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1 The Fundamental Theorem

Let A bean m x n matrix, where m >1 and n > 2. Let E be the index set of
the columns of matrix A, and f, g be two distinct members of E. Here we consider
the standard form linear program:

(1.1) (P) maximize g

(1.2) subjectto A z = 0,

(1.3) z, = 1,

(1.4) 7 > 0, jeE\{fg}

For any J C E\ {f, g}, the deleted subproblem (P\J) can be obtained from (P) by
dropping the nonnegative constraints z; > 0 for all j € J, and the contracted subproblem
(P/J) can be obtained from (P) by adding the constraints z; = 0 for all j € J. For any
j € J, we abbreviate {j} by j. Given two disjoint subsets Ji and Jy of E\{f, g},
we define the subproblem ((P\J1)/J2): .

((P\J1)/J2) maximize
subject to (1.2), (1.3), and
(1.5) oz; =0 Jj € Jo,
(1.6) z; >0 [P PAYA

By using the artificial Varlables we can transform the problem ((P\J;)/J:) to a linear
program with the form (1. 1) (1.2), (1.3), and (1.4). Thus, in the rest of this section, we
consider more general linear program defined by (1.1), (1.2), (1.3), (1.5), and (1.6). We
define the deleted and contracted subproblems of this general form linear program in the
same way. -

A vector z is said to be feaszb[e if it satisfies the constraints (1.2), (1 3) (1.5), and
(1.6) If a linear program has a feasible solution, then it is called feasible, else it is called
: z‘nfeasible. For any linear program, we will refer to following three situations as characters:

. 1t has an optimal solution,

. 2. 1t 1s infeasible, : .
3. there exists a vector 2 satisfying that (1.2), (1.5), (1.6), and
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(P\J)
(P) OPT - \ INFx* [ INF
OoPT OoPT INF* or OPT e
(P/7) | INF || OPT or INF | INFx or INF INF
INFx* INFx INF and INFx*

Table 1: The characters of (P\j), (P/j), and (P).

(1.7) : z, =0,
(1.8) Ty > 0.

In the situation 2, a linear programming does not have an optimal solution. In the situation
3, a linear programming with a feasible solution also does not have an optimal solution.
Each of these three situations is denoted by OPT, INF, and INF. .
The following lemma shows the relations between the characters of linear programs P,
~(P\j), and (P/j). Originally, this lemma was proved in a more general setting of oriented
matroid programming, see Fukuda [1]. v '

Lemma 1  Let P be a linear program, and j € E\ {f,g} be an indez corresponding to
a vartable with nonnegative constraint x; > 0. When H; is a character of (P\j), and
H, s a character of (P/ j), either H; or Hs is a charactler of (P). More precisely, the
following statements hold.
If (P\j) is INF, then P is also INF.
~ If (P/j) is INFx, then P is also INFx.
If both (P\j) and (P/j) are OPT, then P is OPT.
If (P\j) is OPT and (P/j) is INF, then P is either OPT or INF.
If (P/j) is OPT and (P\j) is INFx, then P is either OPT or INFx.
If (P\j) is OPT, then (P/j) is not INFx.
If (P/j) is OPT, then (P\j) is not INF.
If (P\j) is INFx and (P/j)is INF, then P is either INF or INFx.

SRR Rl B

The Lemma 1 is represented by the Table 1, and it implies the following theorem.
Theorem 2 A linear program has at least one of the character of OPT, INF, and INFx.

Proof. Let k be the cardinality of the index set of nonnegative constramts We will
- prove this theorem by the induction on k. :

“ 1. First, we will show that a linear program P, such that the cardinality of index set
of nonnegative constraints is equal to 0, satisfies the statement of the theorem. If k¥ =0,
then J; UJy = E\ {f,g}. Assume that a linear program P has no optimal solution and
P is not INF. Let z be a feasible solution of P. Then there exists a feasible solution 2’
of P satisfies that z; < :vf The vector 2’ —z satisfies the condltlons of INF* of P. Thus
P is INF*.

2. Now we will show that the theorem holds for k = r+1 under the assumption that
the theorem holds for all linear program satisfying k& < r. Let P be a linear program such
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that the cardinality of index set of nonnegative constraints is equal to r+1. Let j be an
index of nonnegative constraint. Then from the assumption, the two subproblems (P\j)
and (P/j) has at least one of the characters of OPT, INF, and INF*. From the lemma 1,
the linear program P has at least one of the characters of OPT, INF, and INFx. O

2 Dictionaries

Here, we give the definition of dictionaries. For any J C E, z; denotes the subvector
of # indexed by J, and A; denotes the submatrix of A consisting of columns indexed
by J. In the rest of this paper, we assume the followings.

Assumption 1 There exisis a index subsel B of E satisfying that |B| =
f € B3PFg, and the submairizx Ap s nonsingular.

The above assumption implies that n > m + 1. In the rest of this paper, we consider the
linear programs defined by (1.1), (1.2), (1.3), and (1.4).

If B and N are subsets of the index set £, satisfying that: |B|=m, f€ B Hyg,
N = E\ B, and the submatrix Ap is nonsingular, then we can transform the linear
system (1.2) as:

(21) Tp = -—ABIAN:BN.

We refer to this system (2.1) as dictionary D. Fach index in B. is called basic, and
each index in N is called non-basic. The coefficient mairiz of D, denoted by A, is
the matrix Az'Ay. We consider A as the matrix whose rows (columns) are indexed by
B(N), and A= (a@; : i€ B, j € N). For any dictionary D, we identify the dictionary
(linear systems (2.1)) with the following matrix:

B\ f =4

& N\yg

For any dictionary D, a basic solutzon wzih respect o D, is a vector indexed by F
which satisfies that:

zj =0, jE€N\y,
z, = 1,

Y
T; = —ay, 1 € B,

Clearly, the basic solution z satisfies the linear system (2.1). For any index j € N , we
denote the column of A4 corresponding to the index j by A4;. For any index i € B, we
denote-the row of A corresponding to the index i by A

Now we define special three dlctlonarles called terminal dzctzanarzes Let J; and J,
be disjoint index subsets of E\ {f,g}. A dictionary D satisfying that:
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Figure 1: Terminal dictionaries.
(2.2) - JiCB, Jb,CN,

"'aigZO, V’iEB\f,
—a;; <0, " € N\g,

is an optimal dictionary of (P \J1)/J2), (see Figure 1.a). A dictionary D is an inconsistent
dictionary of (P \J1)/J2), if it satisfies (2.2) and there exists an index r € B\ (J; U f)
satisfying that; , :

"TZ S O;
—"Zirg < 0)

(see Figure 1.b). A dictionary D is an a dual inconsistent dictionary of (P \J1)/Js), if
it satisfies (2.2) and there exists an index s € N \ (J, Ug) satisfying that;

'—Za 2 O)
—ay, > 0,

(see Figure 1.c). From the above definition, any dictionary D is an optimal dictionary
of (P\(B\ f))/(N '\ g)). In figures, the symbol & denotes a nonnegative number, +
denotes a positive number, © denotes a nonpositive number, and — denotes a negative
number.

From the definition of dictionary, we can easily verify the following Lemma.

Lemma 3  For any linear program P, and two disjoint subsets J;,Jo of E\{f, g},
the following statements hold.-

1. If there exists an oplimal dictionary D of ((P\J1)/J2), then the basic solution of

D is an optimal solution of ((P\J1)/J2).

If there exists an inconsisient dictionary of ((P\J1)/Js), then ((P\J,)/Js) is INF.

3. If there exzists a dual inconsistent dictionary of ((P\J1)/Js), then ((P\J1)/J3) is
INFx.

to

3 The Fundamental Theorem in Dictionary Form

In this section, we strengthen the Lemma 1 by applying the notion of dictionaries. The
case 1 and 1* of Lemma 1 can be strengthened easily as follows. ‘
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Figure 2: Terminal dictionaries of (P\j) and (P/])

Claim 4  Let P be a linear pragram and j be an index in E\{f,g}. Then the following
statements hold.

1. If D is an inconsistent dictionary of (P\j), then zt ts also an tnconsistent dictionary
of (P).

2. If D 1is a dual inconsistent dictionary of (P/j), then it is also a dual inconsistent
dictionary of (P).

Now we strengthen the other cases of Lemma 1. Given a index j € E\ {f, g}, we
consider the following four special dictionaries.

1. A dictionary D satisfying that j € N\ g and D is an optimal dictionary of (P/j),
(see Figure 2.a ). In this case, we denote —ay; by « for simplicity.

2. A dictionary D satisfying that j € B\ f and D isan optimal dictionary of (P\J),
~ (see Figure 2.b ). In this case, we denote —a;, by B for simplicity.

3. A dictiohary\ D satisfying that j €N \g and D is an inconsistent dictionary of
(P/j7), (see Figure 2.c ). In this case, we denote —a@,; by «v for simplicity, where
r 1s the row index of D which implies the inconsistency.

4. A dictionary D satisfying that j € B\ f and D is a dual inconsistent dictionary
of (P\j), (see Figure 2.d ). In this case, we denote —a;, by & for simplicity, where
s 1s the column index of D which implies the dual inconsistency.

Then the case 2, 3, 3*, and 5 of Lemma 1 can be strengthened as follows.

Lemma 5  (c.f. Fukuda [1])

Let P be a linear program and j be an index in E\ {f,g}. Assume that D is a
terminal dictionary of (P\j), j is a basic indez of D, D' is a terminal dictionary of
(P/j), and j is a non-basic index of D'. Then either D or D' is a terminal dictionary
of (P). More precisely, Claim 4 and the following statements hold.

1. If (P) has an optimal dictionary D' of (P/j) and an optimal dictionary D? of

~ (P\j), then either « <0 or > 0.

2. If (P) has an optimal dictionary D' of (P/j) and a dual inconsistent dictionary
D* of (P\j), then either o <0 or &> 0.

8. If (P) has an optimal dictionary D* of (P\j) and an inconsistent diclionary D?
of (P/j), then ezther B>0 or y<0.
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4. If (P) has an inconsistent dictionary D* of (P/j) and a dual inconsisient dictionary
DY, of (P\j), then either v <0 or 6> 0. ,

Proof. For each dictionary D* (for k = 1,2,3,4 ), we denote the basic solution, the
basic index set, and the non-basic index set of DF , by zF, Bf and N¥.

1. It is obvious that z! is optimal to ((P\B')/j). If « > 0, then there exists a vector
d indexed by E, satisfying that d; =1, d; >0, and 2'+d € Q(P\B!). It
implies that z} < (2! 4+d);. If § <0, then 2} <0, and 2} < z3. It implies that
there exists 0 < A < 1, satisfying that 2’ = A(z! +d) + (1 — A)2?, 2; =10, and
¢y < &) Since z'+d € QP\B'), z*€ Q(P\B'Uj),and 2} =0, it is obvious
that '€ Q(P\B'/j). It contradicts with the optimality of z' to ((P\B')/j).

2. Let d be the vector defined above which corresponds to D'. If 6 < 0, there
exists a vector d' indexed by F, satisfying that d; < 0, d}; > 0, and
gt +d' € Q(P\(B'Uj)). Then it implies that there exists 0 < A < 1 satisfying
that o' = a' + Ad+ (1 =\)d, 2} =0, and z} <=zf. Since 2'+d e Q(P\B'),
zt +d € QP\(B'Uj)), and z} = 0, it is obvious that ' € Q(P\B'/j). It
contradicts with the optimality of z! to (P\B!/j). |

3. It can be proved in the same way as in case 2.

4. From the existence of D3, it is obvious that (P\(B*\ r)/j) is infeasible. If v > 0,
then there exists a vector d indexed by F, satisfying that d; =1, d, > 0,
d;, =0, Ad=0, and dp =0, "k € N*\j. It implies that therer exists A > 0
such that 2’ =2®+Ad, 2, =0, 2;>0, and 2’ € QP\(B’\ ). If § <0,
then there exists a vector d' indexed by E, satisfying that d, =1, di <0,
d,=0, Ad=0, and d; >0, Yk € E'\ j. It implies that there exists A’ > 0 such
that 2" = 2'+ Xd', 2/ =0, 2z]=1, and zy > =}, Yk € E\ j. It follows that

g
2’ € Q(P\(B*\ r)/j), and it is a contradiction. O

The Lemma 5 implies the following theorem.

Theorem 6  Under the assumption 1, every linear program P has at least one of the
three termainal diclionaries.

Proof. We will prove this theorem by induction on n + m. From the assumptions, it is
clear that m > 1, n>2, and n>m+ 1.

1. If n+m = 3, then the linear program has only one dictionary whose corresponding
coefficient matrix is a scalar. From the definition, the dictionary is a trivial optimal
dictionary. '

2. Now we show that the theorem holds for n4+m = r+ 1 under the assumption that
the theorem holds for n+ m < r. From the assumption 1, there exists a dictionary
D of P. Let B (N) be the basic (non-basic) index set of D. Let A be the
coefficient matrix of D. First, we consider the trivial case such that B ={f}, or
N = {g¢}. In this case, each dictionary is row or column vector. Then it is clear that
each dictionary is one of the three terminal dictionaries. Next, we consider the case
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that both B\ f and N \g are non-empty. If the coefficient matrix A satisfies
@, =0, €B\f, Yk € N\g, then it is clear that the dictionary D is one of the
three terminal dictionaries. Now we assume that there exists a index j € B\ f,
and k € N\ g, satisfying that E;k #0. Let A be the submatrix of the coefficient
matrix A whose rows are indexed by B\ j and columns are indexed by N. Then
we can construct a linear program P’ as follows:

(P maximize - &y
. subject to (1.3) and
7 [AI] =2 = 0 .. .
(3.1) z; > 0, "jeB\{f g}

where the variable vector z is indexed by F \ j. From the definition of P, it
is clear that P’ satisfies the assumption 1. It follows that there exists a terminal
dictionary of P’. Let B’ be the basic index set of a terminal dictionary of P’. Then
it is obvious that the submatrix [4 I]py; of [A I] is non-singular. From the
definition, [A I)pw; = Ag'Apw;. The non-singularity of [A I]py; and Ap implies
that Apgwy; 1s also non-singular. Then there exists a dictionary D’ of P with basic
index set B'Uj. It is clear that D’ is a terminal dictionary of P\j. From the
assumption that @, # 0, it is clear that by pivoting on (j, k), we can obtain a
new dictionary such that the index j is non-basic and k is basic. Let A’ be the
submatrix of the new dictionary whose rows are indexed by (B\j)Uk, and columns
are indexed by N \ k. Then we can construct a linear program P” as follows:

(P”) maximize g
subject to (1.3), (3.1), and
A1l z = 0

where the variable vector « is indexed by E'\ j. Then there exists a terminal
dictionary of P”. Let B"” be the basic index set of a terminal dictionary. We can
easily prove that the matrix Aps is nonsingular in the same way with P’. The
nonsingularity of Ags implies that there exists a dictionary D" of P whose basic
index set is B”. Then D" is a terminal dictionary of P/j. The Lemma 5 implies
that either D' or D” is a terminal dictionary of P. a

4 The Criss-Cross Method

In this section we descnbe the criss-cross method for solvmg a linear program. (Terlaky
23] and Wang [4]).

In the following algorithm, we maintain a 0-1 vector I indexed by E\ {f, g}, and
dictionary D. The vector L does not affect the performance of the algorithm, but in the
next section, the finiteness of the algorithm can be proved by using the vector L.

In the following algorithm, we identify the index subset E \ {f,g} with the set of
integer numbers {1,2,3,---,|E| — 2}. Given a 0-1 vector L indexed by E\ {f, g}, we
define the operation + as follows. For any mdex jEE \ {f,J} L+j is a 0-1 vector
indexed by F\ {f,g}, satisfying that: '
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(L+i) =0, Yk<j,
(L+)); =1, :
(L4 =L, k>j.
The criss-cross method
Step0. Set D be any dictionary.
Set L be the zero vector indexed by j € E\ {f, g}
Stepl. Let r be the minimum index satisfying that:
r€ B\ f, —4,, <0, or
re N\yg, —dz > 0.
If 7 does not exists, then stop. |
(The current dictionary is an OPT dictionary.)
Step2. Let s be the minimum index satisfying that:
| reB\f, se N\g, —-a,, >0, or
re N\g, se B\ f, —a,, <0.
If s does not exists, then stop.
(If » € B\ f, the current dictionary is an inconsistent dictionary.)
(If » € N\g, the current dictionary is a dual inconsistent dictionary.)
Step3. Pivot on (r,s) and set the resulting dictionary as D.
Set t:= max{r,s}.
Set L := L+t.
Go to Stepl.
The index ¢ chosen in Step3 is called the key pivot indez. In the above algorithm, it

is clear that if the algorithm terminates, one of the terminal dictionaries is obtained. In
the next section, we show the finiteness of the algorithm.

5 Discussion of the Algorithm

In this section, we show the finiteness of the criss-cross method, and discuss about the
flexibility of the algorithm.
At first, we define the lezicographic ordering. Let L and L' be the vectors indexed

by {1,2,---,|E| — 2}. Then the vector L is lexicographically greater than L', if there
exists an index & satisfying that: '

Lj=1L ">k,

L, > LL .
Given a 0-1 vector L indexed by {1,2,---,|E|— 2}, it is obvious from the definition

that if L; =0, then L+j is lexicographically greater than L.

Lemma 7 The criss-cross method terminates in finite steps.

oo
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Proof.  Now we show that the vector L increases monotonically in the sense of
lexicographic ordering. For this, it suffices to show that at each iteration, the vector L
(before updating) satisfies L, =0 for the key pivot index t. Suppose that L; =1 at an
iteration k. In the rest of this proof, the index ¢ denotes the key pivot index at iteration
k. Let A be the coefficient matrix, and B (N) be the basic (non-basic) index set at
iteration k. Let J; and J; be the index subset such that:

T={i€E\{f,9}:j€B, i<t}Uf,
I,={i€E\{f,g}:j€N, j<t}ug.

Now we define the submatrix A of A whose rows are indexed by Ji, and columns are
indexed by J;. Then —A is a dictionary of the following linear program:

(P) maximize zf
subject to [AI] ¢ = 0,
z, = 1,
z; > 0, YjeE \{fg}

where E’' = J; UJ,, z is a variable vector indexed by E’, and I is the identity matrix
whose columns are indexed by J;. From the definition of the algorithm, it is clear that if
t € B, then —A is one of the terminal dictionaries of the linear program (P’\j) and if
t € N, then —A is one of the terminal dictionaries of the linear program (P’/j).

From the assumption that L, =1 at iteration k, there exists an iteration before k&
at which ¢ is also chosen as the key pivot index. Let k' be the last such iteration. Let
A’ be the coefficient matrix, and B’ (N') be the basic (non-basic) index set at iteration
k'. Then it is clear that the key pivot index chosen at each iteration between k' and k is
lower than ¢. It implies that B\J, C B’, and N\J, C N'. Let A’ be the submatrix of
A" whose rows are indexed by B'N(J;UJ,), and columns are indexed by N'N(J,U Ja).
Then it is clear that, if ¢ € B’, then —A’ is one of the three terminal dictionaries of the
linear program (P’\j) and if ¢ € N', then —A' is one of the three terminal dictionaries
of the linear program (P’/j).

If ¢ € B, then it is obvious that ¢ € N’. It follows that —A is a terminal dictionary
of (P’\j), and —A’ is a terminal dictionary of (P’/ j). Then Lemma 5 implies that —A
or —A' is one of the terminal dictionaries of P’. It contradicts with that ¢ is chosen as
a pivot element at iteration £ and k'. If ¢ € N, then we can show the contradiction in
the same way. .

Thus, for each iteration the 0-1 vector L increases monotonically in the sense of
lexicographic ordering. The finiteness of the number of 0-1 vectors indexed by E\ {f, ¢}
implies the finiteness of the criss-cross method. < a

Now we discuss the flexibility of the criss-cross method. In the criss-cross method, the
pivot elements are chosen uniquely. However, we can relax the uniqueness of the selection
rule of pivot elements without violating the finiteness of the algorithm. In section 4, we
assigned the integer numbers {1,2,---,|E| — 2} to the indices in E\ {f,g} before
starting the algorithm. The relaxation of the selection rule of pivot elements is given by
permuting the integer numbers at the entrance of step 1 at each iteration. The original
algorithm can be seen as the trivial permutation is used at the entrance of step 1 at each

9
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iteration. To maintain the finiteness of the algorithm, each permutation needs to satisfy
some properties described below. B '

Let L be the 0-1 vector indexed by the integer numbers {1,2,.--,|E| — 2} at the
entrance of step 1 at an iteration. An index (integer number) j € {1,2,---,|E| — 2} is
called 0-labeled with respect to L when L; =0. A 0-interval with respect to L is a subset
of {1,2,---,|E| — 2} which consists of consecutive 0-labeled integer numbers. The proof
of lemma 7 does not depend on the order of the elements in any 0-labeled interval. Then
it 1s clear that for each 0-interval, any permutation of integer mimbers does not violate
the proof of finiteness. Thus we can permute the integer numbers inside of any 0-interval
maintaining the finiteness of the algorithm.
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