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On the covering relation in the Bruhat order

HJIl %<& (Hiroyuki Tagawa)
RIEAYE HER

2

Coxeter & (W, S) DEBDTT ¢, w K5t LTEFK X 15 Kazhdan-Lusztig polynomial
Py € Z[q] (cf. Def.9) 1k EBA < Schubert varieties DM B CEE 2 ZHEFHF - T
%o 1987 £, M. Dyer BEEDP w e W KX LT P, © g DHFRER ¢ (w) — g(w) TH
ADNBT ERR L (LT TT e (w):=f{y € W;w covers y in the Bruhat order},
g(w):=f{s € S;s <pw} tFE, <p IX Bruhat order 2EHK T 2dbD L5 5), ¥ W
% finite Weyl group & L7cHRi\ e <py<pz 2¥icT 2,9,z€ W LCHLT P, - Py,
DHEBRTRCFRATHILES CLBFbATHS (cffl)o ThbDT & XY, finite
Weyl group @ Kazhdan-Lusztig polynomial DT ¢ DB OBAME R ¢~ (w) — g(w) @
BRAEE—HKT2HEREDD» 5.

AKEOEHWE W 0H# G, DRI ¢~ (w) —g(w) DEAMER n?/4 —n+1 L 23
CERIRTCETDD. EDADIK, G, 0ETIHN LT BE[FRS (BLT poset &
W) 2 BEL. ThbOMRECOTHN 3,

¥4, 2 € 8, KX LT poset P, #E&HT %,

Definition 1. EH&R# n LHL T\ [n]:={1,2,-+: ,n} ¢ BE, 2 € &, L LT poset
(Ps,<p,) EIRCERT %o

P,={ijicn}asaset,i<p, j o i>j»D a(i) < z(j).

Example 2. 2 = (; :i:i) €Gs &7 5 &, (Ps,<p,) €53 % Hasse diagram (&K
DRI B,

1 3
NAVAY
2 1 3§

Remark. (i). n <5 DK FEED n JT poset P KX LT, P,~P thd 2€ G,
BHEETE (XL P~QRP2bQ~DRMH f CREMATIONRFEET L L
EEKT B 2 <py & f(2) <q f(¥)o

(i), n > 6 DRy EIEEOT L R—BICKILL 2\vve HlX X, P, ~ By (boolean) ¢ 7% 3
Bheec G RAFLEL AR,

(iii). 2,9 € Gp KH LTy Py =P, 5ol e =y THB L & HESHCH D Bo
X LICTRBEBAT B, |

Definition 3. poset P DT 2,y K LT y # z % cover T5Hf (ie. e <pz<py
ﬁ:b?i'z=y)\ e<py &ij—o

e c Gn VC?‘TLT\
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¢ (2):=f{y € G,;y <5 =z},

G(z):={s€ G,;8s <p z and {(s) = 1},

g9(z) = G(=)
& #< (<p & (strong) Bruhat order #ZE L £ i length function &3 % (cf.[Hu])) o
E biC poset P I LT,

h(P) = H{(2,¥) € P*;y <p 2}

(i.e. A(P) & P @ Hasse diagram IC 331J % edge D#),

comp(P) :=max{k; 3Py, Py, -, P, non empty subposet of P

such that P=P; + P, + -+ + P4}
(i.e. comp(P) X P @ Hasse diagram IC 351 3 BFE > D)

EBL,ZTTPNQR=0TH? poset ,QIHLTP+Q RIRTEZEZ NS poset T
Hb, P+Q:=PUQasaset, z<pioy<e()z,yecP hr2e<pyor(i)eyeQ
ﬁ")zSQ Y.

comp(P) =1 DK, P % connected (poset) &FEE,

C DR, ROBAFRAER DIL>TW 5o

Proposition 4. z€ &, kKt LT
(i) c™(2)=h(Fa),
(ii) g(2)=n-comp(P,)
TH5b,

Proof of P\r';g‘p.4-(i).
O(e) = {(i )i < 3, 2(i7) <5 2},
H(z):={(,7) € P.%;7 <, 7}
& 8o
C(e) 2o H(e) ~DOBE# o %
n(i,5) = (1,3)
TEHT S, CCTH,j)Rie j 2TRTIELX 2 0KAEREET
C OF, Bruhatorder & <p, DEFXE L H IRH Y IL2o -
(4,4) € C(=)
i< j,2(4,j) <p e
= i< j,2(3) > 2(4),2(k) > 2(i) or 2(j) > z(k) for Yk € [i,5](:= {i,i + 1, ,j})
= j <, 5,a(k) > 2(3) or 2(§) > (k) for Yk € [i, j]
=<1
= (i,7) € H(z).
WK, n REBEHNTDH D,
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#oTy jC(&) =c (2), tH(z) =h(z) THEDTc (2)=h(e) R HVWMIALT 5. 1

Remark. D 2 € G, K LT L) =G 7) e P37 <, i} THBC L REFK
bi)‘éo

Prop.4-(ii) ZFEHAT 2 BIC. KD Lem.5 Z7R" 7%

Lemma 5. 2€ G, ¢33,
(i) P, 2% connected 20X g(z) =n—1TH 5,
(ii) P, = Py + P,, Py:connected poset,
Po={T=1i1,15, yim} (1 =41 <ig <+ <ip) asaset Kb
P ={1,2,..-, @} as a set, 2([m]) = [m] TH %,
(i) P, =P+ P+ -+ Py, & i € [k] & LT P;:connected poset, 1 < m; := {F;,

P, = {pit,pies 2B} (Pi1 < pija < o+ < Piymy) @5 @ set THY, E b pyy <
P21 < < ppy XWT L E '

P = {mo+m1+ +mi_y+1,mg+my +- +m. 1+2,-
me +my + +m,..1+m,}asaset&7§:0\
iclk] KL T
2([mo +my + -+ my_1 + L,mo +my + - +my_q1 +my))
=[mo+my+ - +mj_1 +1,mp +my + -+ mi_g + my)
BRILLTwS (EEL mp:=0 & 8L)o

Proof. (i). g(z) #n -1 L RELFELEL,

T D 81,83, ,85-1 €G(2), 5 € G(z) BB kEn-1] BFETS (LT, &
iem-1 LT 6 = (i+1) L)

zeTF & m RLEERETHE L%, » € [k, mE[n]\[]iJiﬁELk&?’ét\
()7, mdbLAR(b)m<, 7 TH5,

(a) DI <, DEZEIY m<r &Y Thidrelk], men]\ [k CFBE

(b) PEE <, DEEEID » < m »D w(m) < w(r) THd. 8H r <k k+1<m,
8. €G(2) LYV w(r) <k<k+1<w(m) tRBDTFE.

oty {1,2,-- ,k} DEEOTR {k+ L,k+ 2,--- ,7} DLTOTT & LBTRABETH 5o
ik P, #% connected THB L KT 3,
M, g(e) =n—1HBRALT 3,
(ii). ¥F, P ={1,2,-.-,Mm} as a set 7RV

=pforVpelk~1 DD i >k thdE5h ke m| BFEELLERET %0
COF, k¢ P THEDOT, P, DIEBOTR k & HERARECH 3T L atbd b,

BoTs ) <ig < <ipo1 <k <ip <+ < FVEBDOpec k-1 tEED
rem]\[k-1] € LT, 2(3p) < 2(k) < 2(3,) 2D IL2o



TDLEMES {f1,55, yipo1} DEBDOTTE (i ihs1) - »im} PETDIE & HBRTHE
THHCLEBEL, Chit P, 2% connected THBZ L CFFT %,

Kic, #([m]) = [m] 27T
EEOpe k-1 CHLT 2(p) <mTHY, 2(k)>m %D X5 %k € [m] REE
L?’C&ﬁ%?%o

C DR, WEBILL T3,
77 <p, R} >m—k+2.

s EEDO pek—1 LHLT 2(p) <m<z(k) THBDOT,
1’5,"' ,k’:‘lf{;;?ﬁp. ‘l;}

#IC, P, = P, + P, Pi:connected THBC L & ke P k0,
P >{12- - ,kfl} U {G;7 <p. k} (disjoint union).

RoT.fPi>m+1tAD jPL=m KT 3%,

(iii) i (i) ZRIVELAVIC LI VAGFLCRE S, |

Proof of Prop.4-(ii). P, = P+ Po+ -+ P, £33 (% LA i€ [k] KFHLT
P;:connected poset, | F; =m; > 1, P = {pi1,pi,2, " s Pims} (Pi1 < Pi2 < * < Piymy)
Els pr1i<pa1 < <Pl EWELTRBEDDETB)o

z DR, Lem.5-(ii)) X 0% i € [f] €L CTKRERAT 5% 2; € G, BFET o

e~ (21,22, ,21) € Gy X Gy, X+ x Gy, as a group 2> P; ~ P, as a poset.
BIC, Lem.5-(i) X 9 :
g9(z) = g(21) + g(22) + - + g(=a)
= (my = 1) + (my — 1) -+ (ma — 1)
=my+my+--+my—k
=n — comp(P,)

T |

HTF. thboPFCO>THFHMT 50
EFROCERT S 7BRECBTCHIDN T3 (cf.[Ha]) o

Theorem (Turdn) Z=FABE2FHehv o K77 70% b 5 2BORKEHRIE /4] T
3 ([ | @HYXEEE2ET). , ,

- Ts WGK%KVJEQSIHEHEO
Corollary 6. fEHE D n JC poset P K5t LTy h(P) < [n?/4] TH 5o

;: ofzkﬁiﬁii?'éo

57
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Theorem A. max{c™(2);z € 6,} = [n?/4]

Proof. Prop.4-(i) & Cor.6 X D, ROT L RBFHLhbH» 5o
max{c™(z);2 € G} =max{h(P,);z € G,}
<max{h(P); P : poset,| P = n}
< [n?/4].
¥l mi=[n/2] tEHE, 2€6, % »
(2(1),2(2),+-+ ,z2(n)) :=(m+1,m+2,--+ ,n,1,2,--+ ,m)
TEET DL, c(2)=[n?/4] %5 5DT Theorem A 3ERILT 5. |}

Ty REWLHIL>TwnD,

Proposition 7. {E¥® n JC poset P L5 LTy h(P)~(n—comp(P)) < [n?/4]—n+1
THb, ’

Z®D Prop. RIRD Lem.8 X Y AHKET 3,

Lemma 8. n 3T poset P=P + P+ -+ P, (B ic[k]iCLT P REBTAW
connected poset TH Y\ k>2 &3 3) kKL T,

P:=P@dP+ -+ P

B, T PNQ=0TPH3 poset LQUNLTPOQ HRDES>CELEEN D
poset THb. POQ:=PUQasaset, z<pggy< (i)2,y€P »D 2 <py or (i)
2, y€Q D e<Lquyor(ii)zeP »D>yecqQ. ‘

C DRty h(P) — (n — comp(P)) < h(P') — (n — comp(P')) TH 3,

Proof. Pl,Pz #ﬂ & D\ h(P1 +Pz)+ 1 S h(P]_ 57) Pz) 'C'b %o
BiC, M(P)+1< h(P') &3,
#>Ty n—comp(P)=n—comp(P')—1 XV Lemma RRILT 5. §

Proof of Prop.7. P=P +Py++-+ P, B (K iclk] LT P REBTEW
connected poset &3 3 ),

CDOFf, Lem.8 & Theorem A X b
h(P) — (n — comp(P)) = h(Py+ Py + -+ Py) — (n — k)
<SMPOP+ - +P)—(n—k+1)
<h(PLOoP,dPys+ -+ P)—(n—k+2)
<h(PO@P,® - ®P)—(n—1)
<[n¥/4-n+1. §

HICRDZERXHRR YLD,
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Theorem B. max{c™(z) — g(2);2 € G,} = [n?/4] —n + 1.

Proof. Prop.4 & Prop.7 &b, RAEMILT %0
max{c™(¢) — g(z); 2z € G, } = max{h(P,) — (n — comp(P,));z € &, }
<max{h(P) — (n — comp(P)); P : poset, BP =n}
< [n?/4 - n+1
%7 Theorem A DFEACEE L7z 2 € &, K L TREARFZIKC D> 5o
¢ (2) —g(z) = [n?/4] —n+ 1.
& oT, Theorem B DRILARENo |

Definition 9. (W,S) % Coxeter % &3 3%,
e, weEW KL TS Pyy €Z[g) RRD &S KEERT %,
Pow=0if2 5w,
Ppy=1life=w.
{(sw) < Y(w)%&Wi7eT s€S &—D2 L VEEL.
{c =0 if 2<pse
c:=1 if se<pge
COFE Poy % 4(2) & L(w)—{(z) CBLTRANIKCKRDO X 5 CEET 5,
Pow =0 " Piopw + @ Poyw = L Wz, sw)g )= UN2P, .

2<4sw,82<pBz2

LB <o

ERLECT 2 <sw i 2 <p sw P2 degP,,, = ({(sw) —£(2) - 1)/2 THBL L %R
KL, CORBCRY P,,, ©ql0w)-{-1/2 pEREHEE LT p(z, sw) BEXThTH D
bDLT B,

L DEZEHRA Py, 13 Kazhdan-Lusztig polynomial &FFE 5o

onic, FEFER¥BsCEETE B,

Theorem C. z,w € G, KH LT\ Py = Zizo}”i(@,w)q" rBle T DR
max{pi(z,w);2,w € Gp} =n?/4] -n+1TH 3

Proof. %3, RDOT L BHMbh T3, p
EBDO we G, KHLT pi(e,w) =c"(w) - g(w) TH3 ([D]) o
e<py<pz ZWircT 2,y,2€ G, CHLT P,, — P, BIEEFRTEF> ([I]).
I, Theorem B & b :
max{p1(2,w);z,w € 6,} < max{pi(e, w);w € G,}
=max{c” (w) — g(w);w € G,}
=[n?/4 —n+1
TH5,
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FIC. Theorem A @ proof TEE L% z KH LT py(e,z) = [n?/4]—n+1 AR BZDT
Theorem C 23fILT %, |

B, Theorem A 2»5 Theorem C ;’hﬁi’ﬂ’bé LDOBEAMEZE 7% Prof. Matthew
Dyer ICE#HT %,
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