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Relationship among Various Types of

Cone-Convexity of Vector-Valued Functions *

A KFE BFER HHEEM
Hg B ( Tamaki TANAKA ¥)

1. Introduction

BB LEROSBFICBO T, N7 MVEEOMESII b B AA. TOLETERIN
(Bl MBSO EESEEEET A LR3KXLMONZ ETH B, BrT. FERE (M)
FHERRE® I = v 7 AEME LIS OEELERAS5Z TE/ (6) R [T K E%:R
X)o ZLT. XOIBAITBEERO—BULEEZ B LIk D, BBEFHPI =<y IR
SO ERATE ([1], [2], [9], and [19] K EERL) . _

—FH\ BETIEINY MUEBBEIC SO TORELRIEL VSO IRINTE D, xS
BOREIN, BHEooh. HEIZX->TROONTWS (72E XU [5), [8], [17), [20]
BEERX) . ZDX 573 (ZERE(L) BREICH VLTI, BBIIENY MLZER] (BRR
LI 3 TIE  ERRIKOTDBE BID IR D) 1Tfi% & B, ZDNT MIVERIICDH 5.8
BRI L 13 BNEFAED BIBENEZL SN TV ADIERTH B0 FD& S HNEF %M
iZ preference order EFFLN, ZD & 5 73$% domination cone EFESS, 7oL ZIE, £D
preference order NVZE[IDHT—HEIE HIF, —MRITIIRD X HITEEI NS,

A convex cone C in a vector space V induces the preference ordering
<¢ in V as follows: For z;,2; € V, we write

21 Sc 29 if 2y — 21 € C. (1)

X 52, £ D domination cone C A pointed (i.e., CN(—=C) = {0} ) 7 5IE, £ D preference
ordering <¢ {3 antisymmetric (IRRX{FR) 780, TDZEM] (V, <c) 13FNMEFZEM L7185,
Z LT, CONERFICREL T, EEEBERITEL U7X MIVERR DM ME L SER L T
WREDERINTE /o, WIS, EERBALSY A TDOXRT MIVELBEEGDE D bh T
XTHO, 7cEZE N7 MUaB LTI 5] 0 [18] DHNT, NI MUE I =< v 7 ZEH
T3 (3], [4], [11], [12], [16] D, BHY —LTIZ[13], [14] DHRICRBZ ENTE B,
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oD bIUVERSOEL 15T EAIBFRL T, “cone-convexity” EFERRZ EiIZL &
Y0 BBADINE TOHFEOHFTIE, MDLHTE cone-convexity NMEHNTW 5,

(1) Z BrSE LRIREIC B 1) BRA BN R A 5 — Bl LEREOR & U TR 5%
IZ. Convex Separation Theorems %> Cone Separation Theorems 2\ V5 Z EH0'%
Vo TDTD N7 MUEBEL f : X — V (Vi3 REDXT PIVER]) IZDWT,

ZOHMZER Y = f(X) 2 2D M (C-convex) 2H > TV B Z EERET 5,
(2) N7 MUE I =< v 7 ABRBICBWT, SERSOTELIAT 51581 (Browder

%0) —BUSEE (FNBSERE) £RIAT 32 E08 W, 0B, N7 M IUBEREL
f:XxY =V (VId REOXY FVER]) IZDWT, ENENOJEERICET 5
Bl TR A DN ES 755 & D 1B fd AFEDMME (C-convex F 72l3
properly quasi C-convex) %2Ff-> T\ 52 EZRET %,
L L, BBEIEZ EIT, INSD cone-convexity DREIDBEGEH F D> XD LTHEY,
Z I T AFRETIE [15] I > TINS DRREEE TS LICT 5, 2E 0. LWy
A 7D cone-convexity (natural C-convexity) 2L T, TNERLNZ (IRDETERX
Nn3) X7 MIUERHID 5 DOIMEDRBHREIAS M LK S0 £ ENODSHTICHS
NTVWBREHRE—ERIZLTHL,

Prop. 4.2 in [3]

Y4
/7 )
C-convex Y properly quasi C-convex
V4
Prop.4.2 in (3]
Lemma 2.3 in [17] quasi C-convex
. (Ferro [3])
; X . quasi C-convex
f(X ) is a C-convex set C-convexlike (Luc[5)

Lemma 3.1 in [18]
Theorem 3.1 in [20]
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2. Relationship among various types of cone-convexity

AMELBLT, E & Z 13 2 DOEREAHMEZEM (tvs) ELL M8 C C Z [ e,
AC C C for every A > 0, and C + C C C ], {3\7 FIVZER] Z12d B preference ordering
<o BEZBbDET S, Ty TITEETERY MUBBIIZM EODH %A X T
ERIN, ZIEEELEZBDET B, IHIT, BEDITOIRD | clA IJAFEZERH ERY Z
DES ADFaERTHDET S, £/, EEX CED flu.d‘:éf%’f: f(X) &ELZ LI
95, 2D f(X):={f(z)|z€ X} TH5,

FFRANT. OBIFAFERRLREL O SO b T X/ cone-convexity TH B “C-
convex” MHIBENRBZ EIZL & Do

. )
Definition 1. Let X be a convex set in E. A vector-valued function f : X — Z

is said to be C-convexr on X if
FOz1+ (1= Na22) <o Maa) + (1= N f(z2) (2)

[ i.e., f()\.??] + (1 - )\).’L'g) eAf(.le) + (1 —_ A)f(wg) -C ],
for ev 1,22 € X and X €0,1].
L ery z € X and X €[0,1] y
Z OMWE I EEYE B (convex function) DXT M UBRRTH 0, £ < DXHERDOFTHL
DIFHONTWB, 72EZIEL [3), [4], 8], [12], [13], [14], [15), [16], [17] % R&o
RIT. EEUARE B (quasiconvex function) DN7 MIUERTH 5 “properly quasi C-

convex” BEMIOEERE L L 56
-

Definition 2. Let X be a convex set in E. A vector-valued function f : X — Z
is said to be properly quasi C-conver on X if either

f()\(E] + (1 - )\)332) Sc f(.'E]) or f()\.'B] + (1 - )\)232) SC f(il?g) (3)

[ e, f(Azy + (1= X)z2) € (f(21) = C)U(f(z2) - C) ],
for every z1,z, € X and X €10, 1).
N \ J
Z OMEIR [3), [4], [11], [13], [14], [15), [16] DHFTH D BN TV 3,

Remark 1. Asshown in Proposition 4.2 of [3], a C-convex function is not always
properly quasi C-convex, and vice versa.

3FEIT. FEHUED convexlike BEIDO N7 MUBRTH B “C-convexlike” BBIAE#EZ &
Do JTAUTDWTI 18], [18] DHUCED b T\ B, ey TOZRITERINTWE
WA COWEIREA ISR DOBTRASZ ENTES (IRD Lemma 1 BB)
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Definition 3. Let X be aset in E. A vector-valued function f : X — Z is said

to be C-convezlike on X if, for every z1,z2 € X and X € [0, 1], there exists z € X such
that |
f(0) <o M(en) + (1= ) f(a2) (4
[ ie, f(z) €Af(z1) + (1= A)f(22) = C |
- , J
Z D cone-convexity {IZDW T, IRDX S TEWENDH 5, B, Lemma 1 {3 [18] O
D Lemma 3.1 %° [20] DHID Theorem 3.1 l:ﬁ'ﬁ"'%ﬂft‘é&") WKCEELHWHETH 5,
f

Lemma 1. Let X be a set in E. A vector-valued function f : X — Z is C-
convezlike on X if and only if f(X) is a C-convez set in Z, t.e., f(X)+C is a convex
set.

Proor. The sufficiency is obvious. Conversely, we assume that the function f is
C-convexlike. Let z;,2z; € f(X)+ C and X € [0,1], then there are z;,z, € X and
dy, dy € C such that

Z1 = f(fl)l) + d1 and 29 = f(ﬂ'g) + dg.
By the assumption, Af(z1) + (1 — X)f(z2) € f(X) + C, and hence we have
5\21 + (1 — }\)22 € f(X) + C.

‘Thus, the set f(X)+ C is convex. O
J

4 \
Lemma 2. Let X be a convex set in E. Every C-conver function on X is also a

C-convezlike function.

-

Remark 2. Lemma 2.3 in [17] is proved immediately by Lemmas 1 and 2. ]
.

BRIT. FEEUEHEBEEL (quasiconvex function) Db H—2>DX 7 b IUBIRTH % “quasi
C-convex” BHIDER LB RK 5o THUTDWTIZ[3] & [5] DHUED Kb TV BHY
EFIIRE->TVB, L L. [15]) THRRONTWABEHIZ, TNSHIEHETH B, 22
Tl FEDIDIT, TOIAADELTHI 9,



Definition 4. Let X be a convex set in E. A vector-valued function f: X — Z
is said to be quasi C-conver on X if it satisfies the two equivalent conditions:

Vze Z, A(z):={z € X| f(z) <¢c 2z} is convex or empty, (5)

Vzi,z2 € X and A € [0,1], f(Az1+(1-N)z3) <¢ z for all z € C(f(z1), f(z2)), (6)
where the set C(f(z1), f(z2)) is the set of upper bounds of f(z;) and f(z2), i.e.,

C(f(21), f(@2)) = {z € Z|f(21) Sc = and f(22) <o 2} y

\
[
Lemma 3. Let X be a conver set in E. The conditions (5) and (6) are equivalent
to each other.

PROOF. We assume that the-condition (5) holds for a vector-valued function f : X —
Z, and let z1,22 € X and A € [0,1]. For all z € C(f(z1), f(z2)), 21,22 € A(2) and
A(z) is a nonempty convex set. Therefore, we have A\z; + (1 — X)z; € A(z), and hence
f(Az1 + (1 = N)z3) <¢ z. Conversely, we assume that the condition (6) holds for a
vector-valued function f: X — Z. If, for any z € Z A(z) = 0, then the condition (5)
holds obviously. Assume that A(z) # 0. Let z,,z, € A(z) and X € [0, 1], then we have
Az1+ (1= Nz, € X and
f(z:)<cz =12,

and hence z € C(f(z1), f(z2)). By assumption, we have f(Az;+ (1 — A)z;) <¢ 2, and

thus Az; + (1 — M)z, € A(z). O
- J

XT. TTTH L cone-convexity ZE&EL L Do T LT, CNETICRTE/BA]E
cone-convexity DEJDREREEE-> TITI 9,

Definition 5. Let X be a convex set in E. A vector-valued function f: X—2Z
is said to be natural C-convez on X if

fO21+ (1= XNz2) € [f(z1), f(=22)] - C (7)

for every z;,z, € X and X € [0, 1], where

[f(%):f(xz)] = {z € Z‘Z = ’\f(ml) + (1 - )‘)f($2)) A € [0, l]} :

L _J

C OMEIIBOD cone-convexity DHIFUINE L. ZHNZ D cone-convexity %5 35%E|
ERILTOB, Eio, COWEICE>TRY MUl =%y 7 RTINS DH0Ri L
WEERIE S B 0%, 2{&%&%‘@1%03%6:@,&&7’&‘4\0 ZNTIEIIN 5D cone-convexity
DERERTITI 9o
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Theorem 1. Let X be a conver set in E. Then the following statements hold:

(i) Every C-convez function is natural C-convez.

(ii) Every properly quasi C-conver function is natural C-conver.

ProOF. (i) If a vector-valued function f : X — Z is C-convex, for every 21,2, € X
and X € [0, 1] we have (2), and hence the condition (7) holds.
(i) If a vector-valued function f : X — Z is properly quasi C-convex, for every

1,22 € X and A € [0, 1] we have (3), and hence the condition (7) holds. O
N\ J

Theorem 2. Let X be a conver set in E. Every natural C-convez function on X
is also a quasi C-conver function.

PROOF. Assume that a vector-valued function f : X — Z is natural C-convex, and
let z;,25, € X and A € [0,1]. Then there exists u € [0, 1] such that

fOar+ (1= Nza) <o pf(za) + (1 — p)f(z2), (8)
and we have . |
pf (@) + (1 - ) f(22) <o 2 BENC
for all z € C(f(z1), f(z2)). From (8) and (9), it follows that

fOz1+ (1= N)z3) <¢ 2

for all z € C(f(z1), f(zz)). O ,
\— J

~ S )
Remark 3. The part (i) of Proposition 4.2 in [3] is proved immediately by Theo- |
rems 1 and 2. )

Theorem 3. Let the domination cone C be closed and X be a convez set in E. If a |
natural C-conver function on X is continuous, then it is also a C-convezlike function.

-

Proor. Let f: X — Z be a continuous natural C-convex function, and 1,22 € X
and A € [0,1]. If f(z1) <¢ f(zs) or f(z2) <c f(z1), then obviously the condition (4)
holds. Assume that f(z1) €¢ f(z2) and f(z;) £¢ f(z1). We suppose to the contrary that
the function f is not C-convexlike. Then, there exists a scalar Ay € (0,1) such that

f([z1,22])) N (Ao f(21) + (1 = o) f(z2) = C) = 0, - (10)

where [z1,22] = {z € E'|lz = Az1 + (1 — M)z, VA € [0,1]}. Also, we define the following
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sets:
C(A) := Af(z1) + (1 = N) f(=2) = C,
Ho= |J C()\C(),

0<A<Ag

CHy= | )\ C().

A<ALI
We are going to show that

AH,NH,=0 and HyNclH, = 0.

In order to show that clHo N Hy = (), we suppose to the contrary that there exists z €
clHo N Hy. Then, by z € clHy, there are nets {A,} C [0, A) and {d,} C C such that

z = lign(/\af(wl) + (1= ) f(z2) — da)
and
Aaf(z1) + (1 = Aa) f(22) — do & C(No)

for each a. Since the set [f(z1), f(z2)] is compact, there exist subnets {Ag} and {dg} such
that

lim ds = f(2) + (1 - 3)f(22) — 2

We denote the latter limit by cz, and then d € clC = C. On the other hand, by z € Hy,
there are A* € (X, 1] and d* € C such that

2= N (1) + (1= X f(22) — d* & C(do). (11)

Now, we put ) | )
7= M@ + (1= 0)f(ea),
z3 1= A" f(z1) + (1 = A7) f(z2).

Then We have z; = z + d and 29 =z + d*. Since

<’)\ — X Ao—A

0< 00T«
A=A =
and d,d* €C,
A= Xo — A M=o Ag— )
R+ =z + i+ 2 ez+C.
Y~ L A —A A A=A
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Also, we have ) A
A* =)o Ao — A
22+ 2= A +(1-X -
) 21 - _ )‘Zz of (z1) + ( 0)f(z2)
and hence z € C()g). This is a contradiction to (11).

Similarly, we can show that Ho NclH; = §. Thus the sets Hy and H; are separated.

Moreover, from natural C-convexity of f and (10), it follows that
f([z1,22]) C HoU H;.

Also,
f([xl, 272]) n H,‘ ?é @ (Z = 0, 1)
This contradicts to the fact that f([z1,z2]) is a connected set. O

4 A .
Remark 4. It is easy to show that the above theorem is not always true without
the continuity of f. Also, we conjecture that the result of the theorem is true without

kthe closedness of C. )
é )
Remark 5. As shown by Theorems 2 and 3, the natural C-convexity implies
not only quasi C-convexity but also C-convexlikeness under the continuity of the func-
tion (and the closedness of C). However, a quasi C-convex function is not always
C-convexlike, and vice versa, even if the function is continuous. We will give the fol-
lowing simple example: Let

E=R, X=1]0,1],

Z=R?) C=R3:={(z,2)€R?z,>0,20>0},
and define functions f: X — Z by

f(z) = (cos(mz/2),sin(r2/2)),

and g : X — Z by

g(z) = (cos(2nz),sin(27z)) .
Then, the function f is continous and quasi C-convex but not C-convexlike. Conversely,
the function ¢ is continuous and C-convexlike but not quasi C-convex.

J

3. Conclusions

INETIT. N7 MUEBED 5 DDOYER R TE A, ZDMHERHRIROED & B
H&EILB, 12717, BHS78Z &IT Theorem 3 2BV T domination cone C @Bﬁﬁ%}{b—l
LTI S 5122 ETH B, 7ok CHIIEBMANARETHBEES, £
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foo N7 FIUBERE DM H>WTOREBIZE 757 EAHB EHES L, ThoDiERIC
& > TR RO BA XA TH LWERNE SNE 2 EEES,

C-convex properly quasi C-convex
Theorem 1
Lemma 2 natural C-convex
Theorem 3 ™ )
eorem
C is closed
‘ f is continuous

f(X) is a C-convex set C-convexlike quasi C-convex

----------------------------------------------

Lemma 1

BRIC, ARGV TR S HORERS TEHPP SHEiD - e 0T, TAUTOL
TN TH L, BILRFREEFIOBEAEBEIERD 51 natural C-convex YEIIERERERT
IFEASTMEISHIE L TWADD, T, EMEROAL ILMMEE O HEBE LT
WAEDNEWS TEE W20z, IOV TE. RERETIINY M IEREEORIE
NS DEEETEH > T FEUEHO B4 150 & ORI, LTOIS0, 235
MEREE O MEDBIZS AR T | £ ERSE Lo Bh 3 e oA EE LT,
N7 MUBEBS S TIEOBRR ORI DI EZRZ LIch > e 6 ThH B, FofiL. FEBUE
BB DA, LTI ERS, $io. FEASTROBEHRED 1
D EFHB O, natural C-convex YEIIFEBMHERPLTIIEENTWHINT B0 T4 Definition 5
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D (7) DRUTBWT, [ OERERRUS 51F
fQAz1 + (1= Nz2) < max {f(z1), fz2)}

LIEBINOTH B, > To EEMEEBIIWITT 57 MVERHE LT, 22T’
properly quasi C-convex . natural C-convex . quasi C-convex D 3 DINEERINI-Z &
X185, X5, BEEKISIMMEO—BALIRL T, BEEEE S0 & 5 78 HNE
FLWEDIA Y N EFREHITOWTO TERIE W EWc, —RRDIIEBEES properly
quasi C-convex TII78 <, TDOMEIZBEATII WV, LA L. C-convex % natural C-
convex YEIIKYERHLT bBOLT BIMETH 5, F 7o BESMMRINT MVEROE S
domination cone & LT C DD VI, intC U {0} 2EZ B &Itk FEICERTE
5o ToEZIE. C-convex PHIIIRD K SITEFRZX N T B (See Definition 3.5 in [14]) o

Let X be a convex set in E. A vector-valued function f : X — Z is said to be strictly

C-convexr on X if

F s + (1= X)22) <inougoy M(@1) + (1= ) f(z2) (12)

and

fQOzy 4 (1= Naa) # Af(21) + (1= A) f(z2)
ie, f(Azi+ (1= A)z2) € Af(z1) + (1 - A)f(z2) —intC ],

for each distinct z1, 22 € X and each A € (0,1).
g ’ : J
¥ 7z, properly quasi C-convex HEIZDWT HERRISIERIN TV B, [11] D Definition
4.3 % [14] D Definition 4.4 ZR K, X 5IT, LD (12) DAhbDDIC

fQzy 4+ (1= N)z2) € Af(z1) + (1= X) f(22) — (C'\ {0})

TEHELLDDOLEZONG, L L. 22T 5 SOIMEICER 2 = & TFDMIGREIL -
XD XEB7DIT. HATHEECSOLTIIMN K - 72,

10
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