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Comparison Principle and Convexity Preserving Properties
" for Singular Degenerate Parabolic Equations

on Unbounded Domains

JtAE @#R%— YOSHIKAZU GIGA
JtX® #m4g— SHUNICHI GOTO
HRAEI FHCH HITOSHI ISHII
JtRkE ¢:#E MOTO-HIKO SATO

Introduction. We prove comparison theorem for viscosity solutions of singular
degenerate parabolic equations of general form in a domain not necessarily bounded. We

concider the degenerate parabolic equations of the form

(0.1) w4+ F(Vu,V2u) =0 in Q=(0,T] xQ
or more general equations
(0.2) u + F(t,z,u,Vu,V2u) =0 in Q= (0,T] x Q,

where Q is a domain in R™ and T > 0. The equations are allowed to be singular in the
sense that F has a singulality at Vu = 0. The unknown u will always be a real valued
function on Q; ,u,Vu and V2u denote respectively the time derivative of u,the gradient of
u and the Hessian of u in space variables. We also prove that the concavity of solutions is
preserved as time develop under addional assumptions. Both results are applied to various
equations including the mean curvature flow equation where every level set of solutions is

moved by its man curvature.

§1. Comparison principle. Let Q be a domain in R™ not necessarily bounded

and let T be a positive number. We consider a degenerate parabolic equation of the form
(1.1) w + F(Vu,V2u) =0 in Q= (0,T] x Q.
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| We first list assumptions on F = F(p, X).

( (F1) F : (R™\{0}) x S™ — R is continuous, where S™ denotes the space of real n x n
| )

/

symmetric matrices.
(F2) F is degenerate elliptic, i.e., F(p, X +Y) < F(p, X) forall Y > 0.
(F3) —o00 < F,(0,0) = F*(0,0) < oo where F, and F* are the lower and upper

semicontinuous relaxation (envelope) of F on R™ x S®, respectively, i.e.,
F.(p,X) = {ifginf{F(q, Y);g#0,lp—q| <¢|X-Y|<e}

and F* = —(—F),. Here | X| denotes the operator norm of X as a self adjoint operator
on R™.

(F4) For every R > 0

cr = sup{|F(p, X)|; |p| < R,|X| < R,p # 0} is finite.

The assumption (F1) allows the possibility that (1.1) is singular at Vu = 0. The equation
(1.1) is called degenerate parabolic if (F2) holds.

We next recall one of equivalent definitions of viscosity sub-and supersolutions of (1.1)
(cf. [19]). A function u : @ — R is called a viscosity sub-(super) solution of (1.1) in Q if

u* < oo (resp. u, > —oo) on @ and

T+ Fu(p,X) <0 forall (r,p,X)e€ 'Pz'+u'(t, z),(t,z) € Q
(resp. T+ F*(p,X) >0 forall (r,p,X)€ Py u.t,2),(tz)€Q).

Here 'Pé’+ denotes the parabolic super 2-jet in Q, i.e., Pé’+u(t, z) is the set of (7,p, X) €
R x R™ x S™ such that '

u(s,9) <ult,2) + 7(s — 1) + (3 — 2) + 3(X(y ~ ),y ~2)

to(ls —t|+|y—2|") as (s,9)—>(t2) in Q

where (, ) denotes the Euclidean inner product; similarly, ’Pg—u = —’Pg"'"(—u). In this

paper we call a continuous function m : [0,00) — [0,00) a modulus if m(0) = 0 and it is
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nondecreasing. For U = (0,7] x D, the set
8,U = {0} x DU[0,T] x 6D

is often called the parabolic boundary of U. We are now in position to state our main

comparison theorem.

Theorem 1.1. Suppose that F satisfies (F1)-(F4). Let u and v be, respectively,
sub-and supersolutions of (1.1) in Q. Assume that
(A1) u(t,z) < K(|lz| + 1), v(t,2) > —K(|z| + 1) for some K > 0 independent of
(t,2) €Q;

(A2) there is a modulus my such that
v*(t,z) — v,(t,y)v <mr(lz—y|) forall (t,2,y)c U,

where U = (0,T] x D and D =Q x Q;
(A3) w*(t,z) — va(t,y) < K(Jz — y| + 1) on 8,U for some K > 0 independent of
(t,=,y) € 8, U.

Then there is a modulus m such that
(1.2) w(t,2) - 0(t,3) < mlle —g) on U.

In particular u* < v, on Q.
We will prove Theorem 1.1 in several steps.

We begin by deriving a rough growth estimate for u(t,z) — v(t,y) on U.

Proposition 1.2 Suppose that F satisfies (F1) and (F4). Let u and v be, respec-
tively, viscosity sub-and supersolutions of (1.1) in Q. Assume that u and v satisfy (A1)
and (A3) and that u and —v are upper semicontinuous in Q. Then for K' > K there is a

constant M = M(K',F) > 0 such that

(1.3) u(t,z) —v(t,y) < K'le—y|+ M(1+t) on U.
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Proof. We set

w(s,t,2,y) =u(t,z) — v(s,y)
¥(t,2,9) =K'(jz — y* + 1)*/* + M(1 +¢).

We will prove
(1-4) w(t:t’ z, y) < '¢'(t’2’ y) for (t’ z’y) el

by choosing M large. Let {gr}r>0 be a family of C? functions satisfying

(1.5a) gr(2)=0 for |z|<R
(15b)  gr(z)/le| =1 as |g] > oo
(1.5¢) G = sup{|Vgr(2)| + |V3gr(2)|; = € R",R> 0} Iis finite.

Using this barrier gr, we set ¢ = 9 + 2K'ggr. By (Al) and (1.5b) we observe that for
sufficiently large R, it holds

(1.6)  w(s,t,2,9)—d(t,2,9) <0 if |2 +[y* >R} and 0<t,s<T.
By (A3) if M > K, we see
(1.7) w(t,t,2,y) — P(t,2,9) <0 for (t,2,y) € §,U.

Since w is upper semicontinuous, (1.6) and (1.7) yield

(t—2)?

I #(t,2,y) <0 for (s,2z,y) € U

(1'8) w(s’t’zvy) -
or (t,z,y)€b,U

- with sufficiently small § (independent of ¢,s,2,y). Suppose that (1.4) were false. Then
from (1.5a) it would follow that

(1.9) sup(w — ¥) > 0
1 4

4



14

with ® = (t—35)?/§+¢ and V = (0,T] x U if R is sufficiently large. By (1.6)-(1.9) we now

observe that w — ¥ attains a maximum over V at a point (3,%,2,9) € V. This implies that

(0:%,V, ¥, V2¥)(3,i,£,9) € Pyt u(i, 2)
(~0,%, -V, ¥, —V2W)(3,i,3,9) € PEv(3,3),

where V, denotes spatial derivatives in 2 variables. Since » and v are, respectively, vis-

cosity, sub-and supersolutions of (1.1), we see

(1.10a) 0:¥ + F.(V.4,V24) <0,
(1.10b) —0,% + F*(-Vy¢,-V24) >0 at (5,1,2,9).

By (1.5¢) and definition of ¥ it holds
Vgl, [V4|<N, V=(Va,V,)
with N = N(K',G). Subtracting (1.10b) from (1.10a) and noting (F4) yield
0¥ +0,¥ < 2¢n.

Since 8;(t — s)* = —8,(t — s)?, this implies M < 2cy. If M is taken larger than 2¢y and

K, we have a contradiction. We thus prove (1.4) for
M > max(2¢cn, K).

The estimate (1.3), with M replaced by M + K', follows from (1.4).
For ¢, 8, v > 0 we set

®(t,z,y) =w(t z,y) — ¥(t,2,y), w(t, zvy)=u(tz)—vty),

A1
(1) U(t,z,y) = ' ' + B(t, z,9), B(t,z,y)=a(|z|2+|y|=)+1_,{7,

The function B plays the role of a barrier for space infinity and ¢t = T.

Proposition 1.3.  Suppose that v and v satisfy (1.3) and that

(1.12) a= %iﬁx sup{w(t,z,y);|2 —y| < 0,(t,2,y) € U} > 0.
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Then there are positive constants &g and ¢ such that
(1.13) sup (¢, z,y) > z

o 2
holds for all 0 < 6 < 89, 0 < v < 70, €> 0.

Proposition 1.4. Let u, v, 8g, Yo be as in Proposition 1.3. Suppose that w is

upper semicontinuous in U.
(i) ® attains a mazimum over U at (£,2,9) € U withi < T.
(i) |2 — 9| is bounded as a function of 0 < e<1,0< 8§ <8, 0 <7< 0.

62 and 8y tend to zero as § — 0; the convergence is uniform in 0 < € < 1 and
0 < 9 < v. In particular, for fized 6 > 0, 2 and § are bounded on 0 < € < 1,
0<v<7- J
(iv) |2 — §| tends to zero as € — 0; the convergence is uniform in 0 < § < 8¢ and
0 <v<#40. \

Proposition 1.5. Assume the hypotheses of Proposition 1.4. Suppose that (A2)

holds for u and v. Then there is g > 0 such that ® attains a mazimum over U at an

interior point (§,,9) of U, i.e,. (£,2,9) € (0, T)x Q2 xQ forall0 < e <&y, 0< <&

and 0 < vy < vo.

Lemma 1.6 ([3]). Let u; be an upper semicontinuous function with u; < oo in

(0,T) x R™: fori=1,2,--- k. Let w be a function in (0,T) x RN given by
w(t,z) =wi1(t,z1) + - - +up(t,zx) for z=(21, - ,2x) € B.N‘,
where N = Ny + -+ + Ni. For s € (0,T), z € RY suppose that
(r,p, A) € P2 Fw(s,z) C R x RN x 8V,

Assume that there is an w > 0 such that for every M >0

0; < C whenever (oi,q,Y;) € PPHu(t,z;),
(1.14) :
|2: —zi| +|s —t| <w and |w(t,z:)|+|@|+ || <M (i=1,--- k),
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with some C = C(M). Then for each A > 0 there ezists (75, X;) € R x SN such that
(ri,m, Xi) € ﬁ”"’u;(s,z;) for i=1,---k

and

Xy - O
1 . . ,
—('X"'IAI)IS : : SA+AA2 and T+ +T=1,
Xi

where I denotes the identity matriz and p = (py,--- ,px)-

Remark 1.7.  This lemma is Theorem 6 in [3]. Here and hereafter the subscript of
P2+ is suppressed. The bar over P»* means the closure. Although the domain considered
here is R™¢, it is easily seen that the result is local and that R™: may be replaced by a
neighborhood of z; € RM:,

Proof of Theorem 1.1. We may assume that « and v are, respectively, upper and

lower semicontinuous so that

w(t,z’ y) = u(tv a’) - v(tsy)

is upper semicontinuous in /. Suppose that (1.2) were false. Then we would have (1.12),
ie.,

o = limsup{w(t,2,9)ile -y <6, (t,2,9) €U} >0.

By Proposition 1.2 and (1.12) we see all conclusions in Propositions 1.3-1.5 would hold for
& defined in (1.11). Proposition 1.5 says that & attains a maximum over U at (i,%,3) €
(0,T) x © x Q for small ¢, §, 4. In particular

w(t,z,y) < ‘w(f,é,@) + ¥(t,2,9) — \I’(ia 2,9 in U
Expanding ¥ at (£, 2,§) yields

(1.15) (¥, ¥, ,, A)(E, 2,9) € PPHuw(f, 2,9) with V2¥({,3,9) < A
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 where &, = 8,%(f, 3,9), ¥, = VE(i, 4,9) and V = (Va, V).

| We will apply Lemma 1.6 with k =2, u; = u, u3 = —v, s =1, z = (2,9). Since » and

| are, respectively, sub-and supersolution of (1.1) with F satisfying (F4), we easily see the

assumption (1.14) holds. Since (£,#,§) is an interior point of U, by Remark 1.7 we now
apply Lemma 1.6 and conclude that for each A > 0 there are (71, X) and (73,Y) € R x 8™
such that

(1.16) (11, %,,X) € PP*u(f, ), (-m2,—¥,,-Y)eP> v(f,§), ¥,=m+m

1 X O
(1.17) - - (— + IAI) I< < A+ AA%,
A oY

where ¥, = 8,%(, 2,9), ¥, = V,¥(f,2,§), etc. Since u and v are, respectively, sub-and
supersolution of (1.1) it follows from (1.16) that

1+ Fu(¥2,X) <0, —m+ F*(-¥,,-Y) 20,
which yields
(1.18) 0> ¥, + F,(¥,,X) - F*(-¥,,-Y).
We next take a special A. Differentiating ¥ in (1.11) yields

(1.19) ¥, = |9|*n/e+ 2628, ¥, =—|n’n/c+26§, (n=2%-1%)

v, ¥, 1. I I I 0
. o | ==(n"+29®n) 28
¥v,, ¥, £ - I o I

3 I -I I O
< =n? +26 =4
€ I I oI

With this A the estimate (1.17) becomes

‘ I O X O I"—I (I O
im0 (X ) s D)2 0),
o 1I oY -I I ) o1

p=A"146n?/e+26, v=(18]n>A+ 3¢+ 126eX)|n|?/e?,

+

w = 482X + 26.
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We will study (1.18). We take A = 1 in (1.20) and fix ¢, v such that 0 < £ < &,
0 < v < 70, where ¢ and vq are as in Propositions 1.5 and 1.3. We let § — 0 in (1.18).

We divide the situation in two cases depending on the behavior of n =2 — j as § — 0.

Case 1. g=4%—3—0asé—0. From (1.20) it follows that
X O I -I I O
<v +w

oY -I I o I

I O
<é with 0 =2v+w.

o I
This implies X < 6I and —Y > —0I. By the degenerate ellipticity (F2) we have
(1.21) F.(9,,X) > F.(¥,,01), F*(-¥,,-Y)< F(-¥,,-0I),

where W,, ¥, is defined by (1.19). If § — 0, we see ¥, and ‘i’, converge to zero since
n — 0 and 6%, 6§ — 0 by Proposition 1.4. Letting § — 0 in (1.21) yields

lim F,(¥,,X) > F.(0,0), m F*(—,,~Y) < F*(0,0)

§—0 -

since § — 0. Applying this estimate to (1.18) and noting that
U, =9(T-1)"? 29T,

we obtain

0 > +4T" %+ F,(0,0) — F*(0,0).

By (F3) this yields 0 > v7’~%, which contradicts v > 0.

Case 2. Z— 49— a#0 for some subsequence §; — 0. Since the singularity of F is
not important in this case our argument is essentially the same as in [10]. From (1.20) it

follows that

(Xp,p) + (Yq,q) < v(|p|* + |aI*) — 2v(p, q) + w(|p]* + |4I?).
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Taking p = q yields
X+Y <2wl.

By (F2) we see
(1.22) F*(—¥,,-Y) < F*(—¥,,X — 2u])

Since X and Y are bounded as § — 0 by (1.20) there are a subsequence X; = X(§;) and
X € 8™ such that X; — X as §; — 0 (see e.g. [10, Lemma 5.3]). Applying (1.22) to (1.18)
and letting §; — 0 now yield

0 > 7T + Fu(la]*a/e, X) — F*(|al*a/e, X).

Since F is continuous at (]a|’a/e, X) for a # 0, this again contradicts ¥ > 0. We thus
prove (1.2). B

Remark/ 1.8. The assumption (F4) in Theorem 1.1 is unnecessary if we assume
that » and v satisfy the rough growth estimate (1.3). In particular, if » and v are bounded
(F4) is unnecessary. Indeed, other than in Proposition 1.2 we use (F4) only to prove (1.14)
in Lemma 1.6 so that we derive (1.16)-(1.18). However to carry out the proof of Theorem
1.1 we only need (1.17) and (1.18). Without showing (1.16) one can circumvent (F4) to
derive (1.17) and (1.18) by applying the following lemma, which can be proved similarly

as Lemma 1.6.

§2. Convexity preserving. We consider the Cauchy problem
(2.1) u; + F(Vu,V?u) =0 in Q= (0,T] xR"
(2.2) u(0,2) = uo(2).

We will show that the concavity of u in z is preserved as time develops provided that
F(p,X) is convex in X and that u grows at most linearly near space infinity. For this

purpose we apply Lemma 1.6 to

w(t, £) = u(t,z) + u(t,y) — 2u(t,2), &=(=,y,2).

10
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and conclude that
w(t,§) < Llz + y — 22

with some constant L. Similar technique is found in [11], where it is applied to the semi-

concavity of solutions of Bellman equations.

Theorem 2.1.  Suppose that F satisfies (F1)-(F4) and

(F5) ' X — F(p,X) is convez on S™ for all p € R™\{0}.

Let u be a viscosily solution of (2.1) with (2.2). Assume that u is continuous in [0,7] x R™
and that

(2.3) lu(t,z)] < K(|2| +1) with K independent of (t,2) € Q.
If the initial data ug is concave and globally Lipschitz with constant L, then it holds
(2.4) u(t,z) +u(t,y) — 2u(t,z) < Lz +y—2z|, =z,9,z€R™, 0<t<T.

In particular z — u(t,z) is concave for allt € [0, T].

We will state lemma and proposition to prove Theorem 2.1.

Lemma 2.2. Suppose that ug is concave and globally Lipschitz with constant L in

R™. Then it holds
(2.5) uo(2) + uo(y) — 2uo(2) < Lz +y— 22| for all 2,y,z€ R".
Proof. Since up is concave, it follows that

uo(2) + uo(y) — 2uo(2)
=u0(2) + uo(y) — 2u0((z + 9)/2) + 2(uo((z + v)/2) — uo(2))
<2(uo((2 + 3)/2) — uo(2))-

11
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| The right hand side is dominated by 2L|(z + y)/2 — z| so (2.5) follows. B

Proposition 2.3. Suppose that F satisfies (F1) and (F4). Assume that the hy-
potheses of Theorem 2.1 concerning u hold. Then for K' > L there is a constant M =
M(K',F) > 0 such that

(2.6) u(t, z) + u(t, y) — 2ult, ) < K'|z +y — 22| + M(1 +1)

for all¢ = (2,y,2) ER* xR®* xR*, 0<t<T.

§3 General comparison theorem This section extends the comparison price-

ple in §1 to a general equation of form
(3.1) u; + F(t,2,u,Vu,V2u) =0 in Q=(0,T] x 9,

where T > 0 and 2 is a domain in R™. Our approach is basically the same as in §1.
However, since F' depends on z, we are forced to let ¢ — 0 in our test function ¥ of (2.11)
at the end of the proof. The crucial step is to establish that |2 — §|*/4¢ converges to zero
as € — 0 after welet § — 0, y — 0.
We consider F satisfying

(F1) F:Jo=@Q x R x (R*\{0}) x S® — R is continuous.

We continue to assume (F2) and (F3) i.e.,

(F2) F is degenerate elliptic,i.e., F(t,z,»,p, X +Y) < F(t,z,7,p,X) in Joif Y > 0.
(F3) —oo < F,(t,2,7,0,0) = F*(¢,2,7,0,0) < oo for all (t,2,7) € @ x R.

For boundedness of F we also impose uniformity in ¢, z and ».

(F4) For every R > 0, cr = sup{|F(t, 2,7 p,X)|;|p|, | X| < R, (t,2,7,p,X) € Jo} < o0;

- this, of course, is the same as (F4) in §1 when F is independent of t, 2 and ». We assume

a kind of monotonicity in ».

(F5) For every H > 0, there is a comstant ¢ = co(n,T,H) such that » —
F(t,z,r,p,X) + cor is nondecreasing for all (t,z,»,p, X) € Jp with |»| < H.

12



Outside singularities we assume uniform continuity in (p, X).

(F6) For every R > p > 0 there is a modulus ¢ = og, such that
|F(tae,"vp1X) - F(t,2,7,q,Y)| < O'RP(IP —q+[|X -Y])

forall (¢,2,7) €Q xR, p<|p, lg| <R, |X]|, [Y| < R.
The behavior near (p, X) = (0, O) is assumed to be uniform in ¢, z and ».

(F7) There are pg > 0 and a modulus o; such that

F‘(t,a:,'r,p,X) - F.(tﬂ’a’" 010) < al(lpl + IXI)
F‘(t:z"’:pa X) - F'(t1z,"1070) > _al(lpl + |Xl)
provided that (¢,2,7) € @ x R and |p|, | X| < po-

We further assume some equicontinuity in z.

(F8) There is a modulus o, such that
|F(t,2,7,p,X) - F(t,y,7,p,X)| < oa(lz — 3l(lp| + 1))

foryeQ, (t,z,r,p,X) € Jo.

Theorem 3.1. Suppose that F satisfies (F1)-(F8). Let u and v be, respectively,
sub-and supersolutions of (3.1) in Q. Assume that (A1)-(A3) holds for w and v. Then

there 18 a modulus m such that

(3.2) v*(t,2) —v.(t,y) <m(lz—y|) on U.

The assumption (F8) has a disadvantage because it excludes variable coefficients in
second order terms, even if the equation is linear. We will prove (3.2) under weaker

assumptions.

13
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1

\(F6) For every R > p > 0 there is a modulus o = og, such that
| ,

|

| |F(t,z,r,p,X)‘—- F(t1 zn4q, X)I < "RP(Ip - ql)

o

for all (t,z,7,p,X) € Jo, p < |pl, 9| < R, | X| < R.
r (F9) There is a modulus o, such that

f
F.(t,z,r, 0, 0) - F‘(tay’ 0, 0) > —Uz(lz - yl)

for all (t,z,7) €Q xR,y € .

(F10) Suppose that

| | I O X O I -I I O
(3.3) —p < <v +w
O I oY -I I O I
with g, v, w > 0. Let R be taken so that R > max(u,0) + 2w with 0 = 2v + w. Let p

'} be a positi\;e number. Then it holds

F.(t,z,r,p,X) - F‘(tay;r’pr _Y)
> (e —3l(lpl + 1)+ Ve — 9~ 5(2w) for p<lpl <R

with some modulus & = 6g, independent of ¢, 2, y, 7, X, Y, g, v, w.

Theorem 3.2.  Suppose that F satisfies (F1),(F3)-(F5), (F6°), (F7),(F9), (F10).
Let u and v be respectively, sub-and supersolutions of (3.1) in Q. Assume that (A1)-(A3)

holds for uw and v. Then there is a modulus m such that (3.2) holds. 'The following

proposition shows that Theorem 3.1 is the special case of Theorem 3.2.
Propdsition 3.3. (i) The assumptions (F3) and (F8) imply (F9).
(it) Assumptions (F2),(F6),(F8) imply (F10).

Proof. (i) We suppress t and 7 to simplify notations. By (F8) we observe

lim (F(2,p,X) = F(3,p, X)) 2 —o3(|z — 3)).
p—v
X—-0

14
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The left hand side is dominated from above by

lim (

¢e—0

inf  Fe,p,X)— inf F(y,p,X))= Fu(2,0,0) - Fu(3,0,0).
st F@pX) - il F(ypX)) ( )= F#,0,0)

The condition (F3) now yields (F9).
(ii) Asis observed in Case 2 of the proof of Theorem 1.1, (3.3) yields X +Y < 2wl.
From (F2) it follows that

F(z,p, X) - F(y,p, -Y)
ZF(zaP’X) - F(y,p,X - 2"’1)
> — oro(2wl) + F(z,p, X) — F(y,p,X) for p<|p|<R by(F6)

since (3.3) yields | X|, |Y| < max(g,0) so that |X|, |X — 2wI| < R. From (F8) it now
follows (F10). B

Proposition 1.2°. Suppose that F satisfies (F1) and (F4). Let u and v be, re-
spectively, viscosity sub-and supersolutions of (3.1) in Q and that u and —v are upper
semicontinuous in Q. Then for K' > K there is a constant M = M(K', F) > 0 such that
(1.3) holds. ,

We now recall & and ¥ of (1.11) and let (Z,%,§) be a point attaining a maximum of
® over U defined in Propositions 1.4 and 1.5. To carry out the proof of Theorem 3.2 we

need to study |2 — §|*/c as € — 0.

Proposition 3.4. Suppose that u and v satisfies (1.2) and that (1.12) holds. Let
(f,#,9) be as in Proposition 1.4. It holds
—E =gt _

(3.4) ' lim lim 0.

el0 6,410 £

Remark 3.5.  When Q is bounded, (F6), (F6’), (F7) and (A1), (A3) are unneces-
sary, because we may assume that » and v are bdunded; (A2) may be replaced by »* < v,

on 8,Q. Moreover, we may take § = 0 in the definition of & in (1.11). If § is taken as zero,
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we may take w = 0 in (F10). Since Theorems 3.1 and 3.2 are new for F depending on z

even if Q is bounded, we restate them for bounded 2.

Theorem 3.6. Let Q be a bounded domain in R™. Suppose that F satisfies
(F1)-(F3), (F5), (F8) or (F1),(F3),(F5),(F9),(F10) with w = 0. Let u and v be, respec-
tively, sub-and supersolutions of (3.1) in Q. Assume that v* < v, on 6,Q. Then u* < v,
on Q.

Remark 3.7. By Theorem 3.6 all results in [1, §6, §7] extend to F depending on

z. We state one of typical results on global existence of solutions.

Theorem 3.8. Let 2 = R™ and B € R. Assume the hypotheses of Theorem 3.6

concerning F. Suppose that F is geomelric, i.e., F is independent of » and
F(t, z,Ap,AX +op®p) = AF(t,2,p,X)
forallA>0,0 €R, (t,2) € Q, (p,X) € (R*\{0}) x §™ and that
Ft,,p,-1) < ellpl), F*(t,2,5,1) > —c(lp)

for some c(q) € C*[0,00) and c(q) > co > 0 with some constant co. Then for a € Cg(R™)
there is a unique viscosity solution u, € Cpg([0,T] x R™) of (3.1) with u,(0,2) = a(z).Here
Cp(K) denotes the space of continuous function u such that w — 8 is compactly supported
in K.
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