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[I] Puler productis attached to Siegel wave forms, ——— resume ——

Mobughige Kurokawa (Tokyo Institute of Technology)

1. Siegel wave: forms

We follow the notations of Maass[L] in general.

Let T;:sP(n,g) be the Siegel modular groud of degree n (or "genus n'),

¥, the Siegel half plane of degree n for each integer n2l, Let r>0 be
d,n & S (=]

a positive real number and d= ntl +ir (i=V -1 ).

L

Let 2= (2-Z)((2-2) be as in Maass [2 ).

—) 32

t/le define the -space of Siegel viave forms of

1) £ is Y;—invariant.

v»'r('r'n) = ) f: ﬂ-“’n > C . 2) Qf = g{(l'ié'—l_ - Jd )Ef

real analytic 3) £ is bounded on'%ﬁ

jas)
( )
Q
'j
t*J
ct
o
(0]
e
[eN)
s
('I'
( I
¥
3
[\}]
|8
4
(e}
=
]
f
(2
(2]
o

3) means that: there exists a Dositive ccnstant C independent of Z such that

lf(z)l§ C for 211 Ze%»D .

v (f') is a vecior spzcz over the complex nuzbers £, (Ve can extsnd Ur(T;)
by wezkening the condition 3) so that certain (real analytic) Eisenstein
geries are contazined in some Ur(—;). )

Vle prove first that if £ ¢ V (r;), then f is an eigen-function of all

invariant differential operators on f- ., VWe prove also that Wr(f;) is a
subspace of the space of automorphic forms defined by HariSh-ChandraJZﬁ]
Then we prove the following theoren.

; fo)
Theoren 1 dimg Wr(T;)< .
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Now, we define Hecke operators on Wr(rl'q) as follows,

0O E

- _ » _ n N >
Jn[M] = mJn} with J _( \ for integer m2l.

Let S(m) ={Me M, (2) oo
n

Let V(m) = ['I'l\s(m) be a set of representatives as in Maass [3] (cf.

Andrianov [7] ). Then we define the Hecke operator T(m) on Wr(rr'l) by:

(m)f = m—n(n+1)/l+ . E flM for each integer m%l, f € Wr(]';l) .
MeV(m)

( m—n(n+l)/l+ is a normalizing factor,)

A B
Here (£|M)(2) = £(M<2Z>), M<Z» = (AZ+B)(C2+D)™ T for M = (c DB .

Then T(m) : \llr(]:l) —-———}Wr( I_I'l) is a €-linear operator.

This definition coincides with Maass ]:1] for n=1 .

Let p be a prime number, then :

o (I - T(p)u + TuH)™L if n=l ,
ZT(p")uv =
v=0 (I-Tp~2u2) (I-T(p)u+ (T(p) 2-T(p2)+ Ip 1 )uP-T(p) e ) ™ it nes

Here, I is the identity operator on W}(r;).

] s
Hence = T(m)m™ S .—.Tf( z_T(p")p"Vs ) is calculated for n=1,2 .
m=y V=o

P
We define an innerproduct <,> : \‘Ir(rn)xl'.'r(]';) —> € by :

<Ee) = Sf(z)g(z)f?ﬂ_ for £, 5 € W) .
N IY]n-!»l

Then Wr(]“n) is a Hilbert space with this innerproduct. We define an operator
X con W.([}) by: X£(2) ="£(-Z). Then X : W () —>w (]) is a C-linear

-—

operator and _)ga = I ., Hence Wr(f;'l) is decomposed into eigen-spaces of X
as follows : wr(rn) = w;(]"n) () W’I',(T'n) . Here, X=I (resp. -I) on \r’f;(r’n) (rest
on V-I;(r;l) ) and this decomposition is orthogonal with respect to the above

inner product <, .
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Lil- 3

Euler products attached to Siegel wave forms of degree 2

We treat Siegel wave forms of degree 2 hereafter.
Let £(Z) be a Siegel wave form of degree 2 i.e. f € W ([}) for some r>0.

Then f(Z) has Fourier expansion of the following form :

£(2) = ;; a(Y,T)eZﬁiG(TX) , here Z=X+iY, T runs over 2x2. semi-integral
symmetri;'matrices, a(¥,T) is a real analytic function of Y for each T,
6(TX) is the trace of TX .
By the condition 2) of Wr(fé) , a(Y,T) satisfies the following (system of)

differential equations :

{'Fr 20k - e}t ld™ewn - o,

fof oo Xy gn <o .
Here |Y| = det(¥) .
Moreover, by the condition 3) of W£(ré) , a(Y,T) is bounded as a function
of Y . Using these facts, an explicit form of a(¥Y,T) is determined for
each definite T (i.e. T>0 or T<0 ) as follows,
Let Y be a 2X2 positive real symmetric matrix, T a 2x2 definite (positive
or negative) real symmetric matrix. Then there exists a unique D in
0(2)\GL(2,R) ( B € 0(2) acts on A € GL(2,R) by A +> A[B] = B/AB )

such that T =%[p] =2 D’D ., Put L = ¥Y[D"] = DYD' . We define " generalized

confluent hypergeometric function " hd(Y,T) for<£=\é_ + ir, r>0 eas
L
follows ( cf. Kaufhold [5]) .
o & -2
B (1,7 = [7f & (D) S<IV+E1'IV\) *om20(VL) gy |
vV>o

This integral converges absolutely ( in Re(d)7%?) and well-defined.
L ]

Then the following result holds,
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LIl-4

"Theoremn 2 Let £(2) =:E:a(Y,T)e2Ti6(TX) be an element of Wr(fé) for r>0.
Then : N
1) a(Y¥,T) = O for rank T<2 (i.e, rank T =0 or 1 ).
2) a(Y,T) = a{(T)hy(Y,2nT) with a(T) € ¢ for definite T (i.e. T>0 or T<O)
3) a(T) = of lT]%‘) for definite T, |T| —> 0.

To prove Theorem 2, we use the results of Maass[?] and Kaufhold[5] .

Our main theorem is as follows.

Theorem 3 Let f be an element of Wr(ré) for r70 .

Assume that’ f is an eigen-function of Hecke operator T(m) for each
integer m2l, T(m)f =:)(m)f .
Assune that f satisfies the following conditions 1° and 2° .
e} it . _
17 fevw(];) i.es Xf =1,
2° There exists a definite T such that a(T) %0 .

. ) -
Put L(s,f) = §(23+1)5£:X(m)m"s . s

- =1 S«
. . . — s

Put [\(s,f)_: TE(S+%)]é(s~21r)ﬂ%(s+2lr)L(s,f) with ré(s) =T [(E) ahd
[e(e) = 22m~s1(s) .
Then the following holds for \(s,f) .

‘1) A(s,f) is meromorphic on € and holomorphic except for s = -

2) ]\(s,f) = -N1-s,1) .

] .

2
2

nj=

This theorem is proved by using Theorem 2 and the method of Andrianov[?]
Remark Let E(Z,d) be the (real analytic) Eisenstein series of degree 2
fOI‘d=‘£§+ ir, r70 constructed (analytically continued) by Kaufhold [5]
( cft. Langlapd§,,Harish—Chandra[E]) . E(Z,4) is defined for Re(&)?»%— by
the followiﬁg:_

o
E(Z,d)=§ZL-—lXL—§; » here |ICz+D|| is the absolute value of det(CZ+D) and
fontllcz+pl

{C,D} runs over non-associated coprime symmetric pairs ( cf, Maass‘ld])
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[r1-s

Then E(Z,d) satisfies the conditions 1) and 2) of Wr(TE) and a modification
of condition 3). Moreover E(Z,d) is an eigen-function of T(m) for each
integer m2l . Hence L(s,E(+,o)) is defined as in Theorem 3 . Then we get:
L(s,E(*,d)) = ;(S-%)Z(S+%9§(s—air)t(s+2ir) .

This Euler product satisfies the same functional equation as in Theorem 3 ,

In fact, A(s,E(+,d)) = [ple+s) ls-3) Ls+D) * [ps-2ir) (s-2ir) [ (s+2ir) {(s+2ir)

and rz(s+%9 = T&(s+%&[§(s+%& = (Zﬂ)—l(s—%ﬁﬂh(s—%éT&(s+%§ . Hence we get
A(s,B(-,4)) = -N1-s,E(-,d)) by using the functional equation of ;(s)
iee. Jp(s)8s) =" [R1-8)((2-5) .
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August 20, 1977
Dear Prof. Dr. Maass,

I enclose copies of the former half of my manuscript " BEuler products
attached to Siegel wave forms "(in Japanese). This manuscript was written
out in the autumn of 1976. The reason why I send the copies of this
manuscript to you is that I need some time to typing them in English,

I am happy if this is of some use to you.

Since it is written (unfortunately) in Japanese, I want to comment on
the contents. I want to refer to [I] (résumé) for the statements of results,
notations and references, I gquote this paper by [T} hereafter, I give
a rough sketch of the contents in the following 10,20,30,40. In 50, I give

a résumé of the proof of Theorem 2 in [I]-L.

1° on general construction

This manuscript consists of the following six parts (sections).
I. Siegel wave forms
II. Confluent hypergeometric functions of matrix variables
III. Fourier coefficients of Siegel wave forms of degree 2
IV, Euler products attached to Siegel wave forms of degree 2
V, Eisenstein series as extended Siegel wave forms
Appendix, Examples of eigenvalues of Hecke operators on Siegel modular

forms of degree 2

Main parts of I,II,III are copied., ( Some pages of manuscript are not
copied here containing the pages on Hecke operators for example,)
IV,V,Appendix are not copied, Except for III and IV, we work on 'degree n-
theory" for general n2l, The main result of the former half (I;II,III) is
contained in III ( Theorem in III-1,13 ; Theorem 2 of [I]-A ) vhich
determines the Fourier coefficient for rank T <2 or for definite T.

In IV, the meromorphy of Euler product is proved (Theorem 3 of [T]-4 ).
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In V, extended Siegel wave forms are introduced; Some Eisenstein series
are contained in the spaces of extended Siegel wave forms and Euler products
attached tc such Eisenstein series are determined (cf.[f}—q,S').

If we use the results of I,II,III, then the proof of IV is not so
difficult using Andrianov's method. In particular, needed Mellin
transformation (which gives the I'-factor) is calculated in 1I-9,10,11,12
and in III-10,11. On V (at least on Eisenstein series), the results

would be known to you. On Appendix, I reported in[ii].

2° on I (In this section, we work for general n2l.)

In EI](I—;,E,}), dimcwr(rh)<<h(Theorem of I-1) is proved. This remark
seems to be desirable to expect the canonical basis (consisting of eigen-~
functions of all Hecke operators) of Wr(r;)' The proof coincides with
your remark. In [2] (I-3,4,5), Lemma 2 of I-3 is proved, In [37)(1-6,7,8),
Theorem and Lemma 5-0f I-8 are proved, In these points, the object is
calculation of matrix differential operators. The calculation is rather

long, but the method is of yours.,

30 On II (In this section, we work for general n2l,)

In [I](II—I,Z,B,Q), Theorem of II-1 and Corollary of II-&4 are proved,
The froof of Theorem of II-1 uses Lemma of II-2, In [27] (II-4,5,6), Theorem
of II-4 and Theorem of II-5 are proved. In these points, the object is
to show that generalized confluent hypergeometric functions satisfy certain
differential equations. In([3}(1I-7,8,8a,9,10,11,12), Mellin transformations
are calculated , Theorem of II-9 is important for our later argument,

The calculation is rather complicated here.

4° On III (In this section we work for n=2.)
In [1] (11I-1,2,3,4), a(¥,T)=0 for rank T<2 is proved. In 2] ¢ 111~
5,6,7,8,9,9a,10,11,12), a(Y,T)=a(T)hy(¥,2nT) for definite T is proved.
(I used some different notations of confluent hypergeometric functions.)
In [3] (III-12), a remark on a(¥,T) for indefinite T is given. In [4)(III-

13,14), Theorem of III-13 is proved.
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In [5] (111-15,16,17,17a,18),Fourier coefficients of Eisenstein series
(determined by Kaufhold) are written in the form compatible with our results.
The proof of {1} is not so difficult. In fact, since an explicit form of
a(Y,T) for rank T<2 was determined by you, what to be done is to estimate
the divergency (unboundedness) of it., This calculation is elementary,

The proof of {27 is rather complicated. There seems no need to say on [3],
[#1,[5] in detail.

5° On the proof of Theorem 2 of [T)-4

I give a résumé of the proof of Theorem 2 of [i]—q. The point is 2)
i.e. a(Y,T):agT)hd(Y,ZRT) for definite T, ( The proofs of 1) and 3) are
easier and omitted here,)
I, Let f(Z)-—:E,a(Y T)eaTlf(lx) be an element of W (r’) for r>0.
From the dlfferentlal equation G2f —<iGé- dEf with o= 7;+ ir, .we get
(Lemma 3 of I-6)

2 -
{(Ya\’ }—T+ aoLaY- (2%) TYT}]Y a(Y,T) = 0,

) 3 v > 4
{(Yﬁ) T - Ty-a?}h’\ a(Y,T) =

From the boundedness of f(2Z), we get (Lemma &4 of I-7)

(2) a(Y,T) is bounded as a function of Y.
IT. Let hy(Y,T) be as in [I]-3. Then ( Corollary of II-i)

3 a _3__ - m -4 nr -
{(YQT) S+ 24 J.YT} 7] ="n, (¥, T) = O,

(3)
{(Y )y T - TY——}M‘ h (Y,T) =0 .

Moreover (Theorem of II-4)

(4) hy(Y,T) is bounded as a function of Y,
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21 6(TX) be as in I.

III. Let £(2) =2 a(Y,T)e”
Let us fix a def;;ite T. Then there exists D € GL(2,R) such that
2rT =3[D] (+ = sgn(T) ). Put L = Y[D') , u = 6(L) = 27 |o(TV)]

= (6(L)? - 1|L] = 412((o(TN)2 - yTE] ),
Then from the above (1) of I, we get ( by Maass Eﬁ] )

o o
a(Y,T) = |l -:;__gp(u)vy with the following system of differential eguations.

q(v+1)2ugy+l + ug;’ + 4(>'+o()g; ~ugy = 0,
(514 golw) = w1 2Ytw) , Yl = w )
cf”(u)

(1 + (24-1)(24-2)u™2 )@

We say that a(Y,T) is a solution of (5) hereafter for simplicity.
I
Let ? (u) = u'l/z?(u) , then fY(u) = u‘l/Zjb(u) and

" +u%-w +ﬂ)%)_ mﬁny:ad—%q:ar.
Hence a system of fundaﬂental solutions of y’(u) is given by %#(u) and K (u)
Let  gg(u) = ul” 2"*_5 t“1/2K (t)at ,

2(u) = ul-2%
w
gg(u) - ul‘zd‘J t"l/ziﬂ(t)dt ;
3

Then a system of fundamenta’ solutions of €9 is given by %, gg s 83 e
e

If gy is given, the guation in (5).

en Eigy(u)v is determined by the first
ol 0
12- (U)V with SO = go s d=1,2,3 .
=0

1,
Then &z system of fundamental solutions of a(¥Y,T) is given by G (Y¥,T) ,

Let G&I(y,m) = |¥

Ga(Y,T) and GB(Y,T). Hence we can write :

a(Y, ™) = ¢, G (Y, T) + ¢,63(¥,T) + c3G3(Y,T)

with constants (independent of Y) 15 Cps C3 .

What to be proved is that :

(6) If a(¥,T) is bounded as a function of Y, then ¢, = ¢, =0,
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Moreover we prove that :

(7) er(y,m) = 1 h (Y,2FT) . (Theorem of ITI-11.)

V2 T T -5

The proof of (6) is as follows,
Let a(y,T) = IY}:{Zg (W vY be a bounded solution of (5).

Let gy =]Y¢€ 5’2[ vo}cﬁ . ( Here {9, = 0(2)\6L(2,R) _{‘DO} and
v 4TE((S(TY))2 - 4]TY])

Then, XYT :{Y epz \ Y':ir‘;—{T‘l , Y =sgn(T), u>0} .
(Here, u = 2T |&(TY)| .
Hence, a(Y,T) =- ]Y]dgo(u) = (16WZIT\)'D{-u2ng(u) on 3 o +(Lemma 1 of III-6.)

Write a(¥,T) = ¢;6M(Y,T) + c,6%(Y,T) + cBGS(Y,T) with constants c;,¢,,C5 .
Since a(Y,T) is bounded on 602 s a(Y¥,T) is bounded on ’XT
Hence, u ad‘ (u) = c.‘uad l(u) + czuad Z(u) -+ c3ua°L 3(u) is bounded on u>0 .

On the other hand, the followings hold (Lemma 2 of III-6).
v

LTz T - 2im)

(8) |u2glw)| € cje™ for u>0 with C

(9) [v¥g2w)] = u for u>o .

1
Nz e

n

(10) [uza{ 3(u)‘ C3eu for sufficiently large u>0 with an arbitrary 03<

These facts are proved by using the estimations of Bessel-functions,

The calculations are not difficult (III-7,8,9,9a ).

Thus, if ¢4 uld l(u) + cou adgg(u) + c3u2°egg(u) is bounded ocn u>0 , then
it must be c2=c3=0. Eence a(Y,T) = chl(Y,T) .

The proof of (7) is as follows,

Since hy(Y¥,2TT) satisfies the differential equation (5) from the above (3)
of II and hy(Y,2nT) is bounded on 602 from the above (4) of II, we get

ho((Y,ZTIT') = CGl(Y,T) with a constant C. Hence it is sufficient to determine

this constant C,
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We consider the equation h&(Y,zﬂT) = CG}(Y,T) on ng .
Since GY(Y,T) = (161@!T])"du2dgé(u) on «§ o and h, (¥,2TT) = T~ x
hd("-zl'E, E) on ng , we get :

2
—~d - 1
(ﬁ_) 'h*%E, E) = Cegy(u) for all u>0 .

We take their Mellin transformations, The results are as follows.

ad 1
2 s-2d -
D § &) &, pes e - EI0TE-1) 2 2 [(Temlgedy L
[4]

for all Re(s))%:—. (Theorem of II-9,)

&0 1
1 s=1 s-2d- 35 ~Ld+3 1
(12) gso(u)u du = r(%) RS 5 ) Soowil

. (Proof of Lemma 3 in III-10.)

o

for all Re(s)>

The proof of (12) is not difficult (III-10,11).

The proof of (11) is rather complicated (II-9,10,11,12). In this calculation,
I make transformations of variables in several steps and I use Legendre-
function '13;(2) . ( I use the notation in : W.Magnus and F.Oberhettinger,
Fornulas and theorems for the special functions of mathematical physics,
(Chelsea 1949), Chap. IV. ) The crucial point of the calculation is to use
the result of T.M.MacRobert ( (7) of II-11). MacRobert's result is published
in Quat. J. Math, 11(1940),95-100 (especielly, (6) in p. 95 ). Tais resuit
is quoted in the following book. A,Erdélyi (ed.), Eigher transcendental
functions., Vol. I, (McGraw-Hill 1953), p. 172 (28).

Now, from (11) and (12) we get :

On oo

2 9 3 -
S ﬁ—)’&-,h&(—uz—E, E)us"lqu =..J?Rd)ﬁd-—é)-g g5(wWuStdu  for all Re(s)>
0
Hence, we get (by the inverse Mellin transformations )

]

rofr

2
(‘%')_d'h&(%E, B) =v2 l_'(i)r(d-%-)gé(u) for all u>»0 .



1
Hence, we get : C = Jﬁ.r?d)rki--éd .

Thus, GY(Y,T) =

h,(Y,27T) .

1
V2 [T) T4~ )

This completes our sketch of the proof of Theorem 2 in [I]—q.

I am happy 1f these copies of manuscript are of some use to you,

Sincerely yours,

W“JV‘(?’“ KLwc'ka.wcx

Nobushige Kurokawa

Adress:1349 Yakushiji
Minamikawachi-machi
Kawachi-gun
Tochigi-ken, 329-04
Japan
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Euler products attached to Siegel wave. forms

(manuscript in Japanese)

Nobushige Kurokawa ( Tokyo Institute of Technology )

CONTENTS
I. Siegel wave forms
II, Confluent hypergeometric functions of matrix variables
III. Fourier coefficients of Siegel wave forms of degree 2
IV, Euler products attached to Siegel wave forms of degree 2
V, Eisenstein series as extended Siegel wave forms
Appendix. Zxamples of eigenvalues of Hecke operators on Siegel modular

forms of degree 2
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