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In [5], H.Maass showed that the dimension of a space of
generalized Whittaker functions satisfying certain system of

differential equations on Siegel's upper half space H, of degree

2
2 is three. First of all, we shall investigate the structure
of a space of generalized Whittaker functions which are eigen
functions for the algebra of invariant differential operators on
Hz. The theory of generalized Whittaker functions is discussed
in Yamasita [12]1, [131, [14], [15) with full generality. We
can get an outlook of the space of generalized Whittaker
functions by using elementary calculus instead of representation
theory of Lie groups. Generalized Whittaker functions
naturally appear in the theory of indefinite theta function.

We shall show commutation relations between the invariant

differential operators on H, and those on the product Hle of

1

with respect to a theta

2

two copies of the upper half plane H1
function. The relations are analogues of commutation relations
for Hecke operators in [11, [1%31, [16] and are proved in some

cases for Laplacian in [8]1, [21. We essentially use the result
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in Nakajima [101 where the generators of the center of the
universal enveloping algebra of Sp(2,R) are explicitly given.

By commutation relations we can construct an automorphic form F
on H2 corresponding to L-function with Grossencharacter of a
certain biquadratic field. Generalized whittaker functions
investigated appear in the Fourier expansion of F with respect
to translations in H2 and so we can define a "Fourier"
coefficient which is a constant by ratio the Fourier coefficient

to a generalized Whittaker function. A certain "Fourier”

coefficient of F is given in 2.

1. We denote, as usual, by Z, @, R, and € the ring of
rational integers, the rational number field, the real number
field, and the complex number field. We denote the algebra of

invariant differential operators on HO by 9 and the center of

the universal enveloping algebra by €. Nakajima calculated
generators of 92, ¢ in [91, [101]. The generators of 9 are
3 - -— -— —
Ay =i ?:1 yiyjaiaj -d(9,9, + 8,8, - (1/2)8,3,)
and

_ 2 . 2. .5 5 _ 5 2
a, = d°(®,8, - (1/D9, )(8183 (1/4)8,%)

3
+/TA/AC 3 y,0.)B 8, - (1/4)8,%)

1

1_
+/~1(1/4)dC 2 y,8.)(8 8, - (1/4)822)
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+(1/16)d(8183 + 8183 - (1/2)8282)

where we put

2.=x.4\/—1yi (1<i<3),

_ 9 _ 9 2] .
81- 821 = (1/2)(§§; v-1 5;;) (1£i<3),
éi= —%— = (1/2)(82 + /-1 88 ) (1£i<3),
azi i Y
2 21 %
and d=y,y.,.~y for ( )GH . For two complex numbers d,,
1°3 72 22 23 2 . 1

d2, we consider the space ¥ formed by functions f(Z)=g(Y¥) of

Z=X+1Y€H satisfying A, f=d,f and A_f=d,f with some functions g

2’ 1 1 27 72
of Y, which we call generalized Whittaker functions. 1f
g(Y)ezm;trX belongs to ¥, g has to satisfy
2 2 2
1 2 9 2 9
(1.1) =(4y,.y, m=—F— + 4y — + 2y ——
8 3°2 8y38y2 2 8y38y1 3 aya2
2 2 2 2
3 2 9 2 9
+ Ay, Y, moFm— t+t Y,Y +Yy + 2y
271 ayzi-)y1 371 9y22 2 ayzz 1 ay12
2.2 _ 2.2 _ 2.2,
- 8n y3 167 y2 8n y1 )g—dlg
and
d 2 % 2 .2
(1.2) - ——~(2(16dn + 1) — - 32(8dnt"-1)m
256 8 2 . ‘
Yo
4 4 2
+ d(8 ———Q——E———‘— 16 g 5 + 6an’ -2 -
aylayz 8y3 Syl 6y3 Syl
4 o, 2
- -8 7+ 6an’ —2 5)
dy dy
2 3
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3 . 3 3
d 9 2]
+ 16y, m7—F—=— - 4y ( +16y, ——
" 2_Qy18y28y3 | 1,8y18y22 aylaysz
2 3 ‘
9 9 2 9
- 8 =~——5— + 16y, ———— -640"y, =—
8y18y3 1 ayl28y3 | 3 ay]
3 ‘ 3 '
8y2 8y2 8y3 2

2 o _
64n yl 5;;)g-d2g

2

with d=y1y3—y2 Put
y y t 0 cos 8§ -sin 6
(1.3) Y=( 1 Y2 ):( 1 )[ o ],
Ay,  y3> | 0 t2 sin 0 cos . 0
‘g(Y)=h(t1,t2,9).

Then h is periodic with respect to 8, so that h has Fourier

expansion

(1.4) h{t,,t

. = nid
oty 0= 2 B (ty.tyde

nez M 2
where Bn(tl’tz) is a solution of differential equations

| -1, -2 2., 2 82
(1.5) 477t -ty (4(t1 +H, D (ty -t e2n %t
2

142
2

2 7 * t22 2 2

ot ot,

2 2

2 2
‘(tl—tz) (t1

d 3 _

and
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t,t

(1.6) —_——-1-—2———-—»(2(16” ~t,0%0%t t. +5t, 2-18t, ¢, +51t z)nz
4 1 "2 1°2 1 172 2
64(t, -t,) , ok : /
172 , L ..
2 4_2 4
+8 (81T tlt2 1)(t1 t2) nr+4n t1t2
(. 2, ; 2.2, 2
(tl-tz)(4(2t1—t2)n tz—lﬁ(tl—tz) n tl -
2 2 o
-3t1 +8t1t2—3t2 ) Btz
2 2 2 82
-(tl-tz) tz(lﬁ(tl-tz) n t1+3t1-2t2) —
8t2
2.2, 2 2 2
(t1 tz)[lﬁ(tl—tz) b1 t2 +4(t1 2t2)n t1+3t1
2 9
8t1t2+3t2 ) 5?;
2 22, 2 .. 8
—tl(tl-t2) (lﬁ(tl-tz) 7T t2 —2t1+3t2) 5——5
‘ t1
: o 3 3
+4t22(t1-t2)3———§——5 f4t12(t1—t2)3 ?
atlatz Syl 8y2
2
2 2 3
+2F4n +1)t1t2(t1 t2) Stlatz
4
4 9 _
+4t1t2(t1—t2) > 2)Bn—dan.
9t "9t
1 2
Now we introduce variables x=t1—t2, y=t1+t2 and put
(1.7) “Bn(tl,t2)=Cn(x,y)
where y>0; —y<XLY. Then the differential equations for Bn
yield the condition for Cn
1 22 2 2 2 2 2 2 2 2 @ 2 2 2.98°%
(1.8.1>) - ———[4n XT(XT+y )+ (y " -XT)InT-X"(XT+y T )—s X (XTH+Yy T )——
2 2 2
8x oy ax

2
2 2.9 3. 28 _
-X(y " -x )§§ -4x yaxay)cn'dlcn’
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Put C_(x, y)—(x -y ) S.°

integer m20 and am(y)¢0.

(1.9.1)

especially

a
m+1

(1.8.2)

(1.9.2)

(y -X )( 4
256x4
2.4 3 3

2

)

2

2

9 5+
oyox
4

-8nTx +4xTy(x

9 %

—xz)(

x99y
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2 2

(trren?x ) (v2-x2)+2 (an?x2y? - an®xt-2y2+7x%)n2

-X —)

+x4(y2 2 -2
oy

3 3

3]
axay2

_ 9
ox

2n2x +87t2y2x2

—2x3(y2+x2)( 3

2

—x2(2n y2

2

8x28y2

)

8n"x +y"-3x" )/

2

2.4 2 2.9

sz

4 2,9

+x(2n2y2~6n2x2—8n2x y2—8n2x +y2-7x )§§

2 2.2

+2x2(n y2—n2x2—4n X y2+4n X +xX7)—=

2.2.09

2

-4x y(n +4n"x )ay) n-d2Cn

al(y)x1

]z~

(12+21+n2—4n2y2—2)a1+((l+2)2

(

@]

, L4

2 YL
al_2+y a1 +(41+1)yal)-d1al,

(m2—n2)y2am=0, ((m+1)2
1

implies

. . ,
- —55(2(1 +n+ 2)(1 - n + 2)xy
(l

L 1612K2 2 . 612

16n2n2y2 2

2n2

n2+

212n
10n

4n2y2

47':2 Y2

2(212

- +

21

+ 2(12

+

21

+

b))

3

where al(y)=0

Then the equation (1.8.1)

—nz)y a

-n2) 2a
y m+1

=0 and therefore a,=0 unless 1=m mod 2.

(

+

+ 161’y

2

1)y a

4 2 82

8y2

if 1<m with an

implies

2 2

-4n " a

1+2 1-2

=0 which result m=n,

The equation

, o, ’

1+2%28742)

1617t2y2

4 4

ya

2

+ 401 y2

+ 12)a1

o

1
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(1 +n+ 2)(1 -n + 2)y%a

1+2
0 _
+_8(l2 - 21 - n2 + 4n2y“ - 3)7t2a1_2
+ 2(12 - 21 - n2 - 8n2y2 + 7)a1_2
- 4(12 - 81 - n2 - 47t2y2 - 8)ya1
- Qe n s DA 0+ DA -0+ HDA-=-n0+ Dy,
(4) 2 77 2 (4) (3) _ 2.7
a, _4* 8n a; _4* 2y aj_,* 4ya1_2 167n ya; _,
4 (4) _ 3,_(3)_ 4 .
y al 4y al 167 al_4J—d2a1
for all integers 1. Since we especially have
(1.10) an+2= ———l———g (2(4d1—n2-—n+27t2y2+1)an—4(n+1)yan-yzan ).
4(n+l)y -
an+4= ———l———E (2(4d1-—n2-3n+2n2y2—3)an+2 -4(n+3)ya;‘+2
8(n+l)y
2 r o’ LA 2
y an+2—an +4n an),
and
(1.11) 4(64d2 + 4n2 - 4nn2y2 + 4n - 47t4y4 - 107t2y2 - S)an
+ 8y?(2n + an’y® + Ty(n + Da_,, + 16@2n + x’y% + 2)ya_
2.2 2 "’ '
- 22n - 4n7y" - 1)y an - 32(n + 2)(n + 1)an+4y
: 3 S T 4 (4) 3_(3)_
+ 8y (n + 1)(yan+2 + 2an+2) -y an - 4y an =0,

by (1.9.1>, (1.9.2), we obtain an ordinary differential equation

(1.12) 8% + n + 1A, - 16d,% + 64d, - n* - 2n° + n?
+ 2 n + 8n2y2)an .
+ 4C4n + DA, - n° - 3n° - 2n + an® yP)va_
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+ 2(4d1 - 3n2 - 9n + 27t2_y2 - 6)y2an
- 4n + 2y%al - 3P <o,
for an. It is more convenient to introduce parameters Al’ 12
defined by '
X, v, -2 (x,-x )2 X +i
(1.13) d.= 422 4 -1 2° 1 2 .. 3
: 17 8 i 2- 256 32 64

to describe the solutions of (1.12). With these x,,x, (1.12)

1’72
becomes
(1.14) - (llxz— n(n + 1)11 - n(n + 1)12
+ n4 + 2n3 + n2 - 87{2y2)an
+ 2((11 + 12)(n + 1) - 2n3~— 6n2 - 6n + 87t2y2 - 2)yan
g zé - 6n? - 18n + any? - 14)y2an
- 4(n + 2)y3 a(3) - y4a§4) =0.

n

For vel, m€Z, denote the associated Legendre function of the

first kind by Pg (z) and that of the second kind by QE (z) as

usual . Then we have
(1.15) PP (z)= Llutmil) fr (z+(22—1)1/2co§ t)vcos mt dt
: v T T'(v+l) JO ’
m PRI | F(v+m+1) 2_ m/2 1 (1- t2 )Y
Qv (z)= (-1) —;_T—————— (z f v+m+1 dt

F{v+1)

for z not on the real axis between 1 and ©® where we assume

7z
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Hoohlog w

put

(1.16)

for -1<{x<1.

, log w=log |wl+iarg w, -n< ‘arg w <n for w, ueC. We

m g 3mni/2 _m ol s mnRi/2 .m .
Pv (x)-y15m0 e Pv (x+Ly)—y11wO e Pv (x-1y),
m _ 1 . -mri/2 .m o _ L/2 m .
Qv (x)= 5 ylimo(e Qv (x+iy)-e Qv (x Ly))

m
v

P, (z) and Q$ (z) are independent solutions of

Legendre's diffefential equation

(1.17)

Put

(1.18)

Then ¢

(1.19)

2
d . 2.d m _
dz((1 VA )dz)u+v(v+1)u 1_22 u=0.

=—Q€ (0)#J52m—1emnz
2

v, -m v, +m+1 v.-m
. 2 2 2
a5 (5 ) o 5 ),

V,—-In -V, -m+1
et ormane (o 52 e 25 ).

€11

) 2 2
¢y = 0 32(0)-—/“2m mrt
‘cos( VZ;ml)F( v2;m +1)f F( zg:;:i ),
Cpy* %EPV2(0)=2m+lemni
sin( 220 (220 )i (s r( 252 ).
022¢d for -1<8Re v2<0. Put

m
129 (22,

Rm (z)é\c Pm (z)+c
v 2

Vo 11 2
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m _ m m
Sv (z)= C21Pv (2)+022Qv (z).
2 2 2
Then we obtain
-1+J1—4A1 —1+J1—4x1
Proposition 1. Put V= V= > , and assume
-1<Re v1<0, -1<Re v2<0. Then there exist polynomials hl’h2 of

y_1 of degree n-1,n such that

L © 0 n -n
IO'( Il Pvl(zl)sz(zz)(-Znyzz)
: 2Rz, 2. Y :
2 n/2 172 a
(z2 1) e dz2 )dz1 h

@ o QO n -n
IO ( Il Pvl(zl)sv2(22)( 2ny22)
—-2nNz.2,.Y
(z 2—l)n/2 e 172 dz2 )dz1 - h
o o _n n 2 n/2
fl fl Pv (zl)Pv (22)(21 1)
1 2
2 . n/2 T2T2y25Y

(z2 -1) e dzldz2,

are linearly independent solutions of the equation (1.14).
Note that polynomials hl’h2 can be given explicitly. By the

recurrence relation (1.10) we obtain especially

Theorem 1. The functions of x,y

> w2 _ 2 | [ pn n
Cn(x,Y)-(x Yy )fl Il Pvl(zl)Pvz(zz)

-2nz,2,y
2_4y172, 2_1)1/2X)e 172

Jn(2ni(zl 9

dzldzz,

are solutions of the equations (1.8.1), (1.8.2) where Jn denotes

the Bessel function of first kind.

15
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2. Here we introduce a Certain‘theta function and show the
commutation relations of invariant differential operators and
explain their connection with the generalized Whittaker
functions. we deal with L-function of biquadratic fields with
Grossencharacter at the end.

For (gl’gg)eSLo(R)XSLg(R)’ put

0 1' g -1 af le & 0 —1'
_|1-1 0 1 2 2 1 0
(2.1 p(g,,8,)=
1°°2 tl 0 ' -1y B 'd - |1 0
01 3 2 2 01
with E=(10) g =(32b2) Then p(g,,&,) is an elemént in the
' 01)* ®27\ezdy/ " 1’52
orthogonal group for (g g). | For an odd squarefree integer N,
we define a lattice £ by
M1 M2 m. .€Z for (i,j)#(1,2),
m m 1,]
2.2) 2= { 721 122 N €7 }.
m31 m32 1,2
41 42

For Z=X+1;Y€H2 and a Dirichlet character x modulo N, put

(2.3) GX(Z,(gl,gz))

. 0E
=ly| p x(lez)entNtr(x[(E 0)[p(g1,g2)m]))

1% M2

B

(37

e-nNtr(Y((g g)[p<g1.g2)m]))
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where S[T] means tTST, which is usually called theta function.

1/2
f1x) (v’ 0 ) .
Put gx+iy'(01)(0 y_1/2 for x+ty€H1, the upper half plane and
put
(2.4) G(Z,zl,zz)= @X(Z,(gzl,gzz))

then we have

Theorem 2. For 21X MY, 255X, 1Y,

AIG(Z,zl,zz)

=1/8(y12( 2
ox
1

2

2
, 9 )+y 2(@___Fa
2 dy 2 2 2 dy
1 2 2

A26(Z,21,22)

2 2 2 2 2
(1 2( 9 9 __2( 8 )
'( 256(”1 ( 2" 2 ) Yo ( 2% 2 ))

axl 8y1 8x2 E)y2
(e ) )
32 1 2 2 2 2 2
axl, 8y1 8x2 8y2
3
+a)9(2,21,22).

Note that Al’AZ defined in 1 are differential operators with

respect to Z not to z,,2 Let Ql,@z be Maass wave cusp forms

1*72°
2( 8% @ 2
with the character x satisfying y ( —_t — )w (2)=x,0,(2), ¥y (
2 2 1 171
ox dy
8%  a° -2
——2+ —y )¢2(2)=12w2(z). Put d02=y dxdy for z=x+iy, and
ox Jdy

define
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(2.5) F (Z)

=Ir\Hlfr\Hl6(Z,zl,22) ¢1<21)Q2(22)d021§022.
with F=FO(N). Then we have

(2.6) A, F (Z) = d, F (2, &, F (Z) = d, F >,

with dl’d2 defined by the equalities (1.5) for x and

1°%20

(2.7) F (0Z) =x(d)F Z),
% o]k %
BERIER
hold for o= * %1215 GF2 where
% *%x|c d
fifizdiatu) | SO
r2={ 0={%21%22%23%24 2172317832841 %42 » ).
aala32a33a34 NalBEZ, other a. .€Z
41%42%43%44 1
There exist a lattice 7 in {(g z)la,b,ceﬂ} containing (g ?) such
that F (Z) is expanded as follows:
(2.8) Fy, o (2= 3 ACT,Y) 2T Etr (TX)
' 1’72 TeT ‘

o - -1 ' ~
Hence W(Y)=A((g ?),(Jﬁ ?)Y(Jg g)) is a generalized Whittaker

function. A direct calculation shows that W(Y) is equal to
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> b B (tl,tz)ente and b, is equal to
nez " 1
h -1 . -1
(2.9) 2 x(a.,)e ( )w [ — )
. j=1 41 ch+/—N 2 ¢ N+/N
a. a

J i
up to a constant multiple, where ﬂj=ajZ+(ch+/TN)Z runs over the

full set of representatives of the ideal class group of Q(/-N)
with class number h and Bn(tl,tz) is defined by (1.3),(1.7) with
Cn(x,y) in Theorem 1.

Note that the corresponding L-function (the spinor lL.-function)

of F (Z) is the product L(s,wl)L(s,w

wl’w2 ) of L-functions of ¢]

2

and wz. Let Ki=®(/3;) be a real quadratic field with

discriminant di for i=1,2,3. Let d3=d1d2 and assume the class
number of K=K3 is one. Let 0 be the ring of integers in K and
E+ the group of all totally positive units in o. Put
(2.10) g(z,& )= 2 im(u)w(u)yl/z
uEO/E+
uEQ
KimK(ZKlNK/®uIy)cos(2anK/®u),
g2<z,£m)= > &m<u)W(u)2y1/2
uGO/E+
JIEY ‘
KimK(ZRINK/Quiy)cos(2anK/®u)
' - LmK vdl
where &€ (uw)=|u/u" | , k=2n/log &, w(u)=( ), g the
m N n
K/Q
fundamental unit, K. the modified Bessel function. Then

LMK

gl,gd are Maass waveforms and. we can take gl,g2 as Ql,wz in

(2.5). In this case L-function c¢orresponding to Fw o is
1°72

14
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-S
g £ (Ng ,, @Ng pa

where a runs over all integral ideals in F=@(J¢l, sz) such that

(0,d1d2)=1.
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