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SZn. o the Moctule Bp. of SL-egte om a Rim.

Lunface and Mensd. Passerving Deformatim .

K. Swoasake (Univ. of Tokyo)
£ o L
§1. S‘L’ég?mw Riem. awrface,
M: ot Riem. surface of genws 3 20
§€ H'(M 0%) : folo. line bille sver M.
U=A{CY, )} 7a comd. covering of M.
(3r)€ Z'(U.OY): a nggr. 1-cocyele o ¥,

Def. (1) 2 Gl—q o—nu-fmi i a collection ¥ = {’3’}03-—&»0

def. iff gl

d*f; ..,.P,_’i[i’._;.gf =0 mUJ (foc.wx,b/w«u'on)

«.t. .
JCJ' =35k fr o Uj”u"‘
@ = & a4 ad. .ef,o [y UnUsg

@ | GL-e;smH ;fmf} lm{ GL-ezso-nM-tnf}

o@b_é an SL-2g. on M ‘fv‘bf “a GL-'QZMM#’LZAI‘W
=3 nepr. GL- 2. X o Ut o

P =o o U (Y.

Lemma  §€ H'(H, OF)
3 Sl-+45 g3 & G(3H)=I1-3.

/



From now on, Jux § € H'(M,G%) 4t Ci(D)=1-3.

Ojr = {2 2x} wm Uj”Qtz

(8jp) € Z'(U, GK2)), .
0 = { @=Capecu mu) ; 5=}

Kemmeo
 [Slregs (e ops)y = )
v . ‘ W
L =CL}) < » Q=(Q;)
Lj = __d_:{;; -+ Qj n ({} )

£

v ad

Rem. an Sl-op. L Ao considered as o ciff. op. L2 M(E)= M(30K7),

Rem The 4p. & pmme%m; SL-ops 48 an H°(M. M) - affere
ap. Movewer, of @ nie (= prg.) comd . cover. Z/l-'-'{((-{,‘,lj)} £

c/wam,;)(&n & L4 wewed as a Lin. ;a./b."c'.‘e,

Fix a prog. b, anbnrd. to he conplex . of M= Gp=o

{ Sl-ops} =" K%M, mM(kK>)
'wd‘ : L g e
L=(5#0) ——— a=c@)

Rem Zoc<. p/wfw»&u 4 a GL-.ez. (cg, nz?,amgpf chanr., exp’s.

etc.) are of. throwgh iy Lec. exprls .

gemere & Q:= defference of char. £xps & 7

%M’“ﬁ-< N s
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Lef L :aGl-¢g. peM : an app. acng. pt. of L

® p: WWNG{N@ 6= Nt1 (= aiffer. of char.

exps )

b i ground atale (::) . =1,
Ni.»-. Ne € IN: mmudés
= . = .. . .
n ‘éNu he # of aﬂv.wty.,al‘aogl_ counled

L” t't'c “LMCM‘ e
L: ground olate sj)}( Pj"?-s' v,

32, Wé 4pS of SL'-E»g.% on a Riem. AM{ACZ. ( Pant 1).

- ESL-23. = Fuchoian SlL-=24.
m = # o NG aing. pls
R = # of app. ,umj pls

M = # o app. amg. pls Cow. madLs,
o Ew:_—.{ FSL-2gs o M ek exactsy 1}
def S1dered, Nneq. ,4,,,,4? FJ:S |
8 buddy analylie space o' of E(m+k>mww,,s.:
CC0) = { P PIEME Fij st i), pes =py
B(2) = M%<\ C(2). ,

e E('m-f-k)‘
- i
(D.G.1 M7"xM" 5. Blm+k) el
PN
B(m) c M”



T E(mtk) — . BCmik) . 57
w v
Q }—-——-)d@MMMﬁ.Mﬁ.PTEQZQ/“
: B( ’f'lz) : (.

CPre=Pm. 81 Bp) ——— (Py, . Pm) proj. info first m fadors
Complex: atn. o EO)
Given. P= CPr, = Pe) € B(2), Lt
F(Dp = (M, G(k*@[2ph+-+2P2 1))
dim F(2)p = (22+39-3)" : anctep. of P€ B(2) (= Riem. Roch)

w-here a (a >0)
' at = { 1 Ca=0)
0 C(ac<o)
F(z);; PE€B(L) Fee )”’
Lemma  [F(0) is malinally a complex vet. 4dle sver B(2)
o4 nank (24 +3§—3)+ - ( Kodatia - S/:m).
: Ble) — Ble-1), “ Pe) 3 PPy Pe)

Ilbz& E(2) = Fle)\ .u 73 F(am) < a complex md
dm E(g) = <2£+33—3) T+ 2.

& E(m k) := {Qe ECmik) ; T8 Lot R airg. ”7‘3'1? Q} ,‘
ef ' ate "‘7"}’ AM\? pfs
Gamen N =(Ny, . Ne) € INB, Lt "
[ - Zhe (’M-f'j)d /ol"vg Q
;,'}'E(m,l;;N)c;;—)-( QéE(?"HR)f w.c:wu app. A/w; pl‘kﬁ |
| mubl. Nj (ls)sk)

&
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Rem E(mk)= U E(mk;N)
NENE

Gaverr PE B(fm)’ Lt
w E(P.EiN) oo {QGE(m,k;N) ; H?’(Q):./p} ,,

Given &= (6, -, Em) € C” Lt

the diffen. of chan. exp’s at }

#W E(mk ,-a,N)d-? {QGE(’""“N)‘ the jth aing. pb <o 85 (1Sj$m)

w ECP.R3;8.N):= E(P.k;N) N E(m,k ;6. N)

Thesrem | Lt m 2 max(2-9.0), k21, NEINE Then

(1) E(m,lz;N) D pane dim. amalylic awksp. of E (m+k)
din £ (m, kiN) = 3(m+g-1) +k

(2) 1T: E(m.k;N) — B(m+k) : awrf.

Covl ECPk;iN) : pue dim. anabplic ap.
dem E (P, b;N) = 2m +k + 39-3

Cor2 E(m k38 N) & pute don. analylic op.
dom E(M, k; 60, N)= 2m+k +37-3
TC: E(m. k; 8, N)— B(mth) : awrf.

Cn3 ECP K6 N) ¢ pute dim analybe ap.
dom ECP k3 8.N) = m+k+33-3

$ 3. /441.@57&6 <p% of SL-2g's on a /th sunface CPW2)_
Given Fr=CP Pm, % ) ké B(mk), N=(N1,~ Nr)€ IN", Lel



B 59
9[(0‘ N) == K@ [ N1 8+ 1+ Nrge=Ch+ +Pm)] € H'(H,06%)

Rem ¢ (7(rN)) = IN]—m +2-23,
D(m. ks N) := { Ire B(m+k) 5 R°(M, OC7Cr N))) >1}

B(m, k3 N) := B(m+k) \ D(m,k;N).
Rem INIS m+23-3 = D(m.k;N)= 9

Lemma  [N| s m+ 33-3 (v Grauert)

= D(mk;N) : a praper am.azf&o wubeel of B(m+k), de.
B(m.kiN): a nomemply anabyts Z-open subul of B(mik)

Lemma  p: B(m k;N) — B(m) : curnj.

st E(mkiN) 1= {@e Elm kiN) 5 T(QYE B(m.k; N)}

fr ECP. k5 N) t= [QEECP. ;) 5 (@) € BOmkiN)|

& [E(m.k;6,N) :=‘{QeE(»m k;6.N) ; rr(Q)eB(m.k;N)}

% ECP B 6.N) = {QEEQE6-N) 5 TQ)E Blm. ks n}
E(m k;N)

TC
_ e
M™ME S B(m.k;5N) | j @ (DG 2)

N
B(m) C M"‘

Theawem | g4 E(--) and B(mtk) are neplaced by [E(-)
and B(m.k;N), nep., then TR & Cons in § 2 are slidd O,

34, Reawcchle and wviecuccble SL- 5%,

Tik = -2-';,35(05 L Ui o Ug
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ERA Z’(M 000)

P o= {P=CB)eCTUM) ; SCP)—(I)H}
W \/(ﬁ)dj?[{féf’; P Rao exactly L Wwfv‘fu}
A0 = {0 = Ghrde) € CL5 dirvalg =9, o melg %0 )

T: V(L) — AwxBU) , P+ (o P)
P=CPr. - Pa) : m- Lple of ordored aimple poles of P
ol = (g, 0lg) i Xj = Res P ot F.

dvo

Vi) § - E(;z)

n'l |
A(0)XBL2) : j" " (D.G.3)

\‘ Ble)

Lemma  \(2) fas a naliral complex mbd oy st
T V0 = AUX B Lo a Aelo. affine Bile of 2k 3 .

dim V(@) = 24+ 3 ~1. (" K-8)

Lemmea  # (eath b of F) £ 22
Def L =(L) e Q€ EW 4 reducitle
=4 Lj:u‘Woij#(, )
W Eyeq = { QEEW) 5 Q in neucible )
E)jy = {Qé E/f))@xw Mduaﬁ&}




Givenn X C El0), &8 61
Xred = X0 E@rea . Xirr = X ELO),,
Prop. Lot 4 2 max (1, 2-3), then
E@ = S(VW) : an analybc auksp. of F()
codim E(D)yed = L +23-2

Theorem ! Lt m 2 max (1,2-9), k 20, NEN® Jhen
E('m'k;N)red: an analylic aubsp. of E(m, k;N)
cod&mE('m,h';N)red = m+29-2 ‘
Cov!  m, b, N: as abore. pPe B(m). |
ECP. R N) oy : an anabylic wubsp. of E(P R;N)
cocim ECPR5N) pog = m+29-2
Def 0= (6.7,0,)€C™ N=C(Nys Ne)€ N2 : pien
(6, N):.z"f"_-”“‘; S=; vV S & € {1} cIscsm, |sjsk)
; 2

m k
> Sc b + 3> & CNj+1) # 29-2 —(m+k)

ey pyn
t ' J !

Cor2 m.k, N : aavn J4.
(6, N) : genere = E(m,k;.&,Nzefyﬁ

Con3 (6, N) : 2o - gmm«:o
E(mk ; 6, N)yy : an analybic aub-sp. of E(mkis N)

Lov4 (6. N) : mom-genent pe B(m).
ECP ki 6,N)py: an analybc aubsp. of E(P L;6,N)
 codim E(P.R; BNy 2 m+23-3
Rem E () can 4o nupluced by [F () i e abpve T & Cous.

>
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Rem. 94 m 2z max (1, 3-9), xhen all anclylic aubsps app.
in the abmwe T & Cous Rauve + coaims,

Theowm 2 04 E(-) and [E(~) are neplaced by E()p5y
and ()i, ntap., Hhen TRS1 4n $§2 & §3 ane olitl O.K

A(n) = [Ck,N) 5 05kS 7, N=(Ni,~ Ne)ENR IN| <m}

W E(mln),, = U EC(m, ks Ny,
(k.N)E A(m)

W ECPIm) o “an:{/)eA(”)lE(P'k;N)"’f‘
¢ E(min;e0) =

% Epln;o)=

inr (B, N)GA( )

m,k; & N),
bN)é/\(w) EC )‘”

ECP, k;6,N);

irr
mn

Remi A(n) > (7, 4,) comesp. £ 9.5 egs . whene dy=(iD)

§5. Complex mfls of prof. nepresenlaliond & prof. monod. map.
G=PLzC= Aut(PD, 9=2uG=4GCT).

Geven P=CPL-Pn) € B(m) | Let |Pl=1{ P, Pn} and

[P : Zhe real Boo-cip of M ot i, =, Pm. (act Fig.1)

(M, P)
F [ P]

Kem  orpl= S'U U S" (m Times)

RCp) i= Hom (1t CMNIPDY, G, eguipped with C-0 topotogs

FeR(P) « wmeducitle < P(m) c Aut(P') has no fuved pt in P’




RCP i = { FeR(p) ; .} 63

m+29

Rem R(p) : mm%ww/fdm&(ojm L r. G
’ MMW’Z Ad (G)

/@(P),-n. Do wunder e ad. of Ad(G) R
mwﬁ,@mmﬁ/dbz—opmwwoj R (P).
Act.of Ad(G) on R(P)yy £+ gaee . (- Schun’s lemma )

2 RCPY == RCP)/AG) , RCPyy = BCP),, /Ad(G)

Rem  RCp) H'CIP), G)
P Ll Loc. syl ruhioes chan. nepo.
P_Mf; RCP) i, carier @ nalunal complex mpd L. ,atM ’
éClP),',,, Ad(G) G, pep),,, o a Koto prcncipal G- i |
dim RCP)yy = 3m+69-6.
Te R(P)yy = H'(IPI; AAL(R)) , $€ RCPyy
Rem  RCP) a‘ma,m,/ax it
Given 8= (6, 6,,) € (CNZ)"
Loc. nepr, a/wwnd, P; W&;{j’}
Rao eigen-v§ exp(:tTl'F@J)
W R(P; ), = R(P,&)W/Ac{(G)

RC(P;8),, = { fe KCP),,—,. ;

Prop. RCP; &)y, 4o a ca-m,a/%' wubmfd of RCP) . st.
dom R (P:®py = 2(m+39-3)

. Dpi6) . = Koy | H'CPL AIL(S))
Yo T
, s e AdL(S)] 9[1PJ>

'f""' fGR(P (9)1n"
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Rem Cohom oxacd /g .
)'*

HeCIPY 5 AL(S)) —— H°CalP); AL ] alP))
. i
. o;f
o (o) COOT (m times)

) .
8 HCIR, 90P) s AdL(D) —s HY(IpY 5 AL(D)

.

T, H'arp) 5 AdL(D] aLp))

T.RPi6),, & LA ML)
He(oLP]; AdL(P)|3LP))

Dl the proj. momod. map PM. Given PE Blm) &t
PM E(Flﬁ%'rr ? Q(‘P)frr
v . w
Q ——— e proj. monod. nepr. claso Jor @

PM: E(PIn; 6) ——— R(P;O)ip
Rem PM o a Aoblo map.

TReown 1 m,k, Nen: 6(C T givon.  [NISm+333
= VY9e B(P.k; N), I (J: openn 'nba(/oé g n BCP ,k;iN) s.t.

PM o 1 21 on F(P.k56, N)ijp | U. (a2 D.G 4

ECPEi6 N, | U C [E(P.k;6 N)p,

| o

9€ U C B(Pk;N) w (DG.4)
N
, o pPe B(m)
Theownl' Lot peBim), n =m+33-3 =>
PM : ECPIN) 4 — RCPY iy , PM: [ECPIM;6); — R(P56)ip
are _Loc. M?,ecaw Aolo, map’s. '

This TR Has a Lot of amplications
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Rem. Zit PEB(m), m=m+33-3. Then, foo (b, N)€ A(m)

<
o
5 Ck, N){ }('n,ﬂ,,)

o
—3

dim IE([P;b ;N)frr { } dim R(P)"rr

<
dim [E(P, £36,N),, { } dim R(P;6),,,

% ECPIn),, = ECPIN) i\ ECP 75 10)
w [E',Op’";@)fn— = IEOPI'";Q)I"Y N ECPn; 6, 1n) or

Jhesrem D Lot PeB(m), = m+33-3 .

Cf) PMCE/CIP}”)Ir}‘) L. R([P.)fry
! mMowhere dendl

PM ( ECPIN;6)5) RCP;o)s,

G PM: E(P.n;1,) — R(Par
PM : [ECP. 56, 4n)nr = R(P;6) v |
( koo fact il Be anit that the R-H prsb. <o Loc. 20tsable
Por 3.5 €4S with m+39-3 app. aing pls )
Def  Ai Az 2 amalylic aps. f: A, — A2 : Rolo: map.
§: abmoet awigeclive & amalylic Z-closwne of F(A) = Az
Jheowm 3 (eu. by Otsukc) PeB(m), 6 (D", n=m+49-3
= PM: ECPIn) — R(P),, : abmoct awy.
PM: [E(PIN;8),— R(P;6),, © ~wy.

(Z@ = m+33-3 = PM: lE(lP,n{ﬂn),',;y"’ R(P)iyr a'&”"“"’j
(I #his o Bue, Thenons can aay that Be R-H prot. oo glob.
dofvable for SL-e45 wilth af moel m+39-3 app. sing. )24 c.w.m,>




bb
Cor o TA2 pe B(m), n= m+33-3

ECPnid)n [ECP138,10)5 ¢ complon mfds.

Amplificalbon  n = m+39-3

R(mi6)jy o= Ll “RCP;6)inr

~ _ E(nni6, ) - R(mi6)

B(m.n ; 1n) lw
’P

Irr

B(m) (D.G.5)

NB. RCM;@)M L a Loc. agplem ower B(m) whowe char,
Br(m) =T (B(m). o) —> Aut (R(P38)ie) £ +—>[fr> poty]
where  By(m) — Aut (m(MNIPD) 4 — g,

Lotir, by wsng TR, we ahall ohow

Y ) ) . F roé. inlegrable
Gawvmbler dehuwbulion” iy

$6. Cousin Phob. & #he mid of 4.5 g%

By 35, it is natunal Bo asswme

(%x) m = m+ 33-3

g lEm(&);;—?' E(m n;6, 1) i mow detaibed olody of [E,,(6).
Gm Ir= CFL'", Pm, 51. 5 Zn) € B(*m-f-'n), Kt ‘
5N = K*@L P+ +Pm—CE+-18,0] € H'(M,0%)

Rem ECIF) = K® (I 1,)”" (aee §3)
Cl(?(l?’))= J-1.



Admanlage of (k%) = Frecdlholm _Jlleanalive 67
ho(M, OGM)) = h'(M,C(3P)) for Ire B(m+m) (= R-R)

% Dy = {re Bem+n) 5 h*(M,0(3m)) 21 }

% Xm = B(m+n) \ D, : the <p. of aing pls

Rem  Dm =D(mn512), Bn=Blmmnid) (ase §3)

E,. M, R(m; @),

me lw'/
N (D.G.&)

Bm)
Example (i) 3=0 = D, = ¢
(i) 3=1 (= m=n) » Lin. <

Dm = {If'= CP.s By 81,7 82 ) € B(m#m) ; Fl+'"+Pm"\L’ 31+"'+3n}
— . ad 2‘ .
T{reBomn); 2 fpj’cg:—so (ot perioas) |
el th Roly 1- forr on M
Keg fdea.  Given aing. pls F€ X,y and " fiber comats” (=

accead 0y parart. of ad%.%.)JMWcta/d%{-lg-
€ Em(8) as a 0ol Lothe " Conan Proflem (CPI" |

Key Lemma  Xm © an anabylic Z-open aubest (+¢) of Bmn),
() H'(M, 0C&N)) =0, ¢ sobwablly of (CP)

Giy HO(M, BC3amM) =0« wung. of ast. 2o (CP)

i) Rotd Sor all Iré Xm < Aoto. cdep. of ack 2o (CP) on “dlela”.
THeorwm Eop(8) = Xy <2 Robo. affine 42l of nk m+39-3,

Rem dim E..(6) = 2(m+3§-3) + m.



et
§7 Fund. 2-fervm on the mfd of 3.5. €45,

T heorem FCD: a cloded 2- Formt on ZEM(@) 5.t

QIw~I(PY) L a agmpleclic ol on each 4iber @ ~ICp)
o4 [E,(0) —Z— B(m) , Pe B(m).

_D_ei Qucaééeéz%bjm Q"jofbrrbm [E,. (&

§8. Momod. Preserving deform.

Theorem  The monodromy preserving deformalion s an

L2 - tnvaviant foliation on [E,, (68).



