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Free Boundary Problems for General Fluids

Atusi TANI( B22)

Department of Mathematics, Keio University

§ 1. Introduction
In this communication we are concerned with free boundary problenms,
| one-phase ‘and multi-phase, for compressible viscous isotropic Newtonian

fluids (say, general fluids). In this one-phase problem, the domain
Q(t)CR® occupied by the fluid at the moment ¢ >/ 1is to be
determined together with the density p=p(x, ¢t), with the velocity
vector field v =09 (x,t)=(v,,02,vs) and with the absolute
temparature O =60 (x,t) satisfying the so-called compressible

Navier-Stokes equations:

Dp

D: T TPV
D N
(D o 2Y = wP + o7, x€Q(t), t>0,
Dt
DS ~ :
,08"—[“)—; = V‘(/C VG) + u (V‘U)2 + ZﬂD(U):D(U),

and the initial and boundary conditions
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(0, 0, Olewo = (0o, v0, 0)(x),  x6Q(D=0,

(U’ Q) = (0) Qa(x, t))y XEE,

‘2 Pn=-pen+0in, £V0-n=x.(0.-60), xeI'(t), t>0,
DF )
=0, xer(e), ol
D 0 x€(t), t b

if r(t) 1is givenby F(x,t)={.

Here f=f(x,t)(xeR%,t>)) 1is a \}ector field of external forces,
pe=pe(x,t)(xER®, t>]) 1is an outer pressure, 5 and [ (t) are
two disjoint components of the boundary 4Q (¢)(2 1is fixed and

I'(t) 1is free),n=n(x, t) 1s the unit outward normal vector to
I"(t) at the point x, P = (—p+u Veu)k+2uD(v) is the

stress tensor, D (v ) is the velocity deformation tensor with the

element
/ oV ouv;
Dij=— (——+ TTJ', D(v):D(v) = Djx Djk
! ax,- CX;:

(Here and in what follows we use the summation convention),

p=p(p,6 ), is a pressure, S= S(p,60) 1is an entropy,

L, ,K,0,K. are, respectively, coefficient of viscosity, second
coefficient of viscosity, coefficient of heat conductivity, coefficient
of surface tension and coefficient of outer heat conductivity, which are
all assumed to be constants satisfying u >, Ju+3u 20, >0, o>],

kKe>ll, D/Dt =38/t +uv+V, H/! is the mean curvature of [ (¢).
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The sign of H 1is chosen in such a way that H»n= A(t) x, where
A(t) is the Laplace—Beltrami_ opefator on [I'(¢).

One-phase free boundary problem without surface tension(i.e., g =)

was discussed in Sobolev space by P. Secchi and A Valli[6] when QCR?®
is bounded and 3 =¢ and in Holder space by A. Tani[l4] in the case
of general domain (.

For such problems for the incompressible ones we have better
results than our problem (1)-(2). When o ={}, the existence of
solution, local in time, was proved by V.A. Solonnikov[8] in H dlder
space when - 1is bounded and 3 =¢ and by J.T. Beale[2] in Sobolev
space when  is an infinite slab. On the other hand when ¢ >{, we
have some interesting results on a temporally global solution and its
large-time behavior in Sobolev space under some smallness conditions on
data: Beale[3], Beale-Nishida[4], Solommikov[10-12], in each case.
Without smallness conditions on data, we have only the local existence
results proved by Solonnikov[9] when QCR® 1is bounded and X =¢ and
by G. Allain[l] when QCR? 1is an infinite slab.

Notation. Throughout this paper we use Sobolev « SlobodetskiY

spaces defined as follows. For any 7>(), r¢Z we define

W, 72 (Qr=02 X (0, T))={u, defined on QTHIu"Wzr.r,/z(QT)<w}’



149

where

nu‘l r.0
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o xs ,t _Dys ,t 2
x S | D ulx, t) u(y, t)l ix du
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12T i+ir—170)
. | x— vy

/2]

Z:, ||D”

iu /_r/2([] T) ]_—_U Lz(/y7)

N ST {r Dy /QJu(x t)— Dt /z“iu(x,f)'P

o It_.z—‘f'i‘(( /2”‘i.:r//2j)

-dt dr.

We also define the space W,”""/2(['r) on the manifold ['y=7IXx(,T)
as Lo ((0,T)s W (I')N Lo (Q3W2""2(0,T)).

W."(2)={u(x), definedon £ | |ui

[S—

@
Wz"(.Q) :

-

Furthermore we introduce Sobolév—Slobodetskii’ space with weight

e 2" (h0).

Ho 7 "?(Qr)=1{u, defined on QTHWHEIM’”?(QT)< o}t
Y o7 '
lel P2 5 e " 'iD ij 1,2 t+
e () 25+ Tk I=0 s ‘ L)
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+ gTe-”%D ip bl TEIE
2;‘+|§l=[r} 0 T ML

T P oo
Re—‘zhtd ZS” Att—TDtijk Uo (’, l‘)Ii
0

+ » X
?"2(2;72‘+|/£|<7u0 L.(2)

X T—l—r+2j+lkid7'-
b

O Julx)—uly)l?
\o

e |
“<u>)2’Q —SQ lx—'y‘3+25 dxdy; 66(0:/))

y u t>
A rulx, t)=ulx, t)-ulx, 1), uo={ .
g t<f
The same notation will be used for the spaces of vector fields, the

norms of a vector supposed to be equal to the sum of norms of all its

components.

§2. One-phase problem

Our first result is the following.

Theorem 1.  Suppose that
(i) RCR® 1s a bounded domain with a boundary 4Q=7U0), '3 =9,
I, ewtsr, 1e(h D,
(i)Coo, v, 00) € Wo' " ()XW ™ (Q)XW2 T (Q), Do, 0020,
G w, v, £k, 0, K. are constants satisfying the relations
du+dn 2, Ly K, O,Ke >,

() B 8 Wotrs/2-t/2s3/a(5n5,
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(v) VV(pe;Qe),V(p?,t,@e,t) are defined in RC‘X(O,T) and»
Lipschitz continuous in x,
(w) f, Vf are defined in R®*X(},7T), Lipschitz continuous in x
and //} Hdlde? coniinuous in ¢,
(w) (Ei,l>)==(5;,1>)(z),67) are defined on (ﬁ,w)x(ﬁ,m),’two times
partially differentiable, ﬁnd their second order derivatives are locally
Lipschitz continuous there; moreover Sg> (.

Then there exists a unique solution (p,v,0) of (/)-(¢) such that

D*v, D* €L, (Dr) for k=l, 1,4, ve, 0:€L2(Dr),
D*p€ Ly (Dr) for k=0,[, pe€ L2(Dr), I'(t)EW,?/%"

for some T c(}, T'], where Dr={{(x, t)ER*| xcQ(t), te((,T)).

The sketch of proof.

1. First of all, we tranform the equations (1) and the initial-
boundary conditions (2) by the characteristic transformation
T7Feex-E=X{3;x,t), where X(T;x,t) 1s the solution of the

equation

, { . '
(3)2‘; X(t;x,t) = vX(T;x,t), 1), X(t;x,t)=x.

If 1, be suitably smooth, then the basic theorem of ordinary
differential equations yields that (3) has a unique solution curve,

which gives us the relation between x and §£:
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(0 x=F+| w(F, 0 dT=x(t:E,DXu(E, 1),

]

where u(f,t)=0v (Xu«,t). According to a kinematic boundary
condition (2)*, TT*, is one-to-one mapping from {(x, £ )SR*| x€Q (¢),
te(f, T)y[resp. {(x,t)eR*|x€(¢t), te(),T))] onto Qr

[resp. 7"+]. Then the problem (1)-(2) takes the form

b3

——— == * Vuo ,
5 0 /4
X au » X K -
(5) pr — = VePu + 07N xeQ, O,
) o
YL ,
o0 0 bs**a"?" = Vu'(fC Ve 6 ) + U (Vzt'u)2 +

+ 2uDuu):Dulu) + p*0*S, * Voo u,

(0*, u, 6*)i3=0 = ( ;00’ UO; 00 )(E)’ gtf))

(?Af’ 64{) = (J) ea*(§9 t>>7 E’EZ‘, t>§’

6 ,
( ) f’ul’l:“[)e*n'*'g Au(t)Xu(Er t):

cel’, o).

K VO n=(:(0"—0"),

Here ([)*78*3](*’pekﬁga*yee*)znxs(pag:f}pe70a’€)e)y Vuz
| (Va;l, Vu’2, vu’S)ZG vr G:(t (aXz¢/8t>)_1, Puz(,p(ﬁ*’ 9‘()

'%ﬂ’ vzc'%)l+2ﬂ[’z¢(u>y IJ(&(“)Z([)u; z’j>=%< Vu;z‘ uj'+ vvu;jut'\)-
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By A4.(t), we denote Laplace-Beltrami operator oﬁ [+ parametrized
by the relation (4). Of course, n=xn(X., t) 1is represented b?f
n=Gne(E)IG %zo (£)1 where 7,(&) is the unit outward normal to
/" at the point }g’..
It is easily seen that the solution of the Cauchy problem for p*

is given by the formula

4

(D 0*(E, £)=pa(E) exp[-g Veeu(£,7) d7

0
provided that weW,2*-1*/2(Q+), $<[</ 1is given. Therefore the
main part of our problem is to solve the initial-boundary value problem
(5)-(6) for (u,0%) with p* given by (7) in a fixed domain @Qr.

2°. We consider an auxiliary linear initial-boundary value problem

»vg%:a(x)d u+ar(x) V( V'v)+¢(x, t) in @Qn

Ulr=o=uo(x) on 2,

(8)

t

BO<X;V)Z¢—O"<X>81<)C;V)\ udt=b on It

5
1
«J

U= on 2-: T

where Bo:(Bo,jk),<_ Ny Biz(B“jk)Fj k/"' are as

127 i éd 3 >
follows:
—a(SjnV+ne Vi=injnin+V), j=01 k=123,
[f()’jk:: ’ E '
(a—a) e+ianin-V, o J=h k=044,

— 8 —
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(0, i=00 k=123,
Blvfk: i
_I'ZkA<[}>vy j:.?) kZ/,Z, 3.
In order to solve the problem (8) in the general domain @, it is

necessary to solve the following problem (9) with constant coefficients

in the half space D++ER_:_X(0,W): ;

9 .
__?'fszu-f—al v( V‘Z{), in Das,
ot
u!t=o=0,
(9
OUs a'u, ‘ )
+ =6, (x°, t), =19

) aus ,qt 2
(a.—a) V-u+2{l-—-a»——~»+o \V Usd T

X3 Jo

=bs.

{1

X3 =1l

Extending % and 6 =*(b,, b2, 63) to the half space #<} by { and
making the Fourier transformation with respect to x  and Laplace

transformation with respect to ¢ :

poo o
o

7(10) u(&’, s, x3)=\ e’td thzu(x, t)ex " dx,

0

we get the boundary value problem for the system of ordinary
differential equations
da? d .

(d i+ a, 312‘61‘“"—29221‘*'611 £, &, 272‘2‘ a; &1 us:f?,
d X3 d xs3



i ~ d* . L. d ..
a,EEur+(ar’+a, 522‘(1“_'_2_) Us= 1 @y &2 Us=],
d xs dxs
. d . ad . ] . AN .
it a (&~ U,-Er— ) +(ar?-(a+a.)——5)dus=l,
dxs IJZX:; dx:s
d . o ~ .
(11) a(—— Ury+ i E,Us) c=by (r=102,
d x3 X3 =y
, C e A . ~ d .
(ai-a)(iE u+i & u2)+(a1+a)—;x Us—
3

] = 53)

- 1l : v
u 4k as Xz 7 9

where r2=gs/a+ &%, £'2=F 2+ £,*, arg ri(-nw /i, m [4).

It is not so difficult to solve the problem (11); Indeed

-~ expi_?rxsj - exp{“r 2’; -~ 4161(X3) L~
(1D u=- b7+ Th+ Vb
ar Adr(r+7,) dr(r+r)a+a,)
is a solution of (11) where 5 = *(},, ba, 1),
[ daa, _, - c &' ]
Ad=-s | s+ EV(] =) 2 r(‘
L a+ aq Y+ 7 S J
¢ T1¥3--p T %3 S _,
ei(xy=—tn 0 2 =S L
Yi-7 a—+ a;
U=(Uji), . . V=(V;s), . ,
R I X% T, k<)
{ [ 3(51_‘6 ' (;’,10’,5'2
A e S - -1 &
| —E;Eels(———r-r)+———"—— 7, k=17
% TEELTY a+a ala+ay) ) ’
| .
I . f . al ( a w2 i . o n
: ZSJ'SS7’1(}”*‘?’1)*“**f*4“*\7/‘+5‘ )" ]':/’d: /f:J)
i < a+ dy Jo

- 10,,_

155
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Ujkz a-a .
7ifk7‘s(__—_—1_‘“r+rl)y j:3) k:])ZS
a—+a
rri(r+7r)s, | F=k=3,
r 0_; ,9
EiEcQrs+ f ), )
iEis(r*+§£°%), 7=12, k=3,
ij:< Fgrn .
o
i Ecvrs Qrs+ ¢ ), 7=d k=14,
| ~7r (2 +E°Y) s, o J=k=].

After some calculations, we can prove the follwing

Lemma. If Res =#4>), £ €¢R?, then the estimates

aa, g’ E2lrilh

412 h+ — &7+ ,
ldizts|[h 2(a+a1)g TIE ]
o (a+a)? (a+a)'’?
A L4+ + .
Is1?, 0" E" 27, I<4l4 (22, aa,h‘“G]
are valid.

This is essential for our investigation.

Since | u "H;,“’“ (D+)(D+ER X(0,®)) and |u NH;,”‘”(DH)

are equivalent to

o

. 2 - A% -~ , . 2 21
T AE P S WNE IV R DIIENCrT S
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and
) e _
bl 0 b,
ZS df'gm ”( 9 )jﬁ(g’: h+1i &, X:z)ilz lrolzl_zjdfo+
FJ<LIR? S L2(R+)
© . 1~ , (2-L13)0
+ ! < '! ] 0> 3>> o
Vo @ E VG R i ey P

(ro=s+&°%), respectively, by Parseval relation, we get the following

result.

Proposition 1. Let [c(//¢,]), R0

t

if by, szHi+l/2'l/2+ll4(D+), bs=bs + S Bdf,
0
b3;6}1i+112.1/2+l/4([)+)’ BEHfl—llz,l/2-1I4(D+), and blt=o :0’

then the solution z of the problem (9) is estimated as follows:

+| B2

I+1/2-h. D+)

|2 N7 e
“udl +2.-h, D, §C(}Z)(l, b!gl +1/2.h, D,

' (Eft(br, ba, bs”)). ‘

From this proposition and the same method as that in [14] it follows

that

_— 12_*
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Proposition 2. Suppose that

(i) I, Xew,t*2/2, 1e(l2,]), I'NX=¢,

(ll) a’alEW;+l (Q), d>0’ al>0’

(i) $eHL 2 (Qr) (B,

t

(i) b3=b3’+g BdT, 5= (b, bs,bs JEHLH/2-1120108( )

]

BEHL-1/2 L2t/ (g, b le=o=uo lr(compatibility condition),
(v) u €W * (Q),
(1) o”EWL*/2(r), a’>).

Then there exists a unique solusion yx to (8) such that

| ‘ i ! i
! ullHin,um D) sC(T) ("¢“Hﬁ.'“2(07)+”uo"W;” (Q)+

+ | guHﬁlH/z,l/2+1/4([,T)+uB“Hl—1/2»1/2—1/4(1,,1.) +

h
+" o’ “W; +1/2 (I,)).

3. Of course it is easier to solve the linear initial-boundary value

problem corresponding to the linearized problem for 6*.

au4

3¢ = a:(E)Au+d, in @7,
(13) ﬁ u;|¢=o=u4.o » on Q,
Use “Us.a on X'r,
\ a2 VUus*n=5b, on I'r.
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Proposition 3. Suppose that

(D) r, ¥xewts2, 1e(l/l, D, I'i¥=¢,
(i) @€ W;”(Q); a>>), (i) ¢« € H,""'?(Qr),

(W) u&)OEW;+l (Q)) (V) U, REH§1+3/2' 112+3[4(Z‘T)y Usso

= Ussalt=o,

() b4EHfl+“2'”2””(r'r), b4|t=0:a2 Vu""“.»n’["

Then there exists a unique solution », of (13) satisfying the estimate

“Zh“ 142, 0/2+1

H (0n) < C(?‘)("‘P o L1/

(QT)+" Usso HVV«:;“ (_Q)+

- +|l uhaqu +372.1/2+3/4

‘ ():T)—H'b o 1+1/2 t/2+1/4(1T))

4, Next we construct the sequence {(p* .y Umy O*HW)(E,t)) of

successive approximate solutions as follows:

(D*o, Uos 0%)(ELt) = (pPos Vo, Bo)(E),

p*n is defined by (7) with w=2.-.€ W2* " 1*/2(Qq);

#. is defined as a solution of (8) with

a(E)=u/pe(€), ar=(u+u" )/ po(¥€), 0’ =0/po(¥),

L “~o |
¢:fk+__; v QP - (*—‘:L '“d)A um—l_
m—1 um-l um—i p m—1
»+ , .
_ (W;OT__I'EQ_Q’) V( Ve Um1),
m-1

— 14—
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uazv(): BOZBO(E; V)) BIZBI(E; V),

b=—{-P n(X , t)-prn(X L t)+oA(t)X b+

ﬂﬂ Um-1 Um-1 Um-1 Um—1

t

v Bo(E: V) tumr-0" Br(E: V) S s d T

0*, is defined as a solution of (13) with

a=K/(0660Ss(00, )

/
X x ~ ES x {IC \% > me_ +
0 10 ey 50*(ﬂ m-1s 0 " me1) Um—1 '

b=

+u (Vv “Um-1)2HuD (Um-1):D (Um-1)+

m=—1 Um-1 Um-1

+ 0% -1 0% ey Sp*(p*m-lg 9*;»-1) \Y} . um-1}~dz 40",

m-—1

/
’ :9 3 ,azea*, b = N e ee*_exm_ +
Usso 0, UUas 4 ,006059*(00, 60){15 ( 1)

+x V 6*m—1‘n(x s t)}"(lz Va*m-!'n(g’ t)~
um—l um—l

Propositions 2 and 3 and the interpolation inequality imply that

”(um, 0 m)“Hin,l/zﬂ(QT) < C1(T)+

+ Cz (Ty !i(um-lr 6*m-1)“[]§,+2;l/2+1 (QT))’
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where both Cy(T) and (C,(T,'), increase monotonically in each
argument and C,(T,.)-—{ as T -—{. Hence we choose a constant
greater than (C,(7), then T’ €(),T] such that C,(T",M) < M-
C.(T). Concequently, #%,, 6*.(m=0,/,{,~) are well-defined and
satysfy the‘estimates

my -*m 2+l.141/2 < = Us ds k™
ICum © )"th 20 M  form =012

Again applying Propositions 2 and 3 to the equations concerning .- u -,
and #*,-0%*,.-., we can prove that the sequence {(%,, 0*.)} converges‘to

(u, 0*) as m>o wmifornly in H2*!-1*1/2(Q,~) for some T7e(), T~].

Formula (7) gives that p*, converges to
t
p*(E, )=p* (dowl-\ Vurud 7]

‘ - - r » a
as m~w uniformly in Wi*-/2*/2(Qr”). Moreover, ——pP*m > ——p

ot ot

as m-w uniformly in W!-!/?(Q;”). The uniqueness of (p*,u,0%) also

follows from Propositions 2 and 3 and (7). Therefore we get

unique solution (p* ,u, 6* ) of (5)-(6) such that

u,G* EW:”'I”/Z(QT'), O*EW;+Z'1/2+1I2(QT'),

p*e EWL 2 (Q1 ) for some T €(0, T°].

— 16—
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Theorem 1 is easily deduced from Theorem 2. Indeed the function
(p,v,0)(x,t) defined by [1*,(p*,u,0*)(E, t) 1is the desired
solution of (1)-(2) mentioned in Theorem 1. Here []%, is the inverse

mapping of J]*., which exists for To€(0,T] satisfying (KMT.<!.

§3. Multi-phase problem

In this section we consider the multi-phase free boundary problem
for general fluids. This problem was discussed by the present author
in [15-17] when ¢ = and shall be done in detail in [18] when ¢ )>}.

For simplicity, we shall investigate only two-phase problem which
is formulated as follows. Let @, and ¢, be two bounded domains in
R®; 0Q,=X,U, 8Q:=X.Ur, X \N=¢, Y. N=¢p, T, N¥,=¢.
And let Q,(¢)[resp. Q,(t)] be the domain of the general fluid at the
moment ¢ which initially occupies , [resp. Q,].

Then our two-phase free boundary problem consists of finding the
domains Q,(¢), Q.(¢) and the functions (p *’, p 17,0 ‘*’) defined on
Q:(t) and (p *’,v ??,0 *’) defined on Q, (¢ ) satisfying the system

of equations

[D—Dt—](”“o(“: —p W) Yoy 1

(14)< p(l) [%](l)v(l) - V’P‘.l) +p(l)f(l)’ xegx(t), t>0,




(1)9(1)&_](1)5(1) — V'(!C(l) VQ(I)) + u(l)’(v. (1))2_4,

Dt
R DI () Py D)
( | D
2D 5 L) gy )
Dt
o 2 D 4, p (2 (2) () £
(15)4 [Et_ -V P®P4p f x€2,(¢t), t>)

(2) (2)[ 1(2)5(2)_ v,(,[(2) VQ (2))+ﬂ(2)’(v. (2))2‘+

+2uD(2)(v (2)):D(2)(v (2)),

the initial conditions

(0(1) (1)’6(1))|t=ﬂ:(00(1)7 ’Uo“), 90_(]))(27),( XE_QI,
(16)
(0, 0,0 ) |e=0=(00", 00 P, 0.P)(x), xEQ,,

the boundary conditions

v(l):v(?)’ P“’n~-l’”’n:—-peﬂ+OHn,
amn D ' x€r(t), t>0,
0(”:9(2), £ YO Dy gD VG‘“'n,

0 =) gth-g on X1,
(18) {

v =), g-g, on Xs,

and the equation (kinematic boundary condition)

D
(19 Y] F(x t) = 0 on I'(t) (¢t>0).

B D T(1) a {1) D u a

—_— T e —+ - V’ r,.,__,._ (2)~—-——+ ). .
Here [ 7)o T AT I A

P(l):(_p(l)(p(l), 9 (1))+u(1)’ ‘V.v(l))lufzu(l)p(l)(u (1))

163
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P(2):(*p(2)(p (2), 8 (2))+u (2)- V'U (2))I+2ﬂ (2)D(2)(U (2)),

F(x,t) 1is such as [ (t)={x€R*|F(x,t)=0) and n=n(x,t) 1is a
unit normal vector at x€7°(¢) pointing into the interior of Q,(¢).

The main theorem of two-phase free boundary problem is the following.

Theorem 3 ([18]). Suppose that

(i)0.,Q.CR® are bounded domains such that §Q,=X,Ul,0Q.=3,UTl",

[, 50, 5.Wa" "2, 1e(1/a, D, X1, 5., are mutually disjoint,

1+l

(ii) (pa(l), VoV, 0, V)W,

1+

(Q: )W " ()™ (24),

1+

l 1l
(002, 1,2, 0, D)W, " ()XW ()XW (Qs),
po(l) 60(1) 00(2) 00(2)>0
) V,u V7, e VP, 0 g2, g are constants satisfying

the relations 2u “V+3u V720, VIu‘V-p 2, 2uP+iu 2,
ﬁu‘”-u‘”'%ﬂ, LD, g gD g2 g

(iv)ea”)Ewén/z‘l/2+3/4(2l_’T)’ ea(2)EWéf3/2,£12+3/4(z,2’T)’
(v)Both VvVp., and Vpess are defined in R3X(§,T) and are
Lipschitz continuous in x,

(W) (£, ) and V(f‘Y, f®) are defined in R®* X (},7) and

—19—
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are Lipschitz continuous in x and 3 Holder continuous in ¢,

() Both (S, p)=(S™®, p )P, 0) and (S, p®)-

=(S ‘“,p““)(p 2y 0 (2)) are defined in ({,») X (J,»), and are two
times partially ,differentiable, and their second order derivatives are

locally Lipschitz continuous there; moreover S(G”‘“’ 5(62)(2)>9'

Then there exists a unique solution (p(“,v”),9(“,p(2’,yk(2),
0 2?) of (14)-(19), which has the properties
D*v Y, DFO YEL, (Dj,sr) for k=0,/,2., Y% ,0 Y9 €L (Djyr ),
D*p Y€ L, (Dj,r) for )c=0,-], 09% € Ly(Dj,r) (5=150),

r(t)ewy’2*t  for some T’ € (),T] (Dj,r=0; x(),T)).

Similarly to the one-phase problem we also utilize the characteristic
transformation []*; in the present problem.
The transfomed problem is as follows:
(3) for (p‘V*,u,0'"* ) in Q,,r,
(5) for (p“**,w,0‘¥*) in Q.,r,
(o V%, 4,0 " Yeao=(00 ", 060, 0,)  on Q,
(0% w, 0 Mizo=(00o ®, v0P,0,F) on Qs

Uu=-uw, Pa(l)ﬂ(xuy t)‘[)wu)n(xw, t,):"Pe*n(Xu, t)
+';‘0' Au(t)xu(st: t) +%0— Aw(t)Xw(E’ t), On I'r,

9(:)'* :9(2)*, g0 V. 0 “’*'n(Xu, t):/c.‘z’ Vwe(“*°n(Xw, t),

{u:(), 0% =0V on ¥i7,

— 20 —_
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\ w=0, @ B*=02.%  on X1

As we have already pointed out in §2,2°, it is essential to solve the systenm

of ordinary diffenential equations (cf.[11]) reduced by the Fourier-Laplace

transformation from the linear initial-boundadry value problem for

w with constant coefficients in the half spaces D.,, and D,_:

;;—:d(l)du'*a“)l V( V’u)\ in D++;R3+X(09m)r
gz;) —a P Aw+a ® V(Vew) in D.=R°x(0,»),
ult=a:0 on R3+E{EER3lga>0};
wle<e=0 on RP_={EFeR®|E;<f},
J ‘, ; U - LUIE _ozbzt(bly b2; bS)’
o=
ouUs Ou, ows Oow,
(1 + - a(l) —— — :'b +7 :],2 s
“GE, ToEs GE, ToE, | gamg “Oerr (70D
. aus '
(a(l)l_a(l))v,u +2a(l)______ _(d(2)1_4(2))v.u +
€5
0. t
+ 24‘“—3?—3 + og(v”ua-JrV""wa)d‘c £
\ . 3 0 3~

especially, to estimate from below the absolute value of the determinant

:bsy

U

and

4 of the coefficient matrix of the above-mentioned system of ordinary

differential equations (cf. Lemma 1).

After lengthy calculations, A4 is given by the formula
4= -s* X

(P20 (r Vg @y @ g DE T

—21—
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+po(1)2(7,(2) r](Z)_E’ 2)+p0(2)2(r(1) rl(l)_E’Z) +

1 rd
7,( )rl(1)4§ 2

X < +4£' 2[:,00(”—(61(”,00(”—(1 (2)00(2)) s ] X
(2) (2) , 2
~ 7 r 2-&
X Lpo(z)_{_(a(l)po(l)_a(2)p0(2)) 1s ] +

(1) (1) s 2 (2) (2) , 2
o _, r 7, ‘V-F AR A J
+ sg 2[ ‘00(2)7,(2) _IS +po(l)r(l) ls J

and is estimated from below as follows

(2)

/ . ‘ a
(20)1 412 s|? {~*(DJ”Irf”|+p;"Ir;”!)24—4Z7T;p;”2f'2 +

¢
i p(z) . p(l) v
— r2f___ "o (1) 2 e (2) 2
+2‘/—§lsl2 hf [a('“-Fal(“lrl l +a(1)+a1(1)lrl I:l'
flere Gz S r2 W) n z
Pt arg 7 E(——~Z—u y )
. N
ry= +E7%  h=Res>), ETER™

1 a(J)_+a1(.l)

Once this is checked, we do as previous section.

Theorem 4. Under the same assumptions of Theorem 3, there exists a

unique solution (p ‘* % ,0 VX, 0 @* w,0 (*7*) of the transformed

equations []*:((14)-(19)), which has the properties

-1+l /2 L. lrs
U, 6 (1)*6 W§+ " (Ql;T')’ w, 9 (2)*6 W§+ t 2(Q2:T’)y

T2
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1+#l.1/72+0 72 si72

X At
0 (e W (Qi,1v), 0" €W, (Q1, 1),
14l 1724072 gt -
0 D¥e W, (Qesr), 0 P%EW, " (Q2,1)

for some T7€() ,T1 (Qirr = Qs X (0,T), j=1,0)-

Remark. We have not succeeded to get the estimate from below (20) of

| 4| without the additional conditions

\/—3,&”)—/1‘“' > 0, vf_gu(z)_u(z)' > 0.
But in our case the Stokes relations Ju ‘V+3u V"=, 2pu P +iy 27 =],

w30, u®>) are contained.
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