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Fock space representations of twisted affine Lie algebras
WILRFHERBEFHZE BAK L (Gen Kuroki)

0. FFim

Affine Lie algebra @ Fock space representations i& . &#lic. N. Wakimoto [W] i & -
< g(A)) oBEsBR s L, CORBOBEEVIGAH®—> 4. P. Christe & R. Fliime
ik 3 [CF] i % g=sly icxtd % Knizhinik-Zamolodchikov equations (EIF. KZ
eqations &%) DEDOES R IR DO TH A 5, Fock space representations @ L H 5
R 3 &, A. V. Marshakov [Mar] ## 8 L 7 screening operator 2 i\ 3 Z &tk » T,
[CF] 0 B0 —BILHBLTHRRMICBONEDOTH S0 & 5icid. B. Feigin & E. Frenkel
kB —#EDFTIES LOWHE [FeFrl,2] ic & > T. f£&D non-twisted affine Lie algebra
@ Fock space representations ¥ X U screening operators OB DL HFBH S hic & h
720 Kuroki [Kur] i€ 8\ Tk, f£E D non-twisted affine Lie algebra ic%¢ 3 % screening
operators 24 % T &I & » T. KZ equations i+ 2 A RRRNOTEHMBE S L
TW3, CORFTTIR., twisted DIFE b E D LEFED affine Lie algebra @ Fock space
representations O RIC> W THRHRT 5,

1. BEREECHFOHES

1.1. g i C Lo simple Lie algebra ©% 3 & L. g =N g=n_d b n, %M
ET BHo CIT. b3 gD Cartan subalgebra Tdh . ng ¥ g ® maximal nilpotent
subalgebras T& %, o 3 finite order N %% > g © diagram automorphism T& 3 &
T2, Ni1,2300Fhbichs. o iclts g oEAEZMIRE g=D ' g &
F#Co T T,
g :={X € 9| o(X) = exp(EZFL)X} forieZ

LBV g DIERD subspace V et LT Vii=VNg &< PIAE. ny; = neNg;,
h; =bNg TH%, TD& &, gy i simple Lie algebra ic2 b, by it g5 @ Cartan
subalgebra 12785 C &EBHMSNT WS, X (g,0) iKfTHET % affine Lie algebra § % E#
L& do N=1 @& & non-twisted affine Lie algebra &MFTF, N =2,3 @ & & twisted
affine Lie algebra &IE 3, K; := #//NC[t,t='] &% { o, Loop algebra g ® C[t'/V ¢=-1/V]
@ subalgebra Lg 2R D & 5 IcE® 3:

N-1
Lg:= @ ¢ QK;.

1i=0

LO—fic, 0 TR 3% g D subalgebra a icx} LT, Lg ® subalgebra La % La:=
DY w QK EEB 5, § it Lg it derivation d =t £ MATHLIEAL L b0
LLTE#RESN B, $10bb, vectorspace & LT § 3.

g:=LgdCKaCd
EER & 4. Lie algebra structure dPl Fick > TERE h 5:

X ®t™ Y et*] :=[X,Y]®t™" + (X|Y)mbnin,oK,
[d,X®t"=mX®t™,
K € center of §.
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CCT. () BRRick-TED SN g D non- degenerate invariant symmetric bilinear
form T» 3 &9 5:

traceg(ad X adY) = 2¢*(X|Y) for X,Y € g.

7z L. g* & g @ dual Coxeter number TH %5, CO & &, V. G. Kac o### [Kac]
nECHOshTWwWE LIk, g% X, Bo simple Lie algebra & L7 & &, g it X(N) i
@ Kac-Moody Lie algebra icEE 5, DR DOEHIZiZ. boson ik k3 g @ Fock
space representations #3435 & ThH 3,

1.2. b :=n_@®h &<, b_ it g ® Borel subalgebra T& 3. G & Lie algebra g
% $# D connected and simply connected 7% algebraic Lie group ©d 3% & L. B_, U,
BREHLEHh b_, nyg KX d 5 G @ Lie subgroups T 3 &9 %, g D flag variety F
% F:=B_\G LED. F OFH o0 % 0:=B_modB_ £E»H3, CD&&, oU; &
F @© Zariski open cell i3 b right Uy-space & LT Uy EREIBIKE B2, &5ic, Uy
% exponential map %@ U T. n; & algebraic variety & L CRIB I3, A X h D
dual space DEFR E L. A % b ki< trivial iIKIERLTHBL THDE. A I b D Lie
algebra character T» 53 &9 %, B_U; @ structure ring C[B_U4) £33 % g O EH
L,R%E2RDLICERT 3:

(BX)Ns) = 35| _ Sexp(=sX)g)

d

(R(X)f)(g) = o . f(gexp(sX)) forge B_U; and X € g.

COHEHDOL ET, My %
M :={feC[B_UL} | L(Y)f =-A(Y)f for Y € b_}

EEDHBEX € gicHLT R(X) & My wfEAIL. TOfEMIc &> T MY 13 left
gmodule 274 g O My ~DfEfi% Ry, LES LT 5, My k—E‘é‘EﬁﬁT Uy E
—EOE 1 %2L5b0% 0, EEL L., vy i weight A @ hlghest weight vector ic &
5o &M, ERELD. MY B v\ DoERE NS free CloUy]-module 2734 & & 2b
%o (Eix M} it lowest weight Verma module @ dual it FR X3 < & BEH IR
B2, ) LieBoT. XegieLTRA(X) . CloUy] (=Clny] chRZHARICHE
B) AT 22 HAGRHKO 1 BOMAMERAKR L BB T LB TE B, § D Fock space
representations & Ry(X) OMAEARELE LTORREAVWTHE S W 3,

1.3. FBD aeby LT ng;o:={X€ng;o|[H,X]|=a(H)X for H € by} &
BE . Ay ={a€eby|npiaF 0} B CDEE €Ay KHLTdimny ;4 =1
ERBIEBHONTVBEDT. Ny ;0 =Ceio LHEVTHWL, CO&EXE, {eia |i=
0,---,N—land a€ Ay;} ik ng @ basxs %2733, T basis it &k » T ny ICEER

{zia} %

N-
Z Yo zia(X)eo for X €my
i=0 €A, ;
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lCJ:a'CﬁZf)Zao Il__ﬂﬂ OU+EU+ER+ iE->T. 0U+ ‘:E%%\ {(Bi’a} bi}\éo D
BEROLET, Xegicxl T, RA(X) zx&aﬁﬁc:iébénza:

Ri(X) = ZR.Q(X z) +Zp, o(X;2)A(H; q).

6

N-1
RtZU{His|a=1,--- ,dimb;} it h, D basis cH .Y, k. #0®¥hn. ), 3 ,

i, i,a i=0 a€ly;
N—1dimb;
> E DEETBETH 5. 2L T R(X,2)i0, p(X;2)ia B A RE SRV 2= {20}

i=0 a=1

@zlﬁﬁkfa 50
2. ¥V EFDT 2y 7 EH

21. TV T. .k € C 2EELCHEL2ED S, 6 = 0 ORED level —¢g* (=
—dual Coxeter number) DB A I IET 5, C LD associative algebra A 2L T D5
Hick->TED 3:
(1) A RROBE» SER SN S:
A= {wi,a[_m]a 5i,a[m],pi,a[m] I .
Z=0 N QGA.*.;, a=1 dimb,-, m€Z+1—:,-}
(2) A X A »S5HEKE N 3 tensor algebra %1«1?0) commutation relataions T#l -
bODIRFLW:

[6:,a[m], zj,5[n]] = 8,;80,68m-+n,0,

[pi,a[m], pj pln]] = £(H; ol Hjp)mbmin 0,

(20 # % &€ ® commutator) = 0.
O itk > Ty 2 4[m] DL SERENS A O subalgebra 2 &b 3o

Remark. k#0 D& & A @ center i& {poia[t)]la:l,--- ydim b} 2 SEK & 0 3 25,
k=00D&&IX A D center BKEL X > Tp;q[m] O2EISEREN B,

22. AD=ZARBREERL L 5. A D subsets Ay, Ag ZRDEXIICED 5:
Ay = {z; o[m], 8 &[n], pi,a[m] € A| m > 0,n > 0},
A_ = {z; a[m], 6 a[n], pi,a[n] € A| m < 0,7 < 0},
_ Ag :={poal0]|a=1,--- ,dimby}.
Ay, Ao P SERE B A © subalgebras 2 2h Zh Ax, Ap H<o Ch B, £h
Fh Az, Ao S ARSI N3 ZHEARCEARTHILS. A_QA QAL B, A DSk

KEh22HAR C[A cHERARERETH S, £ LT, U TFTOERIL vector spaces D [
OEIMERTH 5:

A_QA QA — A, a-Q®ag®ay — a_agay.

INS5DE/REAKLTTES C[A] »5 A ~D vector spaces & LTORNEHK 2
normal product LW U, a € C[4] itibd 3 A DEHR%E lal LERDT,
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23. deby el &k Ay & {poa— AHoe)l|a=1,--- ,dimby} » SEKZ
s A D left ideal TH 5 &35, A D highest weight A @ Fock representation it
Fr=All\ k> TEREN S, lmodl) % |\) LB L. EH LD,

Fr=A), AiA) =0, poaf0][A) = A(Hoa)|A)
BRI T %0

2.4. A icfEfT 3 derivation © % a = &; 4, 6i,a, Pi,a X LT, Oalm] := ma[m] &
ED Do O iF z4[m] BPSHEKESN S A4 O subalgebra O %22, A @ gradation
A= 1 A[m] %
mG']vZ
A[m] := {a € A | Oa = ma}
&> TEDSZ. — i, A DEED subspace V icx LT, V[m] :=V NAm] £&L
C&icd B, Alm] o filtration %

A [m] = @ A_[m — | Ao A [l] forn € L7

2n
KL »>TED, T filtration i€ & 5 completion % ;f[m] EEL:

Alm] = proj lim A[m] /A" [m].

CoEE.A: =, A [m] it A % dense h—ﬁ?} A @ algebra structure it A Fici#

G —BIHES LB, Af] Kk >T A & 0 HSERE NS tensor algebra %L
T D commutation relation TEl- 7= bD %2 &b T

[6,a] =ma for a € A[m).
ADF, ~OfefR. A LB —BRBE 5B, 7L, Fy i SREBEHEEA
MTBLIEiRT 2, FBED ce C LT Fr ~D A OfEFHOA[] © E~DILTE
TOHA) =c|A) 27T bOPME—FLET 5, CDE &, E=(\c) £ BE. A[f]-module
ELTD Fy % F¢ &£F & highest weight vector [A) % |£) L EL. O D A ohTD

Faz 0 2%bT. 5T, 0 EKERE> LgdCd o Lie algebra cohomology @ f#
BB B, '

2.5. ia(2), 8i,a(2), Pia(z) EERNEUTIC L > TED 3:
Tia(z) = X 277xiu[m],

mel—%l—
balz) = T 26 fm],
meZ+3r .
Pia(2):= X 27" lpia[m].
meZ+¥r

C T, z i3 formal variable TH %0 a1, - ,a, B 24, 6o, Pig PVT I ERDT
L&, a(z) EREANIC a(z) :=101(2) - an(2). LEDBZ &, a(z) %2 2z K2V TERN
CEBELTESOAERERIIA OBERLLTEREF >,
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3. 7xv 7 ZEHMRHA
3.1. BAF. #Z-gradation @ C & %, Hic, gradation &M &g 5. U =@,, Ulm],
V =@,, VIm] 1& graded vector spaces TH 5 & L.

Homc (U, V)[m] := {f € Home (U, V) | f(U[n]) C V[m + n] for n € %1},
Home (U, V) := @ Home(U, V)[m]

LB, a=@,, am] i3 graded Lie algebra T& % & L. V & graded e-module T3

5T 5, AREM A’ a itz HAKR gradation BA 3. T D& &, complex (C°,d) %
UTORIZLTEDS I EHTE 3:

C? := Home (A’ o, V),
)y ylpgr) = 2 (—1)“‘1.-(f(lx,°--,7,-,'~~,lp+1))'

1<i<p+1
+ Z (—1)i+jf([liilj]ally"')Ti)"')Tia"':lp+1)
1<i<j<p+1

IZT. fE€ C’ li€aTdh 5B, D complex ® p-th coboundary, cocycle, cohomology
groups % € h #hB?(a, V), Z?(a, V), H*(a,V) LB 2 &icd 3,

Remark. CP % CP := Hom¢(A’ o, V) TEE®MX B L. Thid, iﬁ"%’@ Lie algebra
cohomology DERE —HT %,

3.2. X €g, kxid 3 X(z) . R\(X) OB D z; 4, 3o A(Hia) 2 WD 35 of2),
6i,a(2), A(Hi,a)(z) ZRA L« normal product & 3% S & - TERT 5:

X(z) = 3 L Ria(X;2(2)8a(2): + T 05,0( X3 2(2)pia(2):

X(z) ® z BT 3 EEERALT. Lg 5 Af] ~0 lmear map T EROEMHIC L -
TIRED 5:
X(z)= ¥ 7 ™IFX et for X € g;.
mEZ+7v

Eok . T2 CdEic7(d):=0 EMBELTHB o w ZRDLICED 5:
w(a,b) := [7(a),7(b)] — 7([a,b]) for a,b€ Lgad Cd.

(E&: < T, bracket #& [a,b] & loop algebra @ bracket TH 3, ) CD& &,
a,b € Lg®Cd i3t L Tw(a,b) € O BRIT 5 &4 Wick 0EE» B DR B, L
7% - T, Lie algebra Lg® Cd 2Y9) ~OfEf%. b [a,b] (a € LgpCd, b € @)
KE-TEDBIENTESL, COERMIKE->TO % (Lg® Cd)-module & B4 &,
w€ ZHLg®Cd,0) BHRILYT 5 &b 3,
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3.3. T . Fock space representations O #K ic LB X lemmas Z LWL ST & D
THI Ho BEEHIL 2-cocycle ¢y € Z2(L9®Cd 0) ZROBRICER T 3:

(X ®1™,Y @ 17) := (5 — g") (X|Y )b
ea(d, X @ ™) := 0.
CDLE&E,. Xeby e s RA(X) OFERARBIER LT RERTIEHTE S,
Lemmal. w & ¢y i3 /\2(Lb+®Cd) DLT—HT 30
& 5z, Lie algebra cohomology icB§L TIRHBKILT 50 -
Lemma 2. HABE& Lh— Lb, — Lg £ — C BKOFE% induce T 5

H?(Lg®o Cd,0) ~ H?(Lb, & Cd, 0) ~ H?(Lh & Cd,C).

E€(hpdCd)* extL T, .;1\[9] ) algebra, automorphism Te BRICEK > TEDHB &N
T& 5:

Po,a[0] = po,a[0] + {(Ho,), 0~ 0 +£(d).
COLE, fri=ToF—F &BLE. fr €7 (Lg®Cd,0) BLURNKILY 5:

fe()=¢€(1) forleh®Cd=h,®1®Cd,
fe) =0 forle(Lby ®Cd).

Z ¢, Lie algebra a i3 L T, % @ derived subalgebra [a,a] % o &F W7z, (Lby GB‘
Cd)/(Lb.{.@Cd) o []OGBCd ERBIEIRERE L ff D Lby ®Cd E~DHIBRZE g

tEs. H(Lg®Cd,0), H'(Lb; ®Cd,0) BT fe, g BED 3 cohomology classes
*EhZh [ff] [_qf] EES(LELIRT B,

Lemma 3. £ [f] B (h®Cd)* »> H(LgoCd,0) ~OFHBEREED 5,

Lemma 4. ¢+ [g] & (h ® Cd)* » 5> H(Lby ©Cd,0) ~ORBEEBEED 5,

’\Lﬂ+

Lemma 5. H°(Ln,,0)=0""'=C.
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34. ROFHBERNITD 3,

Theorem. LIFD 2-50%&#%%7% % &5 5T € Home(Lg® Cd,0) mWe—EET
5:

*) v s = w+dT,
**) " T=0 onlLb, ®Cd.

Proof. Existence. Lemmas 1,2 &9, w & ¢c; it Hz(Lge}Cd O) ot ¢E L coho-
mology class 2 ®H 3 L Bbh b, $RbbB. 53 I‘EHomc(Lg@Cd 0) BEHEL
Tecp=w+dl BRILT 3, 55, Lemmal & c; DEHEEL . \° (L, Cd) E
cdl =07Ts55h5. T © \*(Lb; & Cd) oi«@ﬁsummé’l([,m@ccz O) o
&->T, Lemma4 &0, 5% {€(h®Cd)* & ac0 BEELT. N’(Lb; ©Cd) L
Tl =g +da BRILF 20 cOLE. Ti=T—fo—da BCE TR (¥) & (™) %
6?‘-‘3—0
Uniqueness. T’ € Home(Lg® Cd,0) & (¥), (**) tABOEHEE ST LRET B,
u=T'—-T LB ERBKILT S: (1) du=0,(il) Lby ®#Cd ECu=0. COKH{EDH
ETu=0%REH LV, (i) & Lemma3 &b, 3 £€(h®Cd)* & ac O BEE
L. u=fe+da BSRILT 3o (ii) BLU Lny £Tfe=0ERBEkD, Lny kT
da=0. £>T,Lemmab &» a € CBHE»5.da=0. WX, (i) £, Lb.dCd
ECfe=0.Cns& . £=09RbD5 fr=0. ChT.u=0BRELI LB, []
Lk ® Theorem @ T' % F{\» T linear map 7r:§-—>:4\[0] EROLIIED 3:

() :=7()+T() forle Lgd Cd,
7n(K) =k —g*.

CD&&. (*) £9. 7 i Lie algebra homomorphism 27Q¢ C & B/ bicbh b, &
O r ZBELT Fe it left gmodule & A7 8, &5ic, (**) Kb, F¢ it highest weight
(k—g*,&) 2B>l &Bbh b, CDEFE%E G D Fock space representation & I3,

Remark.  F¢ @ formal character &, § ® Verma module ® formal character iz %
LWwo k=0 @& &, g ® Fock space representations % p; 4[m] tk & THKT 5 2 &
T&. pia[m] k& THBEK & fu 7o Fock space representatlons & Kac-Kazhdan conjecture
a)uiEHE“- Q“-ioo

EIFicit. affine Lie algebra @ Fock space representation icB§3 2 X@& . £ &8
% D B\ Wess-Zumino-Witten model i< i % conformal block D4 XRICBIfFRT 5
XHERDTH 5,
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