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Various Strategies of Multicriteria
Two-Person Games
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1 Introduction

—JBHZIZ — LD Payoff WEEMETH 5 LIRS T\ FIIIELHEE S isbind o
DO ERITHEERD ET 5L HUNT MUEDGEEDD 5, T DX S 1HEED HER
DT EIZ\ criteria ZFFD7 — L% “games with vector payoffs” &2 “multicriteria games”
EWVr 9,

D& D IEH — LIT-DUWTIE 1956 FED [1] %2 1959 D [4] itBW T, BL hoiigesh -
TEIH UHFED vector optimization 1IN, [5] R [6] ICR SN B XD, BUER
INBEIITE T, Fiow N7 MUEBBD I =< v 7 ZEHEP “848 (saddle points)”
OHEED—HH LI DWW TOWIZE ST D [7H14] IR oM 2 & S IBAICHIERIN TV 3,

CD K IEMEDOERITIE. FEUE Payoff DIESIARSGH > TV BN D0 DT — L4
DOHEHRST b IUE Payoff DIFEITHEILL TOBNE D HBVIINRT MIUETE 5T
ZOFLWHENS 500 E S o0k E LTH->7ch 6 TH B, CNFETOWET., F
FEARIERDEN T SADH BN, S TORREHNC, FRETIE. GEB)2 ASH
77— LOIIGEH S FHUE Payoff RO — LE2NEFRL, N7 MIUE Payoff ZR5D7"—
LAHNEFRLE UTHERO, 2D 2 DOBNZHB 25S. FHESEHS MNCT 5. o,
#r U \WEoEiilg (optimal strategies) &35 L4 (8f) BSOS A EA T 5, |

X T, T TLRIEFRO GERN2 ASIS —Lic oW ToERBHEEZ W O FE ED
THI S, Payoff fA X x Y _FOFERWEBEE L.

B/ IMET LA Y — playerl I3 Payoff fAf/NTT 5L 512, Bl z € XA #IRT 5,
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BARILT VA ¥ — player2 |3 Payoff fAIRKIZT HL DT, Billgy € Y2 #R9 5,
IDEE, RO EHBILL TV B,
(a) BT ROFERARD T -

sup inf f(z,y) < 1nf sup flz,y);
yEY z€X

(b) %5 player DYJHTHNS & BRI I —5d3;
(c) Payoff f DM (20, yo) € X X Y’S:Fff’):. L &\ IROERHRALT B - &i3[EHE

max inf f(z,y) = mmsupf(rC y);

(d) Payoff f DMK (2o, %0) € X x YEEFTE zov 401375 player DI TH D, &
IR TH b 5;

(e) RIS AL 525 player 13[E] U Payoff 25217 HL3;

(f) Payoff f@ 2 O@@}{—:—i\ (ﬁ],yl), (CL‘Q, yz) € X x Yb\ﬁft l/f:& %\ (95‘1, y?): (3:2;?/1) %-)
Payoff fD#uE L7585, ’

INSDOHWEIZOWT, HEFRIOS — LDGE. ESTE>TOBDIVERIZEZLTHL Do

2 Multicriteria Two-Person Zero-Sum Games

FINEFROIER T 2 AFHF—LE LT, IROL S BEADRVWEREES X 5 &I
T 5,

-

X,Y I3 (52 Hausdorff locally convex t.v.s. D) 2 >/37 bEES A
f: X xY — Z 3885787 b IUE Payoff

7272 L. BRZERE] Z 52 Hausdorff locally convex t.v.s. T

R OEFEOREE LT, B, %2R
BIMLT L A ¥— playerl |3 Payoff f ZHNTT BL DI,
g 2 € X A23IRd 3,

BARALT VA ¥ — player2 i Payoff f 2 KIZdT B L ST,
%mﬁ y € Y ’&igff}i'?"éo




Z 2 TORK b, BIMbEL. Payoff DFHIOEHAEE UTHIZEE ZICHIEF (<o) 25%E
5

pointed (C N (=C) = {0} ) 75" (Convex Cone) C
722l intC £ 0

NEZ 5NTHWT, ZONEFHEIC W THRELEIINE bDET B, ZDX SN C
% domination cone &FE33,

cf. Z=R"C =R} OFfE Pareto Optimization

FTIbE, Vai,2, € ZIHF LT, 2 — 2 € CORR, 21 <o 2 EED. N7 MILDHRKE.
IMbEEZ %, ZOWBES A DHDBNT ML 2o € A D A D C-extreme point TH 5
&3

{z€A|z2<c20,2# 2}=10

RO SOMEEEANN, £D X H7L A D C-extreme points 4% Ext[A | C] & (Ext[A | C
DFF LOHEIZOWTIL, [15],[16],[17] 8 EERE) o TI T CORSGDI E%5 A D
UNS V0L St 2ON

MinA := Ext[A | C]

EEL LT B0 fEo Ty A DRKILOESP., 9/ VeOEE. HRIOTDES HIX
DL IIEKT %o
MaxA := Ext[A | —C]

Min,, A := Ext[A | C?]
Max, A := Ext[A | —C?]

72 ls CO = intC U {0} £F B, TODRFE o, “<oo”id K" L DFHVINEF E78 5, X
T D —LITHBIT 555 player DFBEEEE SV S bDAEER L THE I 95, player2 D25
B y € Y IZX9 5 playerl @ (§5) mo@UGEIROES %

Ri(y) = argMinf(X,y) = {z € X : f(z,y) € Minf(X,y)}

(resp: Ry (y) := arg Min, f(X,y) = {z € X : f(z,y) € Min, f(X,y)})

& L. playerl OFHHE z € X 12693 player2 @ (§9) SEIEIROES %
Ro(z) := argMaxf(z,Y) = {y € Y : f(z,y) € Maxf(z,Y)}

(resp. R2(2) = arg Maxy f(z,Y) = {y €Y : f(s,4) € Max, f(z,Y)})

35, TN5IEE player DHARITERIFBEOFREEZ 515, H-T, & (59) =8
PIBESE
D :={(z,y) € X xY |z € X,y € R (z)}
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D :={(z,y) € X x Y |y € Y,z € R(y)}

C].:t; b\ if:'\ '
m(z) == {y €Y |(z,y) € argMinf(Dgw))}

miX(y) = {z € X | (z,y) € arg Maxf(D{"))}
<L & playerl D I =<y 7 ZAEH/IIM (2) £ 0 £785 2 € XTHY. player2 DT v
J A I ZHERIIm* (y) #0 L18B ye Y TH B, LH L. T SDHBRIIHEHER &5 2
LNBIES D Do BRBILDEIXTIIIRBEIZIE > TOBH, [18] THRRONTWVWB L ST,
“Bdfy” & SRBLDBIN T, HFOBIRDREVH I L - TIBRBETDH 5 LI LAY\,
LOLENS, SITRINSDI =2y 7 ABIRKO < v 7 X I B % oilikeg & I
R &Il &, £ LT, B player DR S %

Mt .= {x € X | mi*(z) # (0}

M= {y €Y | m&(y) # 0}

EETLITT Do Fho. LITTIE. SEERINES DP & DrAEDIRS & &123 3, #i
ZAE. FHUE Payoff DS EH#KT 5 &

mipmax f(z,y) — Minf(Dy) (= MinxLGJXMaxwf(w,Y))

maxmip f(z,y) «— Maxf(Dy) (= Maxq, Min, (X, y) )
HEZ DB EITIND, TDL S EEEEEE T, Introduction TRz RNEFEIDS — L\
OHEIZOWOTIE. BIIPEEAERVI L TWIEVWESIcEBbng, 72720, W 20D
Bk 24ERN D B, I\ 7% player DBREEISDIFEICOWTIRD Z EVD0 %, &
DIGA. D F DEERZERIA T 237 MT. Payoff f ANEkE Th B

(1) BrZER Z DMERRIXOTIE 5. & player OGEBRRIIFES S
(Theorem 4.11in [16] £ V)

(I1) HWYZER 2 2 ERRZoT. BFRROTIcBED 597, domination cone C ANRDWF Huin
DEBAEG T U TWA I SIE, 25 player D @EElRIIFET 5, 72720, 2%
oIS SITRMF 1 biifcd (Lemma 2.1 in [10] 2 HE&) » £/, HAVZER 28
BRURITIE SIE. & 113 LT 5 (Remark 2.1 in [19] Z2R.K) o

%ﬁ: 1 |— Sterna-Karwat’s Condition [19,20]:

For every closed vector subspace L of 7,
- CN L is a vector subspace whenever cl( CN L ) is a vector subspace.
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— Our Condition [9,10]:

| (C\{0}) +clC C C. (1)
F 72, Wi player ANREERA & > /o E &, G EWVSOIRIAOMEE 5725 5 D, FIZIL.
Minf(Dy) N Maxf(Dy) # 0

5o
f(zo, %0) € Minf(Dy’) N Maxf(D3) (2)
L1385 X S ITHBROM (20, vo) DT —LDEFHE[EEZTHEV, UL, —fRicH
player DEGEEHE 2* € Mt y* € M (16 LT EDRME (2) DR O LD EIFR S,
Z T, RIS EDRHRICER LTA B, FEid, BBREOFERAN L DD > T
Who TTL D3 OONY MUEREDERET B,

DEFINITION 1. (See Definition 2.1 in [14])
(a) A point (zo, yo) is said to be a C-saddle point of f with respect to X x Y, a C-saddle
point for short, if

f(z0,y0) € Maxf(zo,Y) N Minf(X, yo). (3)

(b) A point (zo,yo) is said to be a weak C-saddle point of f with respect to X xY, a
weak C-saddle point for short, if

F(®o, %) € Max,, f (g0, Y) N Min,, (X, yo)- (4)

(c) A point (zg,yo) is said to be a proper C-saddle point of f with respect to X x Y, a
proper C-saddle point for short, if the point (zg, yo) is a C-saddle point and

0 € Max[clK (f(X,4) — C; f(20,%0))]
NMin [clK (f(zo,Y) + C; f(0, %))] ()

where the set K(A;z) denotes the contingent cone of tangents to a subset A of Z at a
vector z (e.g., see [21, p.55)), i.e., a vector v in Z belongs to K(A;z2) if and only if, for
any U € Bz and € > 0, there exist a scalar ¢ € (0,¢) and a vector w € v + U such that
z+tw € A ( thus z € clA necessarily ). |

For the convenience, we will denote the set of all C-saddle points (resp. weak C-saddle
points, proper C-saddle points) by S (resp. S¥, S?).

DK, JD&DBESETNZEN.
(a) SRR (b) S5SHERRR  (c) HODSEHA



EFERZ LI B, FRITI. EROOTSCONB LI
SPCScsY.

ABBURNBOLL TOT, CO=CEoiIE S =5 THEI Ebbh b, Fio.

S= DN Dy,

S¥ = D¥ N DY
WS T E bbb, JNIRBERINESDILERA DI > TS ENS T ET,
FiE & (2) RTEZ I — L OIS (20, yo) 13

f(zo0,90) € Minf (DY) N Maxf(Dy)

AT LTOADT, §BESEIC B> TWE, T 5 DOFRER S ORI IF 2>\ T
[14] Z R &, FAEEHE DWW 20dH D, Payoff fIZdb ZFEDMMEDRALNMI- XN TWIUL
T3 ThHb, UL, FSESDOBEETTFIEE » E—/RD EH 12753, |

THEOREM 1. (See Theorem 3.11in [9]) Let X and Y be two nonempty compact conver
subsets of two locally convexr Hausdorff topological vector spaces, respectively, and let the
payoff function f : X xY — Z be continous. If the weak optimal response strategy sets
R¥(y) and RY(z) are convex for everyy € Y and z € X, respectively, then the payoff f
has at least one weak C-saddle point.

Proor. Although this theorem is the same as Theorem 3.1 in [9], for the reader’s conve-
nience we give here an outline of the proof. Since the cone C° satisfies the condition (1)
(ZRfH2), for every y € Y and z € X, the sets R¥(y) and R¥(z) are nonempty by Theorem
2.2 in [19]. Also, it is easily seen that the two sets are closed. Moreover, they are convex
sets by the assumption. Further, we can prove that the set-valued maps R} (-) and RY(-)
are u.s.c., and then based on Browder’s coincidence theorem ([2,3]), there exists a point
(z0,90) € X x Y such that

zo € RY(yo) and yo € RY(zo).
Therefore (z9,y0) € DY N DY, and hence (z4,y,) € S¥. O

2 player OFSRBENRITEIEOES RV (1) & RY () DN TH B850 Payoft f IZBET 51453
FHTIIRD L S 1L HDHD B,

(1) f(-,y) is properly quasi C-convex for every y € Y and
f(z, ) is properly quasi C-convcave for every z € X;

(2) f(-,y) is pioperly quasi C-convex for every y € Y and
f(z,-) is C-concave for every z € X;
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(3) f(-,y) is C-convex for every y € Y and
f(z,-) is properly quasi C-convcave for every z € X

(4) f(-,y) is C-convex for every y € Y and
f(z,) is C-concave for every z € X.

X 512, 2NEFRIOY — LOWHE () IKRE LT, IROERLD 5,
THEOREM 2. (See Lemma 3.1’ in [10]) Let X and Y be two nonempty compact conver

subsets of two locally conver Hausdorff topological vector spaces, respectively. Assume that
the payoff function f: X xY — Z be continous and the pointed convex cone C satisfies
the condition (1) (%44 2). If the payoff f has a weak C-saddle point (zo,y0) € S¥, there
exist some vectors

z1 € Minf (DY) and 2z, € Maxf (DY)
such that

z1 <c f(iCo, yo) and f(ﬁco,yo) <c z.
O

T 7 <¢ =B L. 2EFRIO — L0MH (¢) OFRUFERIL T %, 2F 0 (¢)
DORAEWY () ICEDIRDE S IZEZ B,

max inf f(z,y) > mip sup fz,y).

LU 2IEFRID S — LOMWH (d) DD L2 &R ST, 72720, $ 5 (20, 90) € S¥
(= DY N DY) IR LT, (2) dvilizc Shnuds

(z0,%) € argMinf(Dy)

= my(z0) # 0
= o€ M2
= zoldplayer |IOFEEMG( I =< v 7 REHK)
(zo,y0) € argMaxf(D¥)
| = miy(yo) # 0
= Yo € MY
= yoldplayer2 DREEHAG(< v 7 A I —H{HK)

ETL 5T, zon Yold S player DEEHIS TH O F/-GEHIRE 785, 7208, ZDLS
BEEIIRRITH D, 7= L0RET 5 LIRSV, 22T RIH LWITEIREICS
WTHEZTH5, :



3 Optimal Security Strategies and Strong Saddle Points

WE ETIRTE XS ic. B2 Z12i3 domination cone C 12X » CHIEROREEN
A>TW3B, L L. BT L I D (meet)”—greatest lower bound % “GECF (join)"—
least upper bound N—EIZFFAET 5 LIIPR S 9. BHIZER] 2% R (lattice)” 1785 &1
FRSEW, 22T ZOMEFIZE 5“1 DER”—the set of greatest lower bounds &
“HETRDEES” —the set of least upper bounds ZRD X HITEFRL L Do HEEDRT bV
z,y € ZIZR LT,
zAy:=Max{z€ Z|2<cz and z <¢ y}

%z & yDARH D DES (the collection of meets) EFETF,
tVy:=Min{z € Z |z <¢c zand y <¢ 2}

%z & yDFEDEES (the collection of joins) EFESS, KHZ, IRD Lemma TRINS KD
2. BRIZER 26RO (RY) DA domination cone CHVZE DIXIEL &R U D—IK
WAL MV SHERR X NS polyhedral cone 7X S, z Ay z V yld singleton &78 5,
ZORZ. BWZERITH BIEFZEE (2, <c) 13 “R (lattice)” &78 5,

LEMMA 1. Letn :=dim Z < co. If the domination cone C is a polyhedral cone generated
by n linearly independent vectors, then both the sets a Ab and aV b are singleton.

Proor. We only prove that the collection aV b of joins of a and b is a singleton set. First,
in order to show the set a V b to be nonempty, let

Cla,b):=(a+C)N(b+C),

and note that |
a Vb= MinC(a,b).

Since intC # @, there exist a vector zo € C and a convex symmetric neighborhood U € By
of the origin such that
Zp + U C C.

Also, the neighborhood U is an absorbing set, i.e., for any z € Z there exists t > 0 such
that z € tU, and so there exists £ > 0 such that a,b € tU. Thus, we have

a,bE{zO—C’,

and hence C(a,b) # §. Moreover, it is easy to prove that the cone C is closed and that the
set C(a, b) is C-bounded and C-closed (in the sense of [17]), i.e., C(a,b) C Z+ C for some
% € Z and C(a,b) + clC is closed. Therefore, from Proposition 4.1 in [17] it follows that
the set a V b (= MinC/(a, b)) is nonempty.



Next, in order to show the set a V b to consist of a single element, we assume that the

domination cone C is generated by n linearly independent vectors ey,...,e,. If a <¢ b,
b <¢ a then obviously a V b = {b}, a Vb = {a}, respectively. Assume that a £ b and
b £¢ a. We consider any vectors z,2> € aV b. Hence, there are o}, 8} >0 (i =1,...,n)
such that

z1 = a+ Za}ei
=1
= b + Zﬁilei> (6)
=1

and there are o, 2 > 0 (: = 1,...,n) such that

; n
2
29 = a+§ oge;
i=1

= b+ Z ﬂize,‘. (7)
=1
Therefore, we have
21— 2 = Z(O‘;} —al)e; = Z(/le — fe.
1=1 =1
Since the vectors ey, ..., e, are linearly independent,
o —al =0 -p (i=1,...,n). (8) .

Also, we have
113

a—b=3 (6!~ od)es = (8 — 0d)es.

=1
Since a £¢ b and b £¢ a, all coefficients 8} — o} of the above can not have the same sign,
and so we may assume that

Bl>al (i=1,...,7),
B<al (i=r+1,...,n).

2

©)

By (8) and (9),
BF>al (i=1,...,1),
Pi<a? (t=r+1,...,n).

From (6) and (9), it follows that

(10)

at Y (o= fl)ei=b+ (B! - ad)es (1)
=] '

1=r+1



10

Let us set

1 al—p ifi=r+1,...,n
Y =

0, otherwise,

and
61_{,@}—@}, ifi=1,...,r

' 0, otherwise.

Then, the expression (11) becomes

a+ > vie=b+> ble.
=1 =1

Since
n n
1 1

Z'Yiei, 2516160

i=1 =1
and

n n n n
1 1 ~ A1 1
dote; >0 Y. vien, Y. Blei>c Y. bl

we have

=7, BA=6 (i=1..n)

because z; € a V b. Hence,

Similarly,

ol =0 (1=1,...,7),

=0 (i=r+1,...,n)
From (8), (12) and (13), it follows that

of =a? (i=1,...,n)

Thus, z; = 23, and so a V b is a singleton set. O

(12)

(13)

KiZ. RIEFRTIIEGRING D - IfRPKEE WS bDEZEZTH D, N, 3=
Ty 7 ABIRE <y 7 R I ZHIRIC K B ROl SRR EE 5TV BN Rk
#EA- 52 2 HIRI 3 RoBRUTEE & —B L T\ o todic, FEPKEEAREICT 5 2 & 135S
B INISh -1 EE S, L L. HEFROEE TN Rk #EE 5.2 5
LRSIV DT, REBHFEZEL TS, 22T £\ BWER Zickb\WT, &
A DE RERAPKEE (maximal security level) &&/IMRAE/KHEE (minimal security level) K

DEIITED S, :
sl(A):=Min{z€Z|AC2~C}

I(A) :=Max{z€Z|ACz+C}

10
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B SN, Bi&IEREIC. HIZERE ZH0YERROT (R™) D& domination cone CANE DIX
T &6 CED—IRMRLISER T B IVIn SR E B polyhedral cone 78 H1F\ sI(A) &si(A)
I3 singleton E780, ZNEH A DERATT (DES) « wIVL (DES) L7185 ( T TN
BEIZRIZBN, ZDOXIBEESDRITT. /TS EXO - T, N7 MIUEEKD 3
=2 7 ARPEEERE L COEGRE LTI A5 D) o T 5 &, playerl DREMT 2 € X
W20 B RIFAKEE TSI (f(2,Y)) £750. player2 DRS¢ € Y I 5/ MEakitE
sl(f(X,y)) &185%, %I T\ playerl D@ R DES %

05, = argMin | J sl(f(z,Y))
. z€X

& L. player2 O @EfRAFEIEDES %

0S8, := argMax | J sl(f(X,y))

y€Y
I DR RIEFRD T — LOWH (a) ICl7BRAHIL T 5,

THEOREM 3. Let n := dimZ < oco. If the domination cone C is a polyhedral cone
generated by n linearly independent vectors, then

z1 <c f(z",y") and f(2",y") <c 2, (14)
for any z* € OSy,y* € OS, and 2, € sl(f(X,y*)), z € sl(f(z*,Y)).

- ProoF. Obviously, (14) holds for any z* € X and y* € Y. O
U B player DEROEFEEEIRE & > TWBRRD, 2D Payoff OEIILRAME (security
level) 2% % Z EIFIEWI EZRL TV 3,

RIC. FOEBOEGED T (AFRXTET domination cone HMFFRAERR) | SHEZG DL
SEEAL L Do BIDET 3 DOHRREZZ I 7 — LEPUET 5 K 5 EHE IR
-1,

DEFINITION 2. A point (zo,0) is said to be a strong C-saddle point of f with respect
to X xY, a strong C-saddle point for short, if

f(zo,90) € sl(f(z0,Y)) Nsl(f(X, y0)) (15)
DR, D& D IEHGE ARG E N, WA SROESE S & FEIT
| sfCcSsPcScs”

LIE->TOBIEDDN S, & HiC, 2NMEFEOT — LOWH (c)(d)(f) iISERUDIKD & 5
TEFERIR DD E Db,

11
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THEOREM 4. Let n := dimZ < co and the domination cone C be a polyhedral cone
generated by n linearly independent vectors. If the payoff f has a point (2o, yo) € S*, then
the following properties hold:

() zo € 05, and yo € 0S,,
(i) f(zo,yo) € Min | sl(f(z,Y)) N Max | sl(f(X,y)).
z€X yeY

PrOOF. We only prove the part (i) of the assertion. Let a point (z¢,70) € X X Y be a
strong C-saddle point of f. We suppose to the contrary that zo ¢ OS;. Then, for any
z(z0) € sl(f(z0,Y)), there exists & € X such that

2(2) <o #(z0) and z(2) # 2(zo),
for some z(%) € sl(f(£,Y)). Therefore, there exists nonzero ¢; € C such that
f(&;90) + c1 = z(z0). (16)
Since z <¢ f(&,yo) for any z € sl(f(X, o)), there exists c; € C such that
s o= (&) | (a7)
From (16) and (17), it follows that
z+ (c1/+ ca) = z(zo). - (18)

Since both sI( f(X, o)) and sl(f(zo,Y’)) are singleton by assumption, and 0 # ¢; + ¢, € C,
from (18) it follows that
sl(f(X,50)) N sl(f(z0,Y)) = 6,

which is a contradiction. Thus we have z, € OS;. Similarly, yo € 0S,. O

THEOREM 5. Letvn = dimZ < oo and the domination cone C be a polyhedral cone
generated by n linearly independent vectors. The set S° of strong C-saddle points has
interchangeability, i.e., the set S* is of the form Aq x By where

Ay CX and By CY.

ProoF. Obviously, for any (z1,41), (z2,92) € S*, the point (21, y,) belongs to S*. O

Theorem 4 (2L D MR (20, 10) € S*OEFELT NI, T DLICHE W THRBEHFIEKIED
B THd 3D T, zold playerl DK, yold player2 OEEHEER L 12D, /K
player OBEFEEHIRIC H7E>TW5, /> T\ Payoff fAMESERFTIE. ZDITENS
DI TR —LIFIESNEZ LTS, Fo, JOMEKRICE > T, 7 — LOEN—E&
ITERE D Theorem 5 D& 5 EHHE b &I15 3, |
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