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Multplicity of Filtered Rings and Simple K3 >Singu1arities
ERAX¥HE B E# (Masataka TOMARI)

(0.1) &, [22]28]| ot chH . EHEOHRICL D, ﬁ[ﬁiﬁi% KImEROLEE
TBIETE6DTH B, $Tic. COFEBMhLALTIR, ZORBHiCLSHE (8,9 %
B, KIHEE W B ITNBERRELSDT.ERBAOSNATVWE, BERZHATE
a3 3B E52. Newton IR icxt L TEH R Kushinirenko @ F ¥ T non-degenerate
R riEiimEs KIERAiIc>WTid. Reid, Fletcher k4t Sick - T, HIric S
breiohTns [17,2,3,29] #1512, 9 5 © weighted homogeneous polynomial iz
K BRERERD. ABOMEHS LI HEZH oI LTHEI 50

(0.2) simple K3 singularity i3. Wb W % 2 &5T simple elliptic singularity [20] © & &
Tk DTH BB, ERiX. SEOD L Tk “Gorenstein purely elliptic singularity of type
(0,20 £ &> C Lic12 %, [ purely elliptic | 3B RHROZEREHIc L > T [ type (0.2) J
3 PIA%E S © Mixed Hodge Structure ic & 3 Hodge type <55, L78.9 2 ]

COIIBHRAOI>BESHEMNBH L LTER. BEAREZEATER S 5 weight
DRAB 1R ZMIBRANE 2. CoRd, BERTRITVHE,
eyt 2t wt 4+ Ae?y?2lwi =0 A #0
2?4y 27+t Ayt =0 A #£0
72 & & simple K3 singularities T&% %5, #ic. H4 13 < & T2 T D hypersurface simple
K3 singularity {f =0} @ 4R EED T T
f=9+h gi3 weight OLMB1 BRI BFRZEN (AIBEEAELBESN)
h 2 L5CD g © weight TR I-EHKRDIF
LREINBDPLEVICEEHBIRT S, HHBHRT, Lt~ 950, ¥XTOHE
pimEM KIBRERR, 2BHIN2THAIEEX 3,

FLOWRFIBENBOTHEAIEVWIETHIDS, 2R VWEEDLNIEE S
BHUTLxd LL. chidBlokBicb-tbik, M.Reid 0FHE b o T
3, (cf. (0.5)) ' '

1
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(03) cc. H)—2HREIRD 2BFE% filtration TEM T 2MBichih v, KK
3, BHLOEREA 28T o filtered ring ® > b TIRO L IR bDEEX B,

(A, m): d—dimensional Noether local ring over a field k,
CF={F*}i50: a filtration of ideals as follows ;
(F°=AD F'=m, F* > F*+' F*k Fi Cc F*+i,

R = @150F'.T' C A[T) is a finitely generated A—algebra, where T is an indeter-

minate.
There is an integer N > 0 with (FN¥)™ = FN™ for m > 0.
FN . m—primary )
REICLD Gt =@ F/F*1 i3 G © homogeneous maximal ideal & 72 %,

fi%E : (A,m)® multiplicity e(m,A) & grpd =G = @p»oF*/F**! © multiplicity
e(G4+,G) DB o IS N3 LE LT EH TRV BRSO, BHEREVWES I,

Theorem A[22].  Let thesituation be as above. Further we assume that A is analyti-

cally unramified and that k is an infinite field. Let a system of elements z,, ... ,2, € G
be a minimal hombgeneous generator system of G, with degz, < degz; < ... < degz,
withs > d = dim A = dim G . Then we have the following

(1) |

d
(H degz;) lim (1~ A)¢P(G,\)

S(,-) e(m,A)
<e(G4,G) <(is) (degz,)d }mfll(l - ’\)dP(G» A).

where P(G,A) = Y50 {(Gr)A* € Z[[A]].

(2) If the equality holds in (i), then e(m,A) = e(G4+,G) and there is a parameter
system Y1, ... ,yq3 of A whose initial form gives a homogeneous parameter system
in(y1), ... ,in(yq) of G such that degin(y;) = degz; fori =1, ... ,d.

(3) If the equality holds in (ii) and G is normal with (degz;, ... ,degz,) = 1, then
e(m,A) = e(G4+,G) and G is a homogeneous ring. That is degz; — 1 holds for

t=1, ...,s.
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(0.4) bhvbhit. it K3 RS D canonical filtration 2% 2 3 Z &tk » T, (0.2) ic

2w LT (0.3) 0BT BED 50 (W = Spec(4), w = V(m)) % simple K3 singularity

, 2L T¢: X — W % resolution of singularity & 3 %, Minimal model Bi&ic £ v
Puzods (wE*) 1 Ow —algebra & L THRAER TS 50 |

X = Proj(®r>00s (wgk)) Yow
i3 canonical singularity ® # %% ¢4 %  partial resolution & 72 245, CHhid
Fk 2 o, (w?k) — v, (w?ék) = (wg:,]) >4

L1733 ideal @ filtration 20 B T, TN % canonical filtration W5 T Licg 3,

ZLC® F={F*}>0ic. R4 D Theorem A 2 BALTA & 5o @pyof*/F*H =
G & normal % ». Demazure 0ERFTEMVWB &, v H(w)=FE 5% rational
double points ® & %K 3 % K3 surface ' Og(D) = 0x(1)/0x(2) it X->TEE 3
Weil divisor ic & 2

G = @450 F*/F**' = R(E, D) = ®u>0H(E,Og(kD))T*

EERRENhBbDTHB ([1,89] [21])s G4 = (21, ... ,2,) with degz; < ... < degz,
(degzq, ... ,degz,) =1 & L T. ‘

Theorem B [23]. (W,w) % simple K3 singularity of e(m,A) =2 t&->7T F =
{F*}i>0 % canonical filtrationon W &3 % %55 e(G4,G) =e(m,4)=2 MK
T 50

(0.5)‘G i3 Gorenstein normal domain ¢35 Z Lic &b e(G4+,G) <3 B 5. G ik
hypersurface ©% %, G % G = Cle,y,2,w]/g £ E 5 E& v ic weighted homogeneous
polynomial & L T® 3 & . Spec(G) — V(G4) 12 3 )R5T rational singularity ¥ > 0
BTHEBLIEBDIL>TWS,

g ® Newton R I'(g) C Clico v dimI(g) = 3 o & (1,1,1,1) »T(g) o4
HAFcEENBEEBbh 3 (§501(22]) o 2,¥,2,w €G % initial form & L TEH 4
2mCA=0wu OT22hZh XY, ZWem 42L& (X, Y, Z,W)=m Thb3,

3
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AN = C{X,Y,Z,W}/f w3 RFEMA VS &, X,Y,Z,W O weight ic & 5 monomial
® weight filiration ( Z #1%. monomial filiration & ME 3, ) BER F={F*}se (@
AN ~oD induce $5 D) TDbDTH b, inFf=9g ThHdIEkR3, {f=0}=
W i3 not rational singularity ©& 2 25, C @ & 5 7% analytic BEER (X,Y,Z,W) o &
% M. Reid 8413 17 o b TROBBETTFHEIATYL 3,

Conjecture (M. Reid [17]). Let {f = 0} C (C**',0) be an isolated d-dimensional
hypersurface singﬁ]arity. If the condition a(grF(A)) < —1 is satisfied for any monomial
filtration F of A = C{z}/(f) for any coordinate system 2, ... ,2441, then { f= 0} is

a rational singularity.

ENEFBRCRHRKIBETHEH. (0 FBREPELAFRL S, #ic, Red o F
HMMBIE Uit hid. hypersurface simple K3 singularity © canonical filtration i3 monomial
filtration 1723 C & HH 5h T 3 (Corollary (4.15)[21]) o

(0.6) Theorem A % F\»C Theorem B 234 2 ic 3RO EERBE L VWD TH » 1o

Theorem C [23]. E % K3 surface with rational double points & L D % ample
Q—Cartier integral Weil divisor . G = R(E, D), G4 = (z1, ... ,2,) degzy < ... < dege,
L45, TOM

dege;.degz;.deges.D? > 2.

R A

Eihmm s K3 0BEHER, 2. 3. 4. D3 BV TH %, 4EHIKO>VTIk. Reid
ODFEBELVOT (02 BEEHBY TV, BE2OR3EERDITH S, AFD §2
Tit. 3 > degey.degzs.deges.D? > 2 & i 3 normal polarized K3 surface ® Riemann-
Roch formula 0 #1E D data @ list 57 % 3,

EHEE 2 0B K3 HE XD canonical model iz 11 3 polarized K3 surface (E, D)
% (04) 0BT G=R(E,D) Lt LTk®»2 &, Theorem A (2) ® ¥1,y2,93 ZHL
5 &, in(y)/T% € HO(E, OE(q,D)) Ck(E) icowT,

v(divg(%) +q1D) n (divE(izf—Z’)) +qu) n (Jivg(i—z,(:'%)) +q3D) =0

4
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Bbbhbd, BEHENIOEBEALRPLIOKR I LRIBFETELR L, §1 TR,
(divE(——";Ef))+q1D> (dv( (y’))+ D) (dvE( (y"))+ D)

25 discrete ITHK % & 5 134 D parameter system ¥,Y2,¥s KO WTOERHEOHERN
AZERR 3,

AR, R2O0ZFS>VT. I 2HVAERBPRARETHAIN, BEBVS. F
BRIHULOEREEHESOBAICR > TV,

§1. Higher dimensional analogy of Laufer’s theorem.

(1.1) k#iik. §1 [22] oRESER V5, Bk, B BEREO—BHE LT, (15,17, 5]
REEBMH, #FR%2R '\67‘_&3&«.\ divisor DWW TD intersection ¥ % —>E A 4 3,

(1.2) d &t local ring (A,m) Lt @ effective Q-Cartier divisor Wy ... Wy OB & »
A(-»W)) =t A, €, withr; >0,t, EmC A LLTEZLOTES b D LT
2, CCTWiN .. NWy={V(m)} TH3EEET 5. $RbBE, (t1,..4d) it a
parameter system of A Th 3%, CD & &, FE¥ e((tl; = id), 4)
(Theorem 14.12 [13]) ic & v (4, m)s DL D7t & b%‘lud&di 5lEBbh B, £

<. koW I(Wy ... Wi, A) 285 3,

i2. Lech’s Lemma

Definition (1.2.1).
e((tl, )td)’A)

1. ... P4

(W, ... Wa, A) =
UToEE iz, HLaufer ® 2 RLiIc>WTORR [12) ichFEashicbDTH 5,

Theorem (1.3).  Let (W, w) be a normal d-dimensional singularity and
(21, ... y24) a parameter system of Ow,,. Let ¢ : X — W bea projective modification
with normal X and E = ¥~ (w) . We write divx(z;0x) by

di”X(ziOX) = D(ziOWa 'l’) + Wai,ﬂ’ i= 17"°’d’

where W,, y is the strict transform of {z; = 0} and D(2;Ow, %) is the part of E. We

assume that the divisor W,, y is Q—Cartier fori =1, ... d.

5
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IfWe,y N ... NW,, 4 is a discrete set on E , we have the relation

(@1, 24), Ow) =(~1)**1D(2,0w, ¥) ... D(240w,¥)
+ Z I(Wm,'ﬁ W;,d,,[,,Ox,p).

pEW.l.fn et nW.d,¢

(1.4) Proof. THICHENT VS, ERT<T 2 O~ &, & U divisor O BHE M L
TEZERETH S, WA, 2, DR/KRERREELST, 552 LB N 3 divisor &8
%2 T locally principal ©% 3 L {RE L Td—BHEEZRDLE WV,

(14.1)Step 1. Wayy N oo NWayy BELLOBEIT, THOTEERT. & 7.
(21, ... ,24).Ox 5 locally principal T&% 3 L RE L £ 50 X O effective divisor D ic
&> T (21, ... ,24).0x = Ox(—D) & »» 1 3, C.P. Ramanujan [15] (Theorem 1[22] )
&, e((z1, - ,24),0w) = (-1)%*1.D% 5 2, D((2:),¥)=D+E; (i=1,..,d
B EBobTE EiN .. NEg 3ELETH %0 D((2:),¥) + Wa, p = div(2;0x) »
E = ¢~ Y(w) 0iEfE principal divisor (i = 1,...,d) DT, KRBKILT 3

E;.D((22),¥). ... .D((2a), %) = (1) B W,y oo W,y

ST EINWayyN o NWayy BEEATHSEIEBROELILLTODE. bLb QE
ExNWeyy N oo NWa,y K5, 21 €mg.Ox(—D) > 2; € mg.Ox(—D((2:),%)) C
mqg.Ox(~=D) (=2, ..,d)ko#EH, bhbhit (21, ..,24).0x = O0x(-D) #2 & &
EFELTWBIEIRRLTLE S, o T,

E1.D((22),9)- ... .D((za), %) = 0.
Bl#kic LT
El.‘ .E;.D((2;+1),¢). D((:cd)nb) =0

(i=1, w,d1) REBRES DT, RHZROEREX 5

D* = (D((21), $) - By). ... (D((2), %) — Ea)
= D((21), 9). - -D(24), ¥)

(21, ... y24).0Ox %5 locally principal T2 W& I >W T, B4 birational morphism
oc: M — X ic&->7T (21, ... y24).0Op 7% local principal it %3, ¢p = 0 -9 L&

6
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(o M Lo divisor F; % D((2:),9) = o Y(D((2:),%)) + F; :43&. BB«
0 (Wa,p)=Fi + Wap for (i=1, ..d) BBbh s, WoyyN .. NWa,y BEES
Eho. AN . NFidbZ25TH5, WA
O'_I(D(21),¢)).Fz. oo Fd = O'—I(Ji'v(Z]_.Ox) - W,l',p).Fz. oo Fd
= di’v(z]_.OM).Fz. Fd - O'—I(Wa,h.,/,).Fz. ves Fd.

2;.0p 75 ¢~} (w) ®iffET principal T& 2 » 5. div(21.0).Fs. ... Fy =0Tk %, ¥
o Warg N oo NWoyy BEEEED S, 0 (Wayp)NFN .. NFib 25 ThH 5, W
Z ‘:O'_I(D((Zl),’l/))).Fz. e Fg=0.

oY (D((21),¥))- ... .o~ (D((2:),%))-Fizr. ... F3=0 fori=1, ..d—1.
REGEAMRIEI DT, ROIRABE SN B,

D((21), #)- - -D((2a), ) = (67 (D((21), %)) + F1) ... (67X (D((2a), ¥)) + Fu)
= o~ Y(D((21),¥))- - .o~ (D((=a), ¥))
= D((21),%). ... .D((za),%).
(1.4.2) in the general case. I & [6 bk Ic #2472 birational morphism ¢ : M — X

& o T (21, ... ,24).Op %5 local principal it L, p =0 -9 ® M Eo divisor F; %
D((z:), p) = o (D((2:),%)) + Fi &35, 7.

e((zl’ ) 2!,1), OW'.W) = (—1)d+1D(210W) P) D(deW) SD)-

D((=1), ¢). ... .D((z4), %)
=(e7H(D((21), %)) + F1) ... (671 (D((2a), %)) + Fa)
=(e7HD((21), %)) + 0 (Way ) — Way o)

ceee (0T HD((22),$)) + 07 H (Wayp) — Way,p)
=D((21),¥)- .. .D((a), ¥)

+ 2007 (D((21), ). 0™ (D((@5-2), D)0 W) ~ W)
o (D((@i1), ¥))- o~ (D((2),$))
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iR R7- & 3ic. 2T o divisor it locally principal ©& - . 2;.0p = o~ 1(D(z;,v))
+o Y (W, ) i3 ¢} (w) OIEFE T principal TH 3%, & - T,

e Y (D((21),9))- - 0" HD((2i-1), %)) (0™ (Was p) — Was,p)
o~ (D((2i41), ¥))- - -~ (D((2a), %))

=(=1)*107 (Way9)- o 07 (Warly p)(0 7 (Waip) — Wayp)
Y Warap)- o 0" (Wag)

Suppe ™ (Way3) 0 .. N Suppo™ (Wa,_,4) 1 Supp(0™ (Wa,.4) — Warp)
N Suppo’l(W,,‘.H,.p) n..n Suppa—l(Wzdﬂ/’)
Co Y (SuppW,, 4 N ... N SuppW,, 4 )-

2T SuppWa, 4 N...NSuppW,, o 1% discrete Th 1 o~ 1(Ws, 4) R I OB A LT trivial
in M. 5. LILORERMAEOH T zero THRVWHEROH 20 2ED K3 TH %,

D((z1),%). ... .-D((=4),%) and
(”_I(Wémb) - Wax,tp)- (V_I(Wma.d’) - Wza,v)-

G WaypoNueNWa,o BEEAZOT, RO (L41)ickD

> (1) I(Way,p - Wou, Ox,p)

pEW,l,¢ﬂ nW.d,,,
K—HT3EBbh 3, ,
Q.E.D.

(1.5) & T R= R(E,D) % normal d-dimensional graded ring with Demazure’s descrip-
tion & L. HRA Spec(R) ® V(Ry) it Bt 3 (R¥icBid % filtered blowing up % %
A5

¥ : C = C(E, D) = Spece(®r>00g(kD)) — Spec(R)

Theorem (1.3) O{MBFEIC>WTHANTE & 5,

8
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Lemma (1.8). (1) Let 24, ... ,24 € R be a parameter system at Rr, . Suppose
L1y ey &g ﬁth r < d be homogeneous elements. Then we havedim W,, 4N ... "W, 4 <
d—r—1 in C(E,D). Hence in the caser >d —1 , W,, 4 n..n W, 4 is discrete.

(2) If R is a hypersurface and Ry is an infinite field, wé can choose 2 reduction 21, ... ,24

€ R, of the maximal ideal such that W,, 4, N ... N Wy, 4 is at most one point.

Proof. (1) zy1, ... ,2, % R @ homogeneous elements #Z& L. RORXEE X & 5o

E— C(X,D) -L. W=Spec(R)
(1.6.1) \ L=
E = Proj(R)

B % WayN . NWo,y NE OB SET 50 Wo,p, 1 <i <7 it k*—stable 725 5,
7Y (B)C Wayp N oo. NWa y TH3. 2L T dima~}(B)=dimB+1. 2y, ...,24 i
Rgp, it 8} 3 parameter system 725 5, dimW,, 4y N ... "W, 4 =d—» in C(E,D).

(2) R = k[21, ... y2441]/f with a minimal homogeneous generator system
21, ... ,2, € Ry such that degz; < degz; < ... <degzgyy EVWIRBVERBELDLE
&4 %o Proj(R/(21, ... ,2a)) C ENProj(k[zy, ... ,2ar1]/(21, ... ,24)) T& 5 15, £
BR—EDPORIEETH S, d&id. [22)(4.1) D EffiT parameter ZfEhif L\,

Remark (1.7) .  Let the situation be as in (1.5). Then the following relations hold.
(1) | D31 = (1)1 F¢ = limy_;(1 — A)2P(R, A)

where P(R,A) = 3,50 ((R1)A* € Z[[A]], with d = dim R.

(2) If 21, ..., 24 € R is a homogeneous parameter system, then

e((21, ... ,.zd)rR) = (_1)d+1 (H degz,-) E°,

i=1

Here E? is the intersection multiplicity in C = C(E, D) .

§2. The baskets of singularities for (E, D) with ¢1¢2¢sD? < 3.

9
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(2.1) [23] iwBi+ 2 Theorem C DAWHOFF R, BHEEEF T 2R ¥MEc>VwWToD

Riemann-Roch formula © @R T 5 » %o HTF. R ONWOMBEE RT3 KT, &

5 —EEE 4 %, singularity %= # > i © Riemann-Roch formula #ic 2 0B R & H» S

O EENRHBIcoVTIE, J. Giraud[4], X M. Reid [19] ot F 25 b . Hic Reid K

DEERIZRBICEATW S, E % projective surface with at worst rational double points

£ L% LT D% Weil divisor on E& 4 %, D i3 Q—Cartier 724 5. the intersection
numbers D?, KD € Q BEZXSh 3,

Theorem (see Theorem (9.1)[19] ). There is a formula

X(E, 05(D)) = x(0x) + 3(D* ~ DKz) + ¥ cq(D)
Q

where cq(D) = cq(Og(D)) € Q is a contribution due to the singularity of Og(D) at Q
, depending only on the local analytic type of @ € E and D ; the sum takes place over
the singularities of D ( the points Q € E at which D is not Cartier ).

A 1
(I) If P € E and D is a cyclic quotient singularity of type ; (;(1, ——1)) then

i(r —1)
27

cp(D) =

(III) For every rational double singularity-Q € E and Weil divisor D on E, there exists
1

a basket of points of {P, € E, and D, } of type ; (—(1, —1)) and with i, coprime
[+ 4 fra

to ro, such that

_ _ ia("'a — ia)
cq(D) = EQ:CP,.(Da) == za: T
Z D X % i rational double points D & 2 R fHic b o35 4. the Riemann-Roch
formula @ 3735 (3. singularities {3 rational singularity of type A, __1 TH 5 & L T
Wo ¥, DOEDH B Ci(A,n_l) = 7/rq.2 iTf? 13 3 polarization i, € {1, ... ;7 — 1}
i, TORHHICE D, 2, <7o THEERELTHEV,

(2.2) (E,D) % (04) ®& 5 ic LCHn 5 rational double points %5 ¢ 3 K3 i E
&z D Lo Weil divisor D ©& % &% %, (2.1) ® & 5ic. Riemann-Roch o AKX 0B =
HOBK T, % EA DB polarization ® data #s

{4, -1,c(Dy) = ta, (2ia <7q) ja&=1, ..,N}L

10
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ELTHEAoNnB6DET S, Ih%, the basket of singularities of (£,D) &3 &
it B, k1 '

bm = dimH°(E,Og(mD)) (m € 7).

EEH 3 &, Kawamata’s vanishing theorem & v .

TH5bo

(2.2.1)

(2.2.2)

m?D?

b =

m=120Xkp

N
D*=2(b-2)+ )
a=1

+2+co(mD) for m > 1.

N
bzz4b1—6+zia. ,

ta(Pa —

Th oo (23] THNS 1920sD? <272 % { D?, the basket } 0 F IBH: L A OMME E
%I 1929sD? <3703 data %EHB L1, LIF 0 list © Example 2. 3 ~T Fletcher
EKH O 1ist[2,3,29] LV -1 bDTH B

The case of b; = by =0.

The case of by = dim¢ H°(E, Og(D)) = 0.

o111 |111(1|D*|qq,4s 91-92.9s D* Example
Ay | Ay |A; [As |Ad|As| & | 45,6 | 2 X30 C P(4.5.6.15)
A1 |A;[As[A; |42 |46 | L | 3,6,7 3 X324 C P(3.6.7.8)
Ar[Ay [Ay [As [As|Ag| 5] 3,4,5 3 X1s C P(3.4.5.6)
Az | Az |Ar[4s |42 [As]| S| 3,3,4 3 Xi5 C P(3.3.4.5)

ie]12|1(1|1|1]D%|q1,92,9591-92-9sD* Example
Ag|Ay [Az |As]As| &1 3,4,5 2 X24 C P(3.4.5.12)
As | AL A1 |As|As | & | 4.6,7 2 Xsq C P(4.6.7.17)
As | A1 |Az [A: |As| & | 3,4,14 2 X4z C P(3.4.14.21)
Ag|Az |4 Ay |45 | &5 | 3,5,6 3 X321 C P(3.5.6.7)
As|Ay | A1 |4z |Ad| & | 45,6 2+2 X324 C P(4.5.6.9)

11
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il 311111 ]|D?|q,q2,9s |q1-92.9sD? Example
Ag |As|As|Ad| & | 45,7 2 X33 C P(4.5.7.16)
A7 |A; |Ag|As |25 5.6.8 2 X35 C P(5.6.8.29) |
A7 |4 | A2 |Ad| 5| 5.6,8 2 X5 C P(3.5.16.24)
A |A1|A;|As| & | 3,410 2 X34 C P(3.4.10.17)
Aro A1 |4z ]A2] & | 3,410 2 Xse C P(3.4.11:18)
Ag |Az |As|A7 |5 | 78,9 3 X3¢ C P(7.8.9.12)
Ag |A2|Ad|4s| % | 5,6,7 3 X7 C P(5.6.7.9)
A7 |A|As|As| & | 3,45 2+1 | Xy C P(3.4.5.8)
A [AL |4 |As| & | 46,7 | 2+ & | X:s CP(4.6.7.11)
Ars |AL |4y |42 [ L | 45,6 2+ ¢
il 212]1]1]|D?|q,92,93|01.92.9sD? Example
Aso [Aq | A2 | A1 |55 ] 5.6,22 2 Xee C P(5.6.22.23)
Ag |As| Az [Ar1| & | 3,47 2 Xas C P(3.4.7.14)
As |Aq|As |41 |555] 45,18 2 X3 C P(4.5.18.27)
Ag |As|A7|AL |5k | 7.8,10 2 Xso C P(7.8.10.25)
Ay A4 |46 |4s |15 ] 5.7.8 2 X40 C P(5.7.8.20)
Ag |As|As|A:|2513,4,57| 2+% | Xi9C P(3.45.7)
ial 312 11]|D%|q,92,9s|91-92.9sD? Example
A | Aq [A1]5d5] 45,13 2 Xy C P(4.5.13.22)
Ao | As [A1]| 35| 3,47 | 2+3% | X3 C P(3.4.7.10)
Ar |Aw|A1 | & | 56,8 | 2+ 2 | X5 C P(5.6.8.11)
Aro| Ay ||| 3,45 | 2+ 12
Ao | Ay |As| & | 3,45 3
Ao | As |As |35 | 45,7 2+ 1 | Xas C P(4.5.7.9)
i, 4 |1}1]|D*|q1,92,9s |91-92.9sD? Example
Ao |Ad|Aa |53 3,5,11 2 X35 C P(3.5.11.19)
Az |As A | 213,410 | 2+ % |[Xso C P(3.4.10.13)
Ap(As|A |5 ] 345 | 2+&
ia| 5 |1 |D*|q1,02,95 |01-92-93D? Example
A A | & | 347 | 2+ 5%
Ais|Ad| [ 3,511 | 24 % [XssC P(3.5.11.14)
The case of b; = 0,b, =1. .
ial11111]1{1]1]1|D*a1,q0.4s a1.q2-9sD? Example
Ay A A AL AL 42 |4e] 35| 2,6,7 2 X30 C P(2.6.7.15)
A A A AL [Ar |As|Ad] 51 2,48 2 Xa3 C P(2.4.5.11)
A A A AL Az |42 ]4s] 5] 23,4 2 X1s C P(2.3.4.9)
A |4y AL |As A2 ] 4242 3| 2,8,3 3 X12 C P(2.3.3.4)

12
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ie}2114111)11]1|D*|q,q2,95|q1-92-sD? Example
Ay | Ay (A1 AL Ar | As 310- 2,5,6 2 Xa26 C P(2.5.6.13)
Ay |Ay |AL |41 |42 |42 ] 35| 2,3,10 2 Xso C P(2.3.10.15)
AfAy A (4 |4s (4 | & ] 2,34 | 2+% | XuuC P(23435),
Ag [A A1 | Ay |41 [A:| 2] 23,4 | 2+2 | XieC P(2347)
As |Ar | AL (A [dijdi | & ] 2,45 2+ 3 Xa0 C P(2.4.5.9)
ia|3]1 11111 D*|q,q2, 45 |q1-92.gsD? Example
Ag |4y Ay (4 (4| L [ 2,514 2 |Xg C P(25.14.21)
Ao Ay [ Ay [A; |As & | 287 | 2 X34 C P(2.3.7.12)
Ar[A A |4 4. [ ] 23,8 2 X6 C P(2.3.8.13)
Ag | A1 [ Ay [Ay [As| & | 25,6 2+ ¢ Xa0 C P(2.5.6.7)
A7| Ay A1 A |As| L] 2,3,4 3
Ao | A1 [Ay Ay [A] &) 28,4 | 2+2
il2|2(11{1|D*|q,q2,95|91-92.9sD? Example
As|Ad A |4y |42 | | 23,5 2 |Xa0 C P(2.3.5.10)
il 4 |1}111}1|D*q1,92,9s |g1.92.9sD? Example
Ag |4 |4; [Ag| & | 2,5,9 2 |XacP5916)| [ Tal211 10 lo.coa |ardsgsD® |Example
As |Ar|As Az 5] 2,3,7 | 24} | X CP(23.79) As |As |4z | & | 23,5 | 2+2
Ao |A1 |41 A& 23,8 | 2+% [Xy CP(238.11) ‘
BB SR A i R
0| Y 7 -0.0- 2 g
A A4 [A [ 5[ 235 | 2+L |XiscC P(2358) j:i: ::: 5 Z;: ::;:
i.1212121|1]|D*|q,q2,9s |91.92.9sD? Example
AgAfAd A [ T 2,85 3 |Xus C P(23.5.5)
ia| 6 | 1 |D?|q1,92,9s {91.92.sD? | Example
ia| 5 [1]1|D?*|q1,02,03 |@1-93-9sD?|  Example Auldd|gr| 259 | 2+5
A A1 |Ad| S5 25,9 | 2+ & |Xar C P(25.9.11)
Ao |42 |4a| 2| 2,37 | 2+
A |Ar |4z ] & | 23,5 2+1 ia| 413 {D?*|q,q2,95 | q1.92.93D? | Example
A Ay | A & | 28,5 | 2+ 4 As|Ar|75| 235 | 2+ 5
The case of by = 0,5 = 2.
|1 1f2]1]1]1}1]|1|D?* a1 qz 95 |91-92-9sD? Example
Ay Ay |Ar[A (A A4 |4a] 3] 2,2,3 Xy4 C P(2:23.7)
A |4 |Ar |Ar |4 |Ar |4; [4s| 2] 2,2,3
ia|2(1{1|1[1][1]1|D?|q,q2,4s|q1.q2.9sD? Example
Ay | AL AL A AL AL | A } 2,2,3 2+§- X13 C P(2.2.3.5)
i|311]1|1]1]|1|D?|q,q2 95 |91-92-gsD? |Example
Ag AL |4 [A | AL |A ] ] 22,8 2+ %

13
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i.|4]1}1}11]1 D*lq1,42,93 ‘11-‘1:-413172 Example ia] 6 [ 1|1 |D?|q,q2:9s |91-g2.gsD? | Example

Ag | Ay | AL | Ay Ay % 21213 2+% A3 A | A '1-35 2,2,3 2+{-‘%

ia| 7 |1 |D?|g1,92.9s |91.02-9sD* |Example

Au|A|&] 223 | 2+%

il 5 |11 |1 [D?|qi,q2,45|21-92.gsD? | Example |

Ao A |4 |4 5] 2,23 | 2+ & | ia| 8 |D?|q1,92,9s [1.92.9sD | Example

A | & ] 2,23 2+ 5

The case of b; = dim¢ H*(E,Og(D)) = 1.

The case of by =b; =1.

ia|1 1171 |D?|q1,92,9s |91-92-9sD? Example
A4 [Ae| 5 | 1,6,14 2. |Xeq C P(1.6.14.21)
Ay | Az | Ay ;—, 1,6,8 2 Xs0 C P(1.6.8.15) el 2 |1 |D a1 92,05 | 9102050 Example
A|4s |4 | & [ L4610 | 2 |XsC P(14.10.15) A fAslg | L5122 |XseC P(L512.18)
A 45|45 | & | 1,4,6 2 X3z C P(1.4.6.11) As | 4o 5:? 1,57 2 Xa C P(157.13)
A jAJad 5] 1,45 2 X30 C P(1.4.5.10) As |4 £ L3,7 2 X C P(L37.11)
A; |4 |4s [ 51 1,38 2 X4 C P(1.3.8.12) As | A 16 L49 25 Xz C P(149.14)
A; |4 A 2] 1,35 2 X1s C P(1.3.5.9) As |47 g L3, ”f X C PL5.75)
Ay |As|4s] 2] 1,3,4 2 X16 C P(1.3.4.8) As | 45 £ L34 2+; s € P(L34T)
A (A [4s | L] 1,6,8 | 242 | X5 C P(1.6.8.9) As |44 3 1.3, 2+32_"
A |As|Ae| 2| 1,46 2+% | X5 C P(14.6.7) As |4, f 13,4 2+§
Alala i e 3 A An|a| ] 145 | 2+ &
A A As [ 2] 1,45 | 242 | XieC P(1.45.6)
Ay |Ax |45 2] 1,35 2+§ X15 C P(1.3.5.6) T3 T o
4 |4, % 13.5 2+$ a T 4111,2:,113 Qx-tIz-qi Example
A |43 |4 [B1 13,4 | 243 | Xisc P(13.45) A” LN .7 2+;—° Xu C P(13.7.10)
A |4s|4s | L | 1,34 | 3 _‘ o] DA ] 2t
As|As|As| 3] 1,3,4 3 X12 C P(1.3.4.4)

bh=1,b=2.

i1 ]|1}1]1|D?|q1,q2,93 |91.92-g3D? Example
Ala A (4[] 12,6 2 X1s C P(1.2.6.9)
Ay Ay A |As] L] 1,2,4 2 X14 C P(1.2.4.7)
ALfA 4, (4, 3] 1,2,8 2 |X1, C P(1.2.3.6)
Afa |4 A S 124 [P 242 [Xi C P(1245)
A A A [ B L2e | 242
Ay |Ar | A 46| & | 1,24 2+ 8
A |4 [4ar] 3] 1,2, 3
A 4142 |4s| 5] L2,3 | 241 |X50C P(1.234)
Ay | Ay 4 A ] 1,2,3 2+ 4 )
A |4 4[4[ L 2,8 | 3
Ay | Ay [As |4s % 1,2,3
Af4: 4[4, 1] 1,2,3 3 Xp C P(1.2.3.3)

14
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ial2|1|1|D?|g1,9,95 |91-92-sD* |  Example ia| 31 [D*[a1, 00,05 |q1.92.¢sD? | Example
AJA A L] 1,25 2 X6 C P(1.2.5.8) A |&] 1,25 | 2+1 [XiscP(L25.7)
A |4 (8] 123 | 2+ |Xu CP(1233) Ac|a: | & 1,23 | 2+2 '
A4 45| 5| 1,23 | 245 AgfAs[B 11,23 | 241
Ad| A [A 3] 12,3 3 Ar|4 | 3] 1,23 | 241
Ag|Arja ]| 2] 1,23 | 2+%
ix] 2 | 2 |D* [a1,92:95 |41.02.9s D* | Example ia| 4 |D?|q1,492,95 | 91.92.9s D? | Example
A AT 123 | 2+2 Asf | 125 | 243
bh=16>3.
i1 1111111 |D%|q1,q92,9s |91-92-9sD? Example iz|311111D%lg1, 92,95 |91-92.9sD? | Example
Al A4 el T ] 1,22 2 X0 C P(1.2.2.5) Ag[A A 2| 1,22 | 2+¢
Ay Ay A |4y |Az] 2] 1,2,2 2+2 | XeCP(1.223) - - -
A |Ar|A; |41 |45 ] 2 [ 1,2,2 3 fald|1|D|g1.02,95 |91.02.9sD" | Example
As AL 8] 1,22 2+ 8
ia[2|1|1]1]|D%|q1,42, 95 |q1.92.gsD* | Example i«l 5 |D?|q1,q2.9s | 91.92.gs D* | Example
A A4S 122 ] 2+ Apl&| 12,2 | 2+
The case of b; = dim¢ H°(E, Og(D)) = 2.
ie{ 1|1 |D?*\q1,q2,9s | q1.92.9sD? Example i]111]1[Dp*a1,02,05 |01-92-95D? Example
A A (1] 11,2 2 Xs C P(1,1,2,4) MMEEEE 3 Xe C P(1,1,2,2)
A4 | 1] 11,2 2+%1 |X:CP(1,1,2,3)
A4 | §| L1,2 2+3 ia| 1 {D?|q1,42,95 |q1.92.sD? Example
A A | B 11,2 | 2+8 A (2] 11,4 2 X12 C P(1,1,4,6)
A A | 8] ,1,2 | 243 4 2] 1,1,3 2 X0 C P(1,1,3,5)
A |4e (18] 1,1,2 | 2+% 4|3 1,43 | 241 [X,cP(1,1,3,9)
A AR L2 | 2+% At L3 | 242 |
A A B LL2 | 247 A [ 3] 1,13 | 241
A [T 112 | 248 A || 113 | 244
Az | Ao ':‘;' 1,1,2 2+‘1‘9'1‘ Ay % 1,1,3 2+%
A A (5] L1,2 2+ 3 As | 8| 1,1,3 2+ ¢
A A |E1 11,2 2+ 41 4o | 51 1,1,3 2+ &
A fAs | B 1,1,2 2+% Ap || 1,1,3 2+ 2
Ay A % 1,12 2‘*‘% A % 1,1,3 2+-19—2-
Ay A [ B 1,1,2 2+3% A |2 1,1,3 2+ 13
A A5 LL,2 | 2+ 8 As B 1,13 | 2+ 1
Afar [ B2 [ 248 A B[ 113 | 2+ 2
Al |se| 11,2 | 2405 A B 1,13 | 2+ 8
A4 | 3| 1,1,2 ] 243 A |8 1,1,8 | 2+ 1
A | As % 1,1,2 2+3 Az 2] 1,1,3 2+ 1
Ay A (8] 1,12 | 2+ 3 A || 11,3 | 2418
A2 |4 | § | 1,1,2 3 Ap|] 1,13 | 2+ L
As|As [ 2] 1,1,2 3

15
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The case of b; = dim¢ H*(E, Og(D)) = 3.

ia| 1 [ D* |q1,93,95 |q1-92.9sD? Example
A f2+3) 1,11 | 241 [XscP(1,1,1,2) io| 1|1 |D?*|q1,42,93 |91.92-sD? | Example
Ay |2+3| 1,11 | 2412 Aij4 3] 1,1,1 3
As|2+3] 1,11 2+3
Ad2+%] 1,11 2+ %
As [2+5] 1,1,1 2+ 3 o T - 2.
~ N
de |2+%] 1,1,1 2+ ¢ . b m T, D= 2 H
Ar|2+% | 1,11 | 2+%
. \7l
As [2+5 | 1,11 | 248 7. E »4¥48% K3
A 2+ %1 1,11 | 2+ % _ “
Ap|2+%2] 1,11 | 2+ 8 \1}’7 1] a)'{,r/{@/ﬁ A\ .
Ay 2+ 8| 1,11 | 2+ 5 )
Anl2+ 2| 41,1 | 2+ 8 PCiag.3) 2 Xg
A2+ 8| 1,1,1 | 2+ 8
Ay, 2+-}-:- 1,1,1 2+% Y,'r\ , - -
o —_— - -
A2+ 31,11 | 24+ 8 ). %z M3,
A2+ 811,11 | 2+ 3
Ap |2+ 11,1 | 2+ 4
Aw|2+381 1,11 | 2+ 38
Ap|2+28] 1,11 | 2+ 3
?:]‘:]a” . . .
Fo|28_ - B3y 2 AFtEA4VAL X237 FT78R

leved 219 3 AZHS A

M. emM~2 £%#n3 smwple K3 Singulonity o) canen-
wl medeR 28 SHORS, (D)o Tie 402
Av (OOTEVET D - Fyote " Goed ph frua s,
Fine 3~ » 7, Y,.9..Y; ( Therowft 9 %,,%2. X5 %73
Ry &) 1o WTRETI, ERIste. rfeb-2
2ibnd bhetog T2, Co¥Fad4nBthas, 79
Tots (ED) s pcti34? ( Es #5282 <xs
w513, amplo. iy O - wTh D=2 /5‘\\—7'\'@0@- poud
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