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1. d-armed Markov bandit processes.

d : number of arms ( positive integer ).

VN ={ 01,2, } : time space. \

(Qi, F, P? ) : probability spaces (i = 1,-,d ).

SXt= (X}, F1,P) ¢ y : mutually independent Markov chains
with Borel state spaces E! (i=1,-,d).

{ F! ) e N is an increasing family of completed sub-c-fields of i

X=(X;)seT=( X:I ;o X :d )s=(sl,-sd)eT: d-parameter process with state space E

d d
T =N¢: time space. E=]] E': state space. Q =]]Qi: path space.
i=1 i=1
a )
P =HP1 : probability measure. Fg = 731®-.-®9-':d for s = (sl,.s4)e T.
i=1

T (e N ) : terminal time.

NE T ={event:0<t<T}, N, T)={o0ddt:0<t<T}, forT(e N)

i
A4
B : discount rate (0 <B <1). 0=(0,-,0)e T. ¢=(0,-,0,1,0,..,0)e T.

fi, gl : fixed bounded measurable function on Ei.

h, k : fixed bounded measuréble function on E.
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2. Strategies.
‘ Strategies when player A moves first and second does player B ( first-type strategies
m={n(t) }yen={(n(t),~n9(t))} N and
o={o(t) e n={(c!(t) 0% t)) } e N
re T- valued stochastic sequences on ( Q, ¥ ) satisfying the following (1 ), (ii ) and ( iii )
i) n(0)=0(0)=0.
ii) For all even t € N it holds that
n(t+l ) =o(t) + ¢ for some i = 1,---,d and
o( vt+1 )=o(t).
For all odd t € N it holds that
o(t+l ) = 1:(. t) +e¢ for some i = 1,---,d and
n(t+l ) =n(t).

iii) Forallte Nandallse T itholdsthat {n(t)=s}e Fyand{o(t)=s}e %.

SCF )= { all first-type strategies ( &, ¢ ) starting from 0 },
MS(F )= { all Markov strategies (n,0) (e S(F)) },

MS(F; 1)= { all first-type one-step Markov strategies =« }.

Strategies when player B moves first and second does player A ( second-type ).

t={n(t) },cyando={0o(t) };c N

‘¢ T- valued stochastic sequences on ( Q, ¥ ) satisfying the following (1 ), ( i1 ) and ( iii )
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(i) =(0)=0(0)=0.

(ii) For all even t € N it holds that
o(t+l ) = x( t) + € for some i = 1,---,d and
n( t+1 ) = m(t).

For all odd t € N it holds that

I
=
[-%
=
a

1;( t+1 ) =o(t) + ¢ for some i
o(t+l1 ) =0o(t).

(iii) Forallte Nandallse T itholdsthat { n(t)=s}e F;and {c(t)=5}¢€e %.

S( S )= { all second-type strategies ( &, ¢ ) starting from 0 },
MS( S )= { all Markov strategies (t,c ) (e S( S )) } and

MS(S;1)= { all second-type one-step Markov strategies ¢ }.

D(F;o)={=n:(n,0)e S(F) }, D(F;n)={o:(wr,0)e S(F) }.

D(S;n)={o:(nx,0)e S(S)} and D(S;0)={n:(n,0)e S(S) }.

3. Expected rewards in bandit games.
For (n,0 ) (e S(F) ), player A's expected values from an initial state x (€ E ) to a

terminal time T are defined by
4 i . .
Rapr™(x)=EX[ X fi( X5 1) (7i(1)-6i(0))
i=1

4 . i . .
+ﬁ2Zfl(xnx(?}))(nl(3)'cl(2))+ ..............
i=1
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d .
+BT-2 " fi( ani( T-1 ))(T‘i( T-1)-oi(T-2)) + BT h( Xo(T)) ] when T is even,

i=1
and
4 . i . .
Rapr™0(x)=EX[ 2 £ X ;) (ni(1)-0i(0))
i=1
a . .
+B2 X (X 55y (T(3)-04(2)) + e
i=1
+BT'1ifi(Xni;(T))(ni(T)-ci(T-l))+ﬁTh(Xn(T))] when T is odd.
i=1
For short

a . .
(1) Rppr™(x)=EX[ > P2 (X)) (R -0'(1))
teN(e, i=

+ BT b Xpax(n( T )0 T)} ) ]

Then player B's expected values are

4 . i . .
(2) RB,F,T“’G( x) = EX[t l% T)Bt Zgl( Xs i( 1+1) Y(ol(t+1 ) -ni(t))
eN(o. i=

+ BT K Xpnax (m( T )0 T)) |
Hence we put
(3)  RApRT*(X)=8suprc p(F;6)RaApT™%(x) forxeE, and
(4)  RpprT™*(X) =Sy, p(r;n)RepT"%(x) forxe E.
Then we shall call the following game when player A moves first first-type bandit games
abbreviated as FBG ) : For each T, to find strategies ( n*, 6* ) € S( F ) such that
RApT " =Ry g™ and Ry ™% =Rp g ™*.
For a second-type strategy (m, 0 ) (€ S( S ) ), player A's expected values are defined b

d . o ‘
(5)  Rpsr™(x)=EX[ 2( )B‘ZP( Xpi( 141 )) (®(t+1) - 6'( 1))
teN(o.T) i=1

-4-
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+ ﬁT h( Xmax{n( T).o(T)} ) ] )

-Then player B's expected values are

d . - i . .
(6)  Rpgr™(x)=EX[ ¥ B g Xgi(w1)) (oi(t+1) - mi(1))
teN(eT) i=1

+ BT K( Xmax (( T ),0(T)} ) ] :

Hence we put
(7 Ras1%(X) =5uprc p(s;0)RasTVO(x) forxeE, and
(8) Rgs1™*(x)=supsc p(s,r)RpsT%(x) forxeE.

Then we shall call the following game when player A moves second second-type ba

games ( abbreviated as SBG ) : For each T, to find strategies ( #*, c* ) € S( S ) such th
Rps1™ %" =Ry 5 7% and Rp g 1™ =Rp g 1™"*.
When the terminal time T = 0, for convenience we define
(9) RA,F,O“’G =h and RB,F,OE'G =k forall (n,0)e S(F), and

(10) R 6 =h and R o=k forall(x,06)e S(S).
A,S.0 B,S,0

. LEMMA 1.

For strategies (n,c )€ S(F ) and (n',¢') e S( S ), there exist Markov strategies M
;0,6),0p€ D(F;0,n),n'yye D(S;0,06")and 6'yy € D(S; 0, n' ) such that
RAFTM®=Rpp1*%  Rpp1"°M=Rpp1™*

TN\, O — *,0' 0N — T,
Ra s T M® =Ry g17%° and Ry g 1" °M =Rp g 1™ *.




20

4. A value iteration and optimal strategies.
ITERATION 1.

Subroutine ( A ) :

(A.0) Put Uy po=Upso=h

(A.F.1) Put Upp (x)= max EX[ £(X,')+B Uy g0 %l X'y x9) |
‘ e 1¢i<d ™

'x =(x1, -, x%) e E. We define a Markov strategy n;* € MS(F; 1).

(A.S.1) Put Upyg1(x)=EX[ BUspo(Xs s1)) ] forxeE

th 6,* € MS(S;I)givenby(B.S.i).

(A.F.2) Put Uppa(x)= max EX[ f( X, )+ B Up g (X, X x8) ]
"x = (x!, -, x%) e E. We define a Markov strategy n,* € MS(F; 1).

(A.S.2) Put Uyg(x)=EX| BUAp1(Xo,e(1)) | forxe E

th o, e MS(S ;1) given by (B. S. 2).

(A.-F.rsl) Put Uppog(x)= max EX[ 60X +BU,g,(xl XL x4) ]
T tgsigd e

rx =(x!,, x3)e E. We define a Markov strategy n..;* € MS(F; 1).
(A.S.r+1) Put Upg,y1(x)=EX[ BUAR(Xo (1)) | forxe E
th 6.,1%¥e MS(S; 1) given by ( B. S. r+1 ).

(A.F.T) Put Uy gq(x)= max EX[fi( X, ) +BUp g1 (XL, X,y xa)]
n 1<igd ™

rx=(x} -, x%) e E. We define a Markov strategy np* € MS(F; 1).



21

(A.S.T) Put Ups (%) =EX[ BUApT1(Xo 2(1)) | forxe E
with 67* € MS(S; 1) given by (B. S. T ).
Subroutine ( B ) :
(B.0)  Put Ugpg=Uggg=k
(B.F.1) Put Upp (x)=E*[ BUggo( Xz (1)) ] forx e E
with m;* € MS(F ;1) given by (A.F. 1).
(B.S.1) Put Ugg (x)= lz??deX[ g(X,") +B Ugpo(xl, -, X', x) ]
for x = (x!, -+, x4) € E. We define a Markov strategy 0,* € MS(S; 1). |
(B.F.2) Put Upgp,(x)=E*[ BUgg1( Xrs(1) )] forxe E
with m,* € MS(F ; 1) given by (A.F. 2).
(B.S.2) Put Uggy(x)= maingX[ gi( Xli ) + B’ Uppi( %, -, le’ e, x9) ]

1<4

forx = (x!, -, x9) e E. We define a Markov strategy c,* € MS(S; 1).
(B.F.r+1) Put Ugp . (x)=EX[ BUpgs (X +(1)) | forxe E
with . ,* € MS(F; 1) given by ( A. F. r+1).
(B.S.r+1) Put Upg .y (x)= max EX[ gi( X)) +B Upp (x}, -, X', -, x¢ )]
v 15i¢d o
for x = (x!, -+, x4) € E. We define a Markov strategy o,,;* € MS(S; 1).

( B.F. T ) Put UB,F,T( X ) = EX[ B UB,S,T-I( XnT*( 1) ) ] forxe E

with tp* € MS(F; 1) given by (A. F. T).
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( B.S. T ) Put UB;S,T( X ) = lrzlg_a:(dEx[ gl( Xll ) + ﬂ UB,F,T-l( Xla Ty Xlia T xd ) ]

-x = (x!, -, x4) € E. We define a Markov strategy or*e MS(S;1).

We define strategies (n*, 0*)e MS(F; T) and (nn'*,6'*)e MS(S; T) by

1) (=%, 0*)=[ng* op* nrL*, or3¥, ~, n4¥ 03% 1%, 0,%] forevenT,

2) (¥ 0%)=[ng* o1 1% 1% O7.3%, -, 04, n3*, 0%, m;*] forodd T,

3)  (w'¥,0™)=[or* np_ ¥ op.¥ np3¥, -, 04%, n3*, 0%, my*] for even T, and

4) (w*,6%) =[or* n_ ¥ oro¥, np.3®, -, ny¥, 03%, my¥, 09%] forodd T.

THEOREM 1.

(m*, o* ) is an optimal strategy for FBG, and ( n'*, ¢'* ) is an optimal strategy for SBG.
oreover Uy gt and Ug g1 are each/ player's optimal values for FBG and Uy g1 and Ug g -
e each player's optimal values for SBG :

(1) UppT=™ RA,F,T“*"’* >R, ™" foreveryme D(F;o*).

(ii) Ugpr=Rgp1""®" 2Rgpr™® foreveryce D(F;n*).

(iii) UpgsT=RasT" " 2Ry g™ for everyme D(S;c™*).

(iv) UpsT=Rps1"" " 2Rp 57" foreveryce D(S;n™).
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For Markov strategies t e MS( F; 1) and 6 e MS( S ; 1 ) we shall introduce the follo

pemi-linear operators ST and S® on the space of all bounded measurable functions on E
d . i . . |
[15) s’f¢(x)=EX[§1fl( Xni(l))n1(1)+[3¢(Xn(1))] for x € E, and

! a .
£16)  S99(x) =EX[ X g'( X ' ;,) 0 1) +B&(Xg(1)) | forx e E
i=1

#for bounded measurable functions ¢ on E. Then

COROLLARY 1.

Forr=0, ---,T-1 (i) ~ (iv ) hold :

(1) Uppea(x) = max BX[ F0X) + Up g (5, X x?)
1¢igd

ffor x = ( x!, -, x4) e E.

(i) Upsri(x)=EX[ BUAp(Xs x(1)) ]| forxeE,

fwhere o,.,;* € MS(S; 1) given by (iv).

(i) Uppr1(%) =EX[ BUps (X +1)) ]| forxeE,

Lwhere n..1*€ MS(F; 1) given by (1i).

(iV ) UB,S,I‘+1( X ) = lr?j,afd EX[ gl( Xll ) + B UB,F,r( Xl; ) Xll’ s Xd ) ]
¢
ffor x = (x!, -, x4) e E.

* _ *
(V) Uppre1 =S"+1Upgrs Upagrs1 =BPOr+1 Upg,,

— ™, 1% . QO %
Upprs1 =B P41 Ugg,, Ug g1 =S°+1* Ugg, .




