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Twistor Hig AN
W AZHEEE hE B (Hiraku Nakajima)

twistor i3 . Penrose [11ICX » TRIEI N T ELS DHEEILL » TV AWALIBEITHL
BRINTVAD, ZZTIINUTRSHREDBAICEET 2H DA OVWTHEHAZITZ V. R
WMOEREENT S, L BEEID twistor theory DEFARTIZIZ <. L L A twistor theory %
AWEWTHTERZHREZANTWS, FOEHIL twistor theory |ZRIRE % (LR MFDEIRE
WCBEMZAEIIT. RBRAICEBOLVWEEIZL > THPLLZVWLDELINNLHL VL
DICHTRITITHE0H6THS, Silid. ABGRMIZHEV (L L iifti’lﬁ'éﬂ%%f LLbAA
B\1) twistor theorist DFEHHRFIIE

§ 1. quarternionic manifold L’.{“V) twistor space NDEX

2 9° quarternionic manifold DEHL* 5256, UL Z 2 Tid twistor space 9 almost
complex structure DGR 527\ DT, SERFERPFTEL L L i)ﬂdﬂ‘%ﬁ‘\bf Vi, (BB
2YSICHERT LI LIIEETHAS 3 )

£ (S.Salamon [14], L.Bérard Bergery [3]). 4n XJT(n > 2)? C® ZHik X AHiquar
ternionic manifold ThH5H L. End(TX) O rank 3 ? subbundle U & torsion HEZ T
V13 affine connection VT U 2 ROLDOPFIEL T, I KKz € X ITHL D%
2 U, 2X5INESTNE. DU, & frame field I, J,, K, TI? = J? = K} = -1d,
LJ,=-J.I. =K, ZAELZTLOBRNELEZES

ZDE E (I, J;, K.} # orthonormal basis &£ 7% 2 X 512 YV iZmetric PERTELZ L
PEBLTIBL, (2 l2Lb6%0n, ) I, ZOEHREENDEEI n = 1 OLESIERALLD
E8r. I, J., K, ODTETEIS orientation & B ENTETELFETH ) . torsion free
connection DFETEIIHICK I >TLE ). ZHDEF TRV HBIETIALEZL WV, 2
Tn=1NLECZ

FR. 4 J0T C® ZHK X Hguarternionic manifeldTH A Li3. X _EIZ orientation ®
HEEDER SN, 2D Weyl tensor A¥ anti-self-dual Tho L &% F I,

- ESEMZIE. 2D n =1 DRDERDHVEL (£ & &1 quarternionic manifold X 110f
iR h» 725) M.F.Atiyah-N.J Hitchin-L M.Singer [2Jiz X 2, %7 Weyl tensor ¥ 2-form
(2@ < Hodge star operator 4% metric DEPHEESITTHRI L ZE2FEL THL,

quarternionic manifold X {2 L T. D & unit sphere bundle Z (2XD & 5 {2 almost
complex structure J 25EFHL T, twistor space LV,



87

3F Z DEpli. T =n(p) IZBIT5A tangent space T, X (T almost complex structure
REBHLILEFEBRL., (p=aly+bJ+cK, (a®?+02+c?=1)eFbhL pP=-1d&
LBIZEERL, ) ZIT P O tangent space T, Z % connection VIZX T

T,Z2T,F & T.X

Y53 5. (T,F I3 tangent space along the fiber THh3, ) € ZT T, X BRiMZid p 2
X » T almost complex structure 2 A, T, F K4ricid fiber 2 Riemann IRE & B » TiR#E
97 almost complex struture ¥ AR5 Z &2 X » T, T, Z (2 almost complex struture J,
HERINS, ’

ROERIT . EANTH 5.

EE (n = 1DEE[2), n > 2DLE (14, 3]). quarternionic manifold X &) twistor

space Z |3 complex manifold TH 4., $74bbH almost complex structure 3 {3 integrable |

G B %75 & ) approach {3 L.Bérard Bergery-T.Ochiai [4]3 SHBNHZ X,
twistor space {213, FNDRERKH S HIRIZ real structure ¥ BE{E N A anti-holomorphic invo-
lution 70 Z — Z ¥ o '
T(p) = —p. for p€ Z = S(*U)

WX »>TERINS, STLOEHEDENEL S,

W (n=1D&E[2]. n>2 DL E|[14, 3]). complex manifold Z H
1) (€™ % EKT?)CP! -fibration mZ — X 245 & fiber If complex submanifold T#
¢ normal bundle 12 T @ O(1) THA,
2) free 7 anti-holomorphic involution 7: Z — Z MSEHRINT . & fiber Z{£D,
#7723 & X (3 quarternionic manifold D¥Ex L5 . Z (3% D twistor space ThH A,

Z % {# 214 quarternionic manifold DFEIHE Z L 3,

. TOITES 2R P 12 quaternionic manifold TH Y . 4 ) twistor space {3 TP H!
TH5. projection CP*"*! — HP" (3 C¥+? )—RILEFHHZEM L 2L . W
T L PERT A —RTNTRENEMEHEIEABER/RTHS, 25L, ¢+ L [t
I3E—HS B, real structureld L IZHLT Ly = {25 € C"+? | 2 € L} 25 S ¢4US
L,

twistor HiFN—FDIERIE §* £ instanton DHHTHA 5. KICIN: KBTS, B
% quarternionic manifold X £¢ hermitian metric % & =7 complex vector bundle ¥ 3
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%5, E Fo& connection 4 7% anti-self-dual connection THA &L, ZHOME Ry W
Ry(Lv, [,w) = Ro(Jyv, Jyw) = Rg(Kpv, K,w) = Ry(v,w) foree X, vyueT. X
RELTEERES ., X BHUKRTOLZIIZIZDERIZBEDLDE—HT S,

EFH (n=1NDXE[2, n>2 DX E[14, 3]). vector bundle E X anti-self dual con-
nection A4 % projection {2k - T twistor space {Z5]ZRF & . holomorphic structure % -
SENH A, § b pull-backed connection (I A THRT, ) I associate L7 exterior dif-
ferential operator dy %% 7. %0 (0,p) K% &5 22X D . Dolbeaux operator 8:
QY (r*E) — QW (7' E) 25EFHRT S &, Fp 04 =0 HEHAD, L TERINLD
{Z holomorphic structure % %% L T holomorphic vector bundle ¥ B4 D% F L &S
TXizTaE . FOMEELT 1)F (3% fiber (ZHIIBT A & trivial THB, 2) (E ) hermi-
tian metric Z({E5 Z X2k D) r°F £ F* DREIZ holomorphic isomorphism o H37EET 5,
3562 0i2E N F D& fiber L) section D73 vector space (ZHUd £ (T 570, )
WCZRBHKEERT A L. positive definite 7¢ hermitian inner product {2% 4, #iZ Z L
7 holomorphic vector bundle F A3 1), 2) 272 EE. X £ hermitian vector bundle &

anti-self-dual connection 7»& k5,

= DEEHR % FVviT MF.Atiyah-V.G.Drinfeld-N.J Hitchin-Yu.LManin [1]i3 §* = HP' £
7 anti-self-dual connection D% 7% ~7%:. CP® L) holomorphic vector bundle {23
LTHRERANZ T 729 7 2HWAZLIZL»TiHELNS,

FIO#RIZ. Buchdahl [5)icd > CP? (RSB FEOMESHIEL LTHME EiliC
L7: L) £ anti-self-dual connection DREHF LTV A,

H & DERE T quarternionic Kahler manifold X N A LALEAL TEL,

E& (S.Salamon [14], L.Bérard Bergery [3]). 4n {KJT(n > 2) quarternionic mani-
fold X Aigquarternionic Kdhler manifold TH B XX, I, J., K, » hermitian {272 L 9
7 Riemannian metric g »%% - T . quarternionic manifold DEFRIZH 2 torsion free con-
nection %% g @ Levi-Civita connection THZ 615 L E2F 5, 4 TILD & &(ZIF. orlen-
ted Riemanian manifold T anti-self-dual Weyl tensor 2 L% . ¥ 4(Z Einstein ThHH L %%
Vi, |

—fKIEND & &2 4 Riemannian metric g 13 Einstien TH2 2 X WRE&N B, %2 Tsca-
lar curvature DFF B2 L - T positive, zero, negative L L, DIZHHN 5,
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@l (Wolf space [15]). 8 % compact simple % Lie algebra | t % Cartan subalgebra, a %
heighest root ¥ 374, root S{Zx LT

gg = {Xe€p|[H X]=2mipH)X forall Het}
¥ <, Lie algebra %% g ¥ 7% % simply connected Lie group & G .

t= tg o B @ ‘B3
{a.3)=0

[Zx 9 5 Lie subgroup & K £ 35, ZHr G/K {4 quarternioni Kahler manifold of

positive scalar curvature TH 5. € non-compact dual {3 quarternionic Kahler manifold
of negative scalar curvature ThH5,

§ 2. MENFHHPSL
BARD L S RSNEERPBLNL,

SEM (Y.S.Poon-S.Salamon [13]). 8 {KJT? compact quarternionic Kahler manifold T
positive scalar curvature L 2L DIE. Wolf space (2[R 5,

L4 AIZERBDRITT. Wolf space LIFFD compact quarternionic Kahler manifold with
positive scalar curvature |38 25> T e\, EDFEIRIZRDEBDERITTNDIIREZ Z 0
had,

M (N.J.Hitchin [8]). 4 KL quarternionic manifold T # ) twistor space %3 Kahler
metric 524N, St & CP? X3 ThH5,

quarternionic Kaher manifold T postive scalar curvature 224 DD twistor space (3
Kahler( X D38 < projective) Th b Z LA RIN S Z L IZEE. Y.S Poon-S Salamon 7)5EHE
DFEBRITEAS U < technical ZOTHBTAH Z L2954, ((REEMA[% full i2fF 5. ) Hitchin
DFEAIS . RIERM SN TVS Fano 3-fold D AlWHILT ICHkS, ZhEf@EML LD,

23", 4 XILD quarternionic manifold ) twistor space D—MHANLME X L THHE D 3T
2,
1) H*(Z;R) % free H*(X;R)-module generated by ¢;(Tr) THN. (Tr)® = (2 +
3%)[X] € H3X;K) #7293, {BL. Tp i3 tangent bundle along fibers . €13 X
Euler 8. 73 X ?signature | [X] {3 X o fundamental class ThHb,
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2) real structure 7 7% cohomology H*(Z; K) (Zinduce ¥ map r* 2F725% . c1(Tr) i3
-1 &3, H'(X;R) oii#h 3%\,

3) Z O canonical bundle K {3 Tg’z TH4, (Tr i3 holomorphic vector bundle {275, )

4) ¢2(Z) = (3x + 37)[X], cs(Z) = 4xc1(TF)[X]

5) HY(Z;K™)=0 for m> 0. X>THZ Z O/pRETIZ 0 THSB.

6) Z L non-zero holomorphic p-form (p > 0) IIFEL LV,

Z H Kahler metric 282X {REL . w # Kahler form ¥ L X 5, wii positive form T
H Y. r*wld negative form TH 5, £ cohomology class [w] € H*(Z; k) = Eey(Tr) &
H>(X;R) 2F25%%. ™ BB -1 BIRNMZ 1 TS Z L 556 [w] € Bey(Tr)
THd. Tr idreal line (CHRT2E OQ2) THYH . X>T Tr = K~Y? {f ample . 754
Z {3 Fano 3-fold of index 2 or 4 TH 5,
JIZ Z 7 Hodge number hP9 & Betti 3 b, #31E T2, 23 6) L. by =AM 440!
= 2hY0 = 0 K HIL2. KIZ Riemann-Roch & 6) 2{F 9 &

ci1c2 /24 = Z(-—l)"h”o =h"0 =1

=5 2) & creaf/24 = (x +7)2THD, by = by(X) . by = b(X)+1 FHVA L.

¢} =16(2x +37) =16(5—by) HhED. L>THIZ. 1< by <4 THB, T Ishkovski
@) Fano 3-folds of index > 2 DHMAEMEIE . by=1 DL ET Z=CP®  by=2Nr&
{3 smooth divisior on CP? x CP? of bidegree (1,1) THD . by = 3,4 IZHNF LV LD
Bird, Ihbb. b=1DL& X =5 b=20r% X =CP? 45,

K Hitchin DEBOREL /ORI L %2 3,

SEM (F.Campana [6]). 4 XKJT compact quarternionic manifold X @ twistor space %%,
B Class € %t 5iF X 12 CP? & n {ll?) connected sum % S* |2 homeo ThH 5,

EAD Key (3, m(X) =1 %73 Z2I2h%b, EE. Hitchin 0D L E0iEH1S X
7 intersection form (3 negative definite THEZ EHRNENT. (X ) =1 BELNUT,
Donaldson DR L Freedman DERE DO TEENE 2 5,

Campana DFERN sharp TH A Z &3, K695,

SEH (C.LeBrun [9)). EED n > 1zl CP? @ n ) connected sum & _EIZ twistor
space 7% Moishezon T# % quarternionic manifold DFEEHNA S,

C.LeBrun @fgﬁﬁliﬁfiﬂﬁf“b ) . Gibbons-Hawking ansatz ¢ hyperbolic monopole ver-
sion # V1%, twistor space DEEMLRRLATRETH S, n = 2 DEFIZIZY.S.Poon [12]
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12 & % twistor space DA SN T W, ZHUIZZEIWBETH-7:%%. CLeBrun
DLADE —FTAZ LW rENA, Gibbons-Hawking ansatz 7 hyperbolic monopole ver-
sion % FEELICERAAL XL 5. .

U % hyperbolic 3-space ? opensubset ¥ L . U £ S!-bundle P _E® hyperbolic mo-
nopole (A, ®) WEET B LT B, T4 bb AL P ®connection TH Y. &3 P D ad-
joint bundle @ section TH Y | KOAFRXP@IINS,

*RA =.dA‘§
512U ET(UQ) DLieBE RER—MLIL &(2) P 2 everywhere positive & (RET
%, hyperbolic space ¥ F¥ZE[EFRL . metric %

dr? + dy? + dz?

h

Y#RY., FZT P EIZ metric &
g = 2%(®h + &7 1w?)
TED S,

#®8 (C.LeBrun [9]). metric ¢ 13 Kahler . scalar curvature i 0 TH2, 279
Weyl tensor {3 anti-self-dual TH %,

@13 U % hyperbolic space k(2% ). & % constant . 4 % trivial connection {25}
g, %o 5@ R* & Euclidean metric 1273, LeBrunid. U % hyperbolic space
POHOEREDE {p1,r2, .. et EBRWRZERNCZED . P % ¢y BEADED IS LERET
BHLT 11223 k5(2k o7, &% Green function G(p,q) 225> T

$(p) =1+ Glpiq)
=1

ZE>TEDSE, ZDELE P L connection 4 % (A, ®) A3 monopole (2745 L 5 ICMA Z
EHWHEERT. Lodic kD Kahler metric with zero scalar curvature BEZRINS, =D
¥ % smooth % completion 2 E2 Z L B TET. C O—D2NHERBERIZE-72n AT
blow-up |t Kahler metric (2% 3, & &I2EMEAZ M2 T metric 2 HEIET I OP?
7 n P connected sum ) k12 quarternionic manifold DFEEHEFRI LS.

3512 n 2 4L EICI3. BREABERICL > T EORIZMES7 C? @) n gfiblow-up £
Kahler metric % perturb 3§23 Z X HHEFKT. n AWB—2DEREROFTN PSIVIEHFIZA -
Tvis r 5|24 Kahler metric with zero scalar curvature 2 22 X W TE AL, 2D X X con-
formal compactification @) twistor space |IF§AR ) class C Tl3% <% 3, L>TH%E155.
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pictiil (F.Campana-C.LeBrun-Y.S.Poon, see [7]). Moishzeon 3-fold T<% ) deformation
neighbourhood 2V 2/h &K L »TL . BRDclass C ITALLWEREZEATLEZILD
PHRTE S,

Kihler ¥ %{2i3. % small deformation {30131 Kahler THEH 5. FOBRIZES

Thbd.

(5]
(6]

5]
9]
[11]
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