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Viscosity solutions for monotone systems

under Dirichlet condition

WK - BEH /i X (Shigeaki Koike)

§1. Introduction

We consider the following system of fully nonlinear second-order PDEs :
F*(z,u(z), Du*(z), D*v*(z)) =0 for z€Q ke A={1,2,..,m} (1)

where F = (F!,..,F™): QxR™ x R" x S" = R™ is a given function,
u=(ul,..,u™) : Q@ — R™ is the unknown function and Q is a bounded
open set in R". Here S™ denotes the space of real symmetric matrices
of order n.

We will assume that F is monotone in the sense of Ishii [2]. We note
that many examples from control and game theory satisfy the monotone
condition; e.g. switching games, weakly coupled systems. For the details
we refer to [2], [4], [5]. We remark that our monotone condition can
be satisfied by not only systems mentioned above but also systems in
which the comparison principle does not hold. For example, consider the
following system :

—Aul 4201+ v =0
in Q and ' =4?*=0 on 9.
—Au?+ut-1=0

From the maximum principle we easily see that the unique classical solu-

tion u = (u!,u?) satisfies that

ul<0 and ¥*>0 in 9.



However, although (0,0) is a classical subsolution of the above system,
we do not have (0,0) < (u!,u?). Therefore, in this paper we shall
give some uniqueness theorems for viscosity solutions of (1) instead of
comparison ones.

On the other hand, in the theory of visosity solutions, we should treat
the (Dirichlet) boundary condition in the viscosity sense. We shall explain
it by the following simple first order ODE : Let Q be the interval (0, 1)

and consider the value function u: (0,1) — R in the following way: Set

u(e)= [ X @)t + e (X ().

Here, 7, is the first exit time from Q of the solution X(¢) of

dX(t)=—dt t>0

X(0) = z.
From the point of view of viscosity solution theory, we expect that u is

the viscosity solution of

%+u=f in

u=g on Of).
In fact, for smoofh f, g, we easily see that u satisfies the above ODE in
2 and that u(0) = g(0). However, noting that 7, =z and X(r;) =0,
we see that u does not satisfy the boundary value at z = 1. But, u
satisfies the differential equation at z = 1 (even in the sense of viscosity
solution which will be stated in §2). Therefore, roughly speaking, we
will call a viscosity solution of the boundary value problem if either the

differential equation or the boundary condition holds on the boundary.
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This is one of the motivation of the definition for boundary value problem
in the viscosity sense. For other motivations we refer to [3] and [1].

In this paper we shall mainly treat the uniqueness result for mono-
tone systems of Dirichlet boundary value problems in the viscosity sense.
Before that we give a known uniqueness result for monotone systems of
Dirichlet boundary value problems in the classical sense without stating

our hypotheses and the definitions.

Theorem 0. ([5]) Let u, v € C(;R™) be viscosity solutions of

(1). Assume u=v on 9. Then, u=v.

Remark. We remark that the above theorem is true if we suppose the

hypotheses below.

The plan of this paper is as follows : §2 is devoted to give some no-
tations, the definition of viscosity solutions and an equivalent definition
of it. In §3, following [8], we present a uniqueness result for continuous
viscosity solutions. In §4 we present a sufficient condition to obtain the
continuity of viscosity solutions. This is a part of [7]. In the final section
we will give some comments on the existence of viscosity solutions which

has the sufficient condition in §4.

$2. Preliminaries

We shall give the standard notation : for a function ¢: U Cc RY — R,



we define upper and lower semicontinuous envelopes as follows.

g"(z) = limsup g(y), g.(z) =liminfg(y),
y€T—z yEU -z
and for g = (g1,.-,9m) : U = R™ we write g. = (g14y---,Gms), 9* =
(g3, -, 95)-

For a boundary data f = (f?,...,f™) € C(Q;R™) we set

Fi(z,r,p, X) for z € Q
Gk(x)r)an) =
e — fi(z) for z € 09.

For simplicity, throughout this paper we assume
FeC(xR™xR"xS"R™).

For the Dirichlet problem of (1) with the boundary data f in the viscosity

sense, we will consider the following system :
Gi(z,u(z), DuF(z), D*u*(z)) =0 for 2€Q and k€A (2)

For a multi-valued function u:§ — 2Rm we set

Izt € Q,3r* € R™ such that
a(z) =¢r €R™

r € u(z'),lim;_, o z* = z,im; oo =1
Throughout this paper, we shall assume that the multi-valued function

is bounded and well-defined in Q ;
sup{|r| | r € u(z),2 € R} < 00 and u(z)# @ forall z €.

As an extension of semicontinuous envelope for a multi-valued function

u: 0 — 2R weset

up(z) = max{rx | r € @(z)} and up.(z) = min{r; | r € u(z)}.
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We note that, for an R™-valued function, these notations are equivalent
to those of semicontinuous envelopes. We also note that these are upper
and lower semicontinuous in 2, respectively. Generally, for bounded

subsets U,V C R™, we define
Uy =max{ry | r € U}, Up. = min{ry | r € U}
and, moreover, we set
U, V) = ar{max{U; = Voo, Vi — Ui}
We also define
AY U, V)={k € A| U} = Vi =d(U,V)},

AU V)={keA |V} = U =4d(U, V)}
and

AU, V) = AY(U,V)UA~(U, V).

Note that, for r,s € R™, we have

A4}, D) = axi - .
Thus,
A b A =L €4 |y — 5, = max|. — i},
AT({rh{sh) ={j € A [ s; — r; = max|r — si}.
Definition. ([2]) For u:Q — 2Rm,
(1) u is a viscosity subsolution of (2) if, for any ¢ € C?(Q) and k € 4,

up(z) — P(z) = max,ea{up(y) — ¥(y)} holds for some z €, then

min{Gi.(z, 7, Dy(z), D*¢(z)) | r € a(z), i = uz(z)} < 0.
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(2) wu is a viscosity supersolution of (2) if, for any ¥ € C?(Q) and
k € A, up(z) — ¥(z) = mingeq{ur(y) — ¥(y)} holds for some z € Q,

then
max{Gi(z,r, Dy(z), D*y(z)) | r € 4(z), re = upa(z)} > 0.

(3) u is a viscosity solution of (2) if u is both a viscosity sub- and

supersolution of (2).

We shall omit the terminology “viscosity” since we only treat viscosity
sub-, super- and solutions.
In order to present an equivalent definition to a solution we give some

notation : for v:Q — R we denote jz’iv(a:) by

( I(z*,p', X)) € x R" x S™ )
{ (p,X)€R" x8S" such that (p', X*) € J2*u(z"), (5
{ lim;_, . (z*, v(z%), ', X*) = (z,v(z),p, X) |
where
( v(z +h) <v(z)+ <p,h> )

o

JP*u(z)=¢ (p,X) ER" x S" +3 < Xh,h > +o(|h]?)

{ as z+heQ and h—0 )
and

v(z + k) > v(z)+ <p,h> )

J7u(z) ={ (p,X) €R"xS" | +1 < Xhh>+o(h?)

v

{ as 24+ h€Q and h—>0 |



Proposition 1. ([2]) For u: Q — ZRm, u is a subsolution (resp., a

supersolution) of (2) if and only if
min{Gy.(z,7,p, X) | r € #(z),ri = u(2)} <0

forall z€Q and (p,X)€ J* ul(a)
resp., max{Gx(z,r,p,X) | r € u(z), s = upu(2)} > 0

forall z € and (p,X) € 7 up(z)

$3. A uniqueness result for continuous solutions

We shall give our hypotheses :

(A.1) There are r,s >0 and n € C(;R") satisfying that, for each
z € 092,

¥ + Uoce<r B(tn(z), st) C Q for all y € B(z,r)NQ.

Here B(z,r) denotes the closed ball with its center z and its radius r.
(A.2) Thereis A > 0 such thatif U,V are compact subsets of R™ and
d(U,V) > 0, then, for each (j,z,p) € A(U,V)xQ xR if j € A*(U,V),

min{F;(z,r,p,X) | r € U,r; = U’}

> max{Fy(z,r,p, X) | r € V,r; = Viu} + XU} = V;.),

and if j € A~(U,V),
min{F;(z,r,p,X) | r € V,r; = VJ*}

> max{F,-(.'z:,r,p,X) | rel, r; = Uj*} + )‘(VJ* - Uj*)
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for all X € S™.
(A.3) Jw; € M satisfying that if X, Y € S™, v > 1 and

Io X 0 I -1
— < <
3”(0 1)—(0 Y)—3”(—1 1)’ ®)
then

Fk(y) ™D _Y) - Fk(x’r’p)X) S (“)I(Vl:c - y|2 + |:ZI - yl(l + Ipl))

for all (k,z,y,m,p) € AXxQxQxR™xR*. Here M = {w €
C([0, 00); [0, 00)) | w(0) = 0}.
(A4) Jw, € M satisfying that

Fk(m)rava) - Fk(w)r’q)X) S w2(lp_ ql)

for all (k,z,7,p,¢,X)€EAXxQxR™xR"*xR™ x S™.
(A.5) Jwz € M and satisfying that

Fk(m) r+ Eek)p)X) - Fk(mar’an) S w3(6)

for all (k,e,z,7,p, X) € A x (0,00) x 2 x R™ x R™ x S™, where ¢; is

the k-th unit vector in R™.

Theorem 2. ([8]) Assume (A.1-5). Let u,v € C(Q;R™) be solu-

tions of (2). Then, u = v.

Remark. Since u and v are R™-valued and continuous, we can
weaken the assumption (A.2) in the following way.

(A.2’) 3X >0 such that if r,s € R™ satisfy that maxxea |rx — sx| > 0,

8
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then, for each (7,z,p) € A({r},{s}) x @ x R, if je€ A*({r},{s}),
Fi(z,r,p, X) 2 Fj(z,5,p,X) + Ar; — s5),

and if j € A~({r}, {s}),
Fi(z,s,p, X) > Fy(z,r,p, X) + A(s; — ;).

for all X € S™. Moreover, in this case we can adapt the standard defini-
tion of solutions which is stronger than that of ours. Because, we know
that the same equivalent definition as in Proposition 1 holds under the

assumption (A.2’) for continuous solutions. For the details we refer to [5]

and [8].

Sketch of proof of Theorem 2. Assume
max{|ux(z) —u(z)| | z € U ke A} =0 >0.

Then, we will get a contradiction.

For simplicity, let us assume that the mapping
(z,k) € Q x A — |ug(z) — vi(z)]

attains its unique maximum at (z,j) € Q x A. In this case, we do not
need the assumptions (A.4-5). If the maximum point of the above map-
ping is not unique, we need to use two kinds of perturbation techniques.

For the details we refer to [8]. The idea below was first utilized by Soner

[9].
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We shall only treat the case 2z € 012, since the other case is easier.
We may assume
0 = u;(z) — v(2).
First, we consider the case of u;(z) > f;j(z). Fix ¢ > 0. Set ®(z,y) =
d(u(z), 9(y))—|o (z—y)+tn(2)[?, where % € (0,7) and lim; .o, o = oo.

Note that since u, v are continuous here,
d(a(z), 9(y)) = max |ux(z) — vk(y)|-
Let (z',7') € @ x Q@ be the maximum point of ®(z,y) over Q x .

Using ®(z*,y') > ®(z,2 + f%,il), from the uniqueness of (z,7), we have

lim; o0 2° = im0 3 = 2,
- (4)
At(a(z'),9(y')) = {1}, A7 (8(2a), 9(yai)) = 0.

Moreover,
lim o (&' — )] = tn)}
Note that u;(z') > f;(z*) for large i. Furthermore,by (A.1) we have
y' € Q.
Therefore, from (A.2), we have
Fi(a*,u(z"), ', X) > F;(«*,0(y"), P, X) + Mu(2*) —v;(y"))  (5)

for all X € S™, where p' = 2a'(a’(z' — ¢') + tn(2)).
On the other hand, by a basic lemma (see e.g. [1]) in the theory of
viscosity solutions for second-order PDEs, we see that there are X*,Y" €

S™ satisfying that

#, X*) € I**uj(a"), (o', —Y") € T v;(y')
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and A
o (1O (X0 ) coun( I T,
0 I o Y -1 1
Hence, by (A.3), we have

Fi(y',v(y),p', —Y") — Fi(z*, u(z*), p*, X°)
(6)

< wi(22?e’ - y'f + |2* - y'|(1+ |P'])-
Combining (5) and (6) with the definition of sub- and supersolutions of
(2) and remembering that u;(z') > f;(z') and that y' € Q, by sending
1 — oo, we have
A6 < wn(@n(2)P).

For small ¢ > 0, this yields a contradiction.

Secondly, in case of u;(2) < f;j(z) we can proceed the same argument
as in the above by taking ®(z,y) = d(a(z),7(y)) — |o’(z — y) — tn(2)|>.

Then, we can get the same contradiction as above. qed

Remark. We remark that we do not need to use the notion of multi-
valued mapping in the above since u and v are continuous. However,
since the above argument can be applied to the proof of Theorem 3 in

the next section, we have used it.

§4. A sufficient condition for continuity of solutions

In this section we will assume a stronger hypothesis on the shape of
than (A.1).

(A.1’) 3r,;5,t >0 and In € C(Q;R") satisfying that, for each z € 9Q,

K, = z 4+ Uocri<c: B(r'n(2),r's) C @ and



y + Uocri<r B r'—x—,r't cQ forall z€ K,—2 and y € B(z,r)NAQ.
|z

Theorem 3. ([7]) Assume (A.1’) and (A.2-5). Let u:Q — oR” bea

solution of (2) satisfying that, for each z € 99,

limsup u*(z) = u*(z) and lieminf uu(z) = u(2). (6)
€K ;—2z ZEK;—z

Then, u € C(Q;R™).

Remark. We can find the basic idea for the proof of this theorem in
[3]. We note that Katsoulakis [6] have recently shown that there exists
a solution which has this kind of nontangential semicontinuity in case of

m =1 (i.e. single PDEs).

Sketch of proof of Theorem 3. Assume max,cq d(@(z), u(z)) = © > 0.
Then, we will get a contradiction. This concludes our assertion.

As in the proof of Theorem 3, we shall only treat the case when there
is a unique (z,j) € 92 x A such that u}(z) — u;.(z) = © and when
() > f(2).

Choose 2z* € K, satisfying that lim;_. z* = z and lim;_ u;f(z‘) =

2

.
P

u}(z). Set ®(z,y) = d(a(z),u(y)) —o'|z—y—2z'+2|°, where o' =
for a small s > 0. Let (2*,5') be a maximum point of ® over Q x .
Using ®(z*,y*) > ®(2*, z), we have (4) and

lim of|z' — | = s.
100

We only note that, in order to show y* € 2, we need to assume (A.1°)
instead of (A.1).
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Therefore, a similar argument to that of proof of Theorem 3 yields
A0 S wl(s2).

This is a contradiction for small s > 0. ged

§5. A remark for an existence result

As stated in the above, Katsoulakis [6] have shown the existence of so-
lutions which have the property (6) for single PDEs under appropriate
hypotheses. However, his argument can work only when the comparison
principle holds. As stated in the introduction we do not have it for our
monotone systems. But, we can obtain a weak version of comparison
principle which will play an important role for the existence of solutions

for monotone systems. We shall only state it. See [7] for the details.

Theorem 4. ([7]) Assume (A.1’) and (A.2-5). Let u and v:Q — oR”
be sub- and supersolutions of (2), respectively. Assume that v. < w.

and v* <u* in Q. Then, u* < v, in Q. Moreover, u = v € C(Q;R™).
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