.(z) (z € C).

Then there exists z € C such that T,(z) = z for all n.
PROOF. Let C and (T,) be as in the above statement. For each n € N, let

K,={z e RY:T,z=z}NC. Formally, we express the complement of K,, in RY
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as the union of the open set {B : (B, B’) € ®, and BB’ = (i} and the complement
of C, where ®,, is a code for T,,. Then K, is a closed set in RY. Our goal is to show

that N{K, : n € N} is nonempty.

Let K,,; = {z € RN : |Thz — z]|it1 < 27'} N C. We can easily see that K, ; is well

defined as a closed set in RY. Sihcé K, =N{K,;: 1 € N} for each n, we want to
show that N{K,;:n € N,i € N} # 0.

By Way of contradiction, we assume ({K,; :n € N,s € N} = 0. Then U{ the
complement of K, ; in RN:n e N,i€ N} = R’ D C. By the compactness of C, there
exist k € N and [ € N such that J{ the complement of K,,; in RY :n <k,: <1} D C.
Hence N{K,,i:n < k,t <I}NC =0, and so N{K,; : n < k,i <1} = 0, since each

K,;CC.

Let z be any element of C. Choose p € N such that ||z — y||;41 < p- 27 for all .

z,y € C. The existence of such a p is clear from the compactness of C. We define a

point  in C by

= L Z Z Ty .

10=0 1. =0
where T (2) = T,(Ti(z)) and T%(z) = z. We will show z € ﬂ{Kn,; :n < k,i <1}
for a contradiction. Fix any n < k. Putting
1 p—1 p—1 p—1 -1 -

ISIDY LS T T TE T

Y
p 10=0 tn—1=0 zn+1—0 1x=0

we have
1 p—1 .
Tia—allur = 1T X Tirea) - LS i
'Ln=0 1,;-0
192, 1
= =2 Trtle,— = Z T2l
pzn_O 311_0

= ;HTS% = Znlit1
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< l(p-2_l) =27t
P

Remark that we can easily show by IIY induction (cf. the proof of Lemma 3.2) that
if T : C — C is affine, then for any finite subset {zq,...,z,-1} € C, and for any
set of non—negétive reals {ag,...,an_1} With ;. i = 1, we have f(¥ ., a;z;) =
Y a;f(x;). From the above inequality, ¢ € K,; = N{K,; : 1 < l}. Since n is any
number < k, z € ({K,;:n < k,¢ <I}. This is a contradiction. So we are done. O
To state the Hahn-Banach theorem, we need introduce some basic notions on
Banach spaces. We define a code for a separable Banach space to be a nonempty set
A C N together with operations +,—: AX A — A, -: Q@xA— A -||: A— [0,00)
and distinguished element 0 € A such that A, +, —, 0 forms a vector space over Q and
||| satisfies ||ga|| = |g|||a]| and |ja+b|| < |la]|+]|b]| foralla,b € A,q € Q. A point of the
separable Banach space A is defined to be a sequence (a, : n € N) from A, satisfying
VnVi(||an, — antil| < 277). Let A and B be a separable Banach spaces. A continuousl
function F + A — B is encoded as a sequence of (a,r,b,s) € Ax Qt x Bx Qt
satisfying the three conditions analogous to those for a continuous function on R™.

A bounded linear operator is a continuous function F': A — B such that
(i) F(pa+ ¢b) = pF(a)+ qF(b) for all a,b € A and p,q € Q,
(ii) there exists a real number « such that ||F(z)|| < af|a]| for all a € A.

If a € R satisfies ||F(a)| < alla]| for all a € A, we write ||F|] < a. A bounded linear
operator F' : A — B is also called a bounded linear functional if B = R. A bounded
linear operator F': A — B can be encoded by the restriction of F to A (see Lemma

5.4 in Brown and Simpson[3] and Lemma 4.3 in this paper). If there is a bounded
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linear operator ¥ from A to B satisfying ||¥(a)|| = ||a|| for all a € A, then A is called
a closed separable subspace of B, and a point = in A is identified with \Il(ac) in B.

We now state the Hahn-Banach theorem for separable Banach spaces, and prove
it within WKL,.

7.2 HAHN-BANACH THEOREM(WKLg). Let $ be a closed linear subspace éf the
separable Banach space A. Let F: $ — R be a bounded linear functional such that
|F|| < 1. Then there exists a bounded linear functional F': A — R extending F' and
such that ||F|| < 1.

PROOF. Let § and A be separable Banach spaces. Let ¥ : § — A be a bounded
linear operator satisfying || ¥(z)|| = ||z|| for all z € S. Let F : S — R be a bounded
linear functional such that ||F]| < 1. We want to obtain a bounded linear functional
F: A — Rsuch that F(z) = I:’(\I/(:z:)) for all z € §, and such that || F|| < 1.

Suppose that 4 = {a;}, S = {si}, a0 = 0 and sp = 0. We define a closed set Cy in
RN by

(z;) € Co & 20 =0 and |z; — zj| < |la; — a;]| for all ¢, 5.

We can easily see in WKLy that Cy is compact and convex. Let P = {{uo, .- . Up) €
Q<N 1wy = 0 and (Ju; — u;| < |la; — a;| or vy = u;)} and X = {(w;) € RV :
(ugy-..,un) € P and @; = min{u; + ||a; — q;|| :  <n}} . Asin the proof of Theorem
6.2, we can easily show that Cj is countably represented by X. By (a generalization
of) Lemma 4.3, we can identify g = (g;) € Co with fhe continuous fun’ctibn G:A—R
such that §(a;) = ¢;. So Cp may be regarded as the set of continuous functions
§: A — R such that §(ao) = 0 and 19(z) — §(y)| < Ha: —y| forall z,y € A. A desired

functional F' will be found in C.
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Our proof goes as follows. We define three closed subsets of Cy, C; D Cy D Cs.
Roughly speakiﬁg, C; is the set of continuous functions f in Co extending F', C; the
set of continuous functions f in C; such that f(z +y) = f(z)+ f(y) forallz € A and
y € S, Cs the set of continuous functions f in Cy such that f(z+y) = f(z)+ f(y) for
all z € A and y € A, and such that f(az) = af(z) for all @ € R and z € A. Clearly,
any function in Cj is a desired functional . So what we need is to show that Cj is
nonempty. To show the non-emptiness of Cy; and C5, we will apply Theorem 7.1 to
certain families of continuous functions on C; and C,, respectively.

First let Cy = {f € Co: f(¥(si)) = F(s;) for all i}. Formally, we should express
the comple’ment of C; as an infinite sequence of (codes for) basic open sets. We
however omit this routine work. To prove that C; is not empty, we set Cy,, = {f €
Co: f(¥(s;)) = F(s;) for all i < n} and show C,, # 0 for each n. Choose any n. We

define a point (z;) € RN by
z = min{ F(s;) + |lar — (s;)| : 7 < n}.
Then we have

2k < F(so) + [lax — ¥(so)l| = [laxll,

o 2 min{ || (s + llae — U(sa)l| : ¢ < m} = —la)-
In particular, ¢ = ||ao|| = 0. We also have

zr— 2z < min{F(s;) + |lax — ai]| + |las — ()| : 2 < n} —
= |lax —ai,

zr —x; > o —min{F(s;) + |lai — ak|| + ||ax — ¥(s))]| : ¢ < n}
= —llax — all.
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Thus (zx) € Co. Let g : A — R be the continuous function such that g(ar) = .

Then for each j < n,

G2 (s;)) < F(s;) + | (s5) — U(s;)]| = Fls),

(¥ (s;)) > min{F(si) + F(SJ —s;) 11 <n} = F(s;).

So g € Cy,. Since Cy is compact and Cy =, C1,,, it follows that C; # 0. Moreover,
it is obvious that C, is compact and convex.
Next let Cy = {f € Cy : f(a; +¥(s;)) = F(ai) + F(U(s;)) for all i, j}. We want to

show C3 # 0. Define a family of continuous functions {T} : C; — C1} by
(Tif (@) = flai + ¥(s;)) = F(T(s;))-
Formally, a code ® for (T}) is given by
(j7u7p7v’Q) E @ <:>j E N7u’v e P and p’q E Q+’
and if n = dim(u), m = dim(v) and ¥(s;) = (a;, : kK € N) then
GHVYi<mIl <n(aq=a;+a,,,),
(ii) p < 27™,

(iii) | T — v||m < ¢ — 6-27™F1,

where @ = (%;) is defined by @; = min{u; + ||a; — a;|| : 7 < n}. We omit checking that
® really encodes (T;). We show that the range of T} is included in C; as follows: for
each f € Cy, T} f € X, since

(T @) = (Tif)a)l = |f(ai+ ¥(s;)) — flax + ¥(s)))|

< e — axl,
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and for each f € Cy, T} f € Cy, since

(Ti)(B(sk) = FU(sk) + U(s;)) — F((s))

= F(sg+s;) = F(s;)

F(sk).
It is obvious that each T is affine and Tj o Ty = T} o Tj. So by Theorem 7.1, there
exists ¢ € C; such that §(a;) = §(a; + ¥(s;)) — §(¥(s;)) for all ¢,5. Then C, # 0.
Moreover, C; is compact and convex. _

Finally, let Cs = {f € Cy : f(a; + a;) = f(a;) + f(a;) for all'4,j}. Define a family

of continuous functions {U; : C; — Cy} by
(Usf)ai) = flai + a;) = f(ay).

A code for (U;) can be encoded in the same way as for (T}). It is easy to see that for

each f € Cy, U;f € Cp. To see Ujf'e C,, we have
(UsF)(W(s0)) = F(R(s) + a5) = Fla) = F(W(s)) = F(s9)

We leave a check for U;f € C; to the reader. It is also easy to see that each U;
is affine and U; o Uy = Uy o U;. So by Theorem 7.1, there exists g € C3 such that
9(a;) = g(a; + a;) — §(a;) for all i,7. Thus Cj; 75 0.

By II¢-induction (equivalently ¥%-induction), we can easily show in RCA, that if
feCs then |

f(naz-) = nf(a,-) for alln € N.

Hence, if f € C3, then -
mf(—n—a,-) = f(na;) =nf(a;) forn,me N,
m

3/
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that is, ‘
flqai) = qf(a;) forqe Q.
| Therefore, any continuous function in Cj is a bounded linear functional extending F.
This completes the proof. O |
‘For the reversal of the Hahn-Banach theorem, see Metakides, Nerode and Shore
[12], and Brown and Simpson [3]. They have indeed proved that tﬁe I—iahn—Banach

theorem and WKL, are equivalent to each other over RCA,.
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