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CHhR—ZEHORBEERAC D LVIIT- A HREEROHETH 5,

FHE R %M D Qrational Heckeemodule & L TOBH L BIc >0 TR —BH
BHEERMOAONTVWAR L, LEAKRBHIETS,. ChEfArilobo] &%
B v, &8 S

FH#» b & L Tk Basis Problem # & 3 o

Hecke ic #5 ¥ % Basis Problem — R ERX T 27— s RRC X5 HFEE
RoZEMoEKRBE— i3, Eichler B¥IOHHEE X, § Tk £H %4 Pizer .
Shemanske © ic & » T elliptic modular case it R EFic —RJH B TRIPD TV 3,
( cf. [HPS] o . Siegel modular case ic > \ i3 % H %4 @ [Yo80] . [Yo84] %2 R o h
fo o)

ChoD7F— %D S %> H D Q-rational Hecke-submod‘ule BELSHhBI &
HELLS bLENSOBEENTRVESEMBRONE, T &b 5B
HDRBIOBRPBE 2L IESFZBLA ORI W, %g\ M—>TRIPE2HBZ DO
BHRBHM SN T Wi, .

EIT.RBLRA, BE20BARB-TRUOHEHEL TS .o §5 &,
TROTHETERE LDV TRIHERESLESOBHE S, £1EIEY
ELT(—BBVWETO) Hecke DFH | ORPIMB B> b o 1oo
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§1. ES LN

ETFRES» S,
9= R,
a b '
ro@={( ¢} ) esta@

M;(To (g)) = { elliptic modular forms of weight 2 w.r.t. T'o(g)},

CEO(modq)},

S2(To (g)) = { elliptic cusp forms of weight 2 w.r.t. I'o(q)},

M2 (T4 (q)), S$(T'o(q)) = the (£1)-eigenspaces of the Atkin-Lehner involution
f—f

0 -1
2( g 0 ) ’
f € M2(T'o(¢q)) @ Fourier & B %
1(2) = 3 alf, n) exp@ny/=Tnz)

n=0

&<
a(f,1) = 1 72 3 Hecke-eigenform f € Sy(T'o(q)) % newform &BE T, S;(To(q)) @
Q-rational Hecke-module & L T OB #H Kk 4 % 8 ic f(;ctor R EIRT B,

PUToRSicouvwTir, LK ci Pizer [Pi80] 2 R S 72 W,
D = the (g, 00)-quaternion algebra over Q,
O = a maximal order in D,
H = the class number of O,
Ly,---, Iy : left O-ideal cla.sses DxEERKRR,
L; =I; 'L,
O; =I;; = theright order of Z; ( also a maximal order in D ),

V4 ex ™ NDIQ(z)
440~ or = p (arv sl

:rank4 0o EFME_&REXRicHBEL & F—9 .
0,‘,’ % (i,j)—ﬁxﬁ}l: > HxH-175 %
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= i B(n) exp(2rv/—1nz)

n=0

(9;',' ) 1<i,j<H
with the Brandt matrices B(n) € My (Q)

LE<on>1% 5 B(n) eMa(Z) TH 3.,
¥ v < D4 D Basis Problem i .

Theorem (Eichler) 6;;€ Ma(To(g)) TH-> T
(1) M3(To(q)) = <9.',' I 1<4,53< H)C : the C-span of 6;;’s,
(2) H = dimc M3(To (9)),

(3) (gij |T(n))1§,jsg = B(n) (e‘j)_lge,jgﬁ

72 #2 L . T(n) = the n-th Hecke operator .

Remark % j(1<j<H) kel <. (6;) 0B FloLss s BHEM
, | .W,-=(9.-,'|1§i5H)C
i (3) & & My(T'o (q)) @ Q-rational Hecke-submodule T & 2 o

W, & HEDOmxTEK S h/c. HRIT vector space My(To(g)) @ &4 2= M # 55,

(NEVWLrRLVOREHELT) Hecke R®REFHL 720
Conjecture 1 (Hecke) Y W, = M3(To(q)) ? §
CHHBELLBWVWI ERKRD2 DD Theorems »S5bbh b, ThERNBEBIC.

Definition O; : of type I ( resp. II')

&L O, 2 no other ( resp. just one another ) Ox

Fact (1) Y maximal orderin D 2 some O;,

(2) Each 0; is of type I or II.
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CCT
T = the type number of D

= #{ isomorphism classes of maximal orders in D}

LEL &,

Theorem (1) T = dimcM;(To(g)),
(20 £<T<H,

(3) T=H < ¢<31, ¢g=41,47,59 or 71.

Theorem (Ponomarev) O;: of type I 7d 5 iX
(1) 6, €M;To(g) for %i  ie. W, CM;(To(a)),
(2) 0.2 0 = 6 = bi;.
(->TW, RAEN THOTTERS 13,0 )

Example ¢=37 0Bk,
T #-T I W; CM;(To(37)) # Ma(To(37)).

BB /PMEOLVRVTRELRBED A>T W B
Conjecture 2

O, : of typel = W, =M;(To(q))
O; : of type Il = W; = My(T, (‘I))

§2. BB KE

Conjecture 2 L RKDRPAB R > > T,
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Example (Pizer-Ohta) ¢=67 D& &, H=6.T=4T&%->7T.

ST(To(67)) = (fa)y, Sz (To(67)) =(fm, fe)u
2 1,2
L.

fa, B, fc : newforms in S3(T¢ (67)),

()2 = the C-span of their conjugates,

dimg(fa), =2, dimc(fp)y =1, dimc(fc), =2.
rLT,

01, O, : of type I,

O0;20,, O 20 : of type 11,

Wi = W; =M; (T (67)),

W; = W, = ( Eisenstein & ¥, f5, fo)y

Wy = We = M2(T' (67)).

LOBI TR Ws =W (f)y 8B >TWT, factor (fg),, PHWIRT 7 — 5 ¥

K-~ THHENSL Jo
Problem COBBBEABREOSSVWOHETBI 20N ?

Pizer 18 ¢ <97 OREOPEH B LTS, TOFTR g=67 OB HHE—

T&')ko
Remark Conjecture 2 45 OK <= Y newform Sk 0 &< [ SHH AT o

Definition newform f 4% [ %8 R o] # |
det, i) feSITo(g)) @E &, feW, for¥j st. O;: of type Il ,
i) feS;(To() D& &. f W,
Zo5TRWEE [HREATE) &V,
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( unexplainable, explainable t R L CTA F LA B [HARKERBT V] ERAFHT

Lico AIDBOVRERZVSOTLL 5 bo)
Example q=67 OB& R fa, fo B THBRAE . fp 55 [ B AL o

% # i Pizer-Hijikata O 7 VT Y X s &  FBEBELEDOTAFTERHVWT, 997 -
FTCOLTORBLVRAMESDVT., F— 7 &B. W,. SF(To(g)) o BEMAIRE 25t
Bl BERBZOF—-0BEERZRRS,

§3. —FEBVWED Hecke O FH
Conjecture 3 &gl &ic W;=My(To(q)) B2 W, BLTEHEET EH T
CHhiEbRABB O

Counter Example ¢=307T0 & &, H=26,T = 16.\

S;(P0(307)) = (fA)u! S;(I‘O (307)) = (fB; fC'a fD: fE’ fF) fG)’H'
10 , 1, 1, 1, 2 9
T&H»-T.

8({ fs, fo, fo, f}NW;) <3 for Y.
ﬁ")—C\

YW; # Ma(To(307)) !

HE D7 — 2 %P T HRT %R S O M Basis Problem 0 BB -7, T 3B
icgbot,
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§4. #iX
g< 97 DHEORRLV ANV OV TROEESBKIL TV B,

Observation 1 newform f »5 [ S AIHE ]

= Jitj st. Wi=W,a(f)y,

COBMEPSIHRUARI EVWIMBEZLLARES,. CHRALLEAFXRTEHE-T
bAEWHT DR L T 5 Ko

Observation 2 S (To(g)) @ 1 & 5t factor (f),, ( f i& newform ) K>\ T,
frTRERAE] < (fly =57 (To(q)

(#ic dimcS7(To(g))=1)

biiAic, ¢<997 O T
H{raemRagel 2 SH(To(q)) @ 1 & factor } =9,
H{rasaeg]) 72 SF(To(q)) @ 1 &t factor } = 24.

Observation 3 S;(Io(g)) ® 1 &kt factor (f)s ( f 12 newform ) &£ > W <.
f:THHERAE] < [ cdIiBT 3 strong Weil curve 4

rational torsion poifi‘t b2,

rational torsion point ® 7% # i3 Fourier ¥ © & E X
a(f,p) = 1+p (= a(Eisenstein # 3, p) ) mod ¢ for ¥ prime p# ¢

(£=torsion @ order ) X M . £5F 2 L BUOH T Db,

Theorem (Brumer-Doi) £ % ?{2—1 ORFEMARKETHE S, B LML T.

3 f €S3(To (g)) N W, : newform,
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31| ¢: f @ Fourier % ¥ @ {4 Ky = Q(a(f,n)’s) @ prime
s. t.. , :

“a(f,n) = a(Eisenstein #¥,n) modl forYn>1
O ¥ o4& E X % Brumer-Doi PDEAREMRI LT B L,

Observation 4 S; (To(g)) @ newform f ic > W T,
TR LR E
| < fi}>BEYELiIc> W T Brumer-Doi ® &RRX %2 #i7 7o

<997 ofE@ T
I seB KA i S5(To(g)) @ factor } = 178,
f{r e ge ] i S;(To(g)) @ factor } = 48
ThHo. AABD L bR hoT,

M. SH(To(q) P 2L ED factor k2 Wi, RHUTRBELLELOIRS

ShoTWIE W,

2% XK
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