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Optlmahty Conditions for Multivariate T'chebycheff
Approximation Problems
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In this paper, we fitst give necessary and sufficient optimality conditions for a (local)
best approximation for the general nonlinear Tchebycheff approximation problem (1). The
conditions are stated in terms of the Lagrange function. Next, we characterize (local)
strong uniqueness for the best approximation problem (1). The characterization is also
stated in terms of the Lagrange function with the aid of the directional derivative of S(z)
defied in (1). The characterization is a local version of Fischer [4]. Finally, we characterize
a best approximation and a strongly unique best approximation for the best approximation
problem by multivariate affine functions. They are described in terms of alternation of the
error function.

Bz2oh/-B ) 2 B0t bhr B, Al X nkEHEA., TELUT ZE. &
EAE % VA THEMY 3 8E% Tchebycheff 3 15 88 & 1 35, Tchebycheff fﬂblf"i%li{k
DERICERLE N 5,

Minimize,egy  S(z) := Sup{|b(t) — F(z,t)|; t € T} (1)

ZZThH(t) = vy b EET CRETERS N EHBE. F(z,t) it RY x Tk o
BB ET 5. BFIAR. n REHEA pe P, K X3 EHBE L TR

F(z,t) :=zo+ 21t + -+ 2,8, z:=(20,...,2,) € B"!

BEhEEV. TR{L2...,n} 2 {3,310 otkumEaTs. {te R ||t ||I< 1}
OBBEEH T E DRV,
Tchebycheff T flicBiF 2R b EERER DOV & 213 Tchebycheff 0 XK EHTH %,

FE 1 XM [0, b TERS N ESEEK ) 2 n XEHERCTELT B &, pE P, BEHE
ERTH B BOBE SR G, BERMK () = b)) —plt) B8O E b n+ 1 HRK
B EThH B HB. n+2HOMa<t <... <ty <bBEELT

rt) = (-D'ellrlle i=1,...,n+2

fefZl.eidlFTHiz—-17Tdh 3,
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Haar &4 % 7c s BKERL X 754 vERC X 2EHUME L Td,. BREEUBIZE
ZEB ORI L DEM ST 5N B, see e.g. Nurnberger [11] , Hic, ZREMIcE S
ANWADTNT )X ABELHAONDE LI ATH D, seeeg Cheney [2] o 7. Ih b
DORZAREH I zero property EFFIX N 2 E UMK O ¥ AOAKOFMERN AW RS
5, (BBbHE{H SNt zero-property 3 [ n REFERAREA nHOBELLEALR V] T
550) L LRBBOEZEBEUMBEOESG. EUMBOt o AREHESTREL, b1
% zero property (& {# X 72 W\, ,

ABHOHME . BEFUME K L CREHEEP 07 Tn-FE2RB5HTH 50
zero property LI W I O HER S ERBRBEUBBECH L TEYHTH %,

Tchebycheff i IR & (1) R ERBE O RLEXFHEZH - ORBELHE. Wb 2 EEEHE
IR E&ES NS,

Minimize r
subject to b(t) — F(z,t) <r VteT (2)
F(z,t)-b(t)<r VteT.
T, ¥k (z,r) E Rt B, Hic, Tchebycheff iF £IRI5E (2) & F: R — C(T),
e € O(T) %
e(t)=1, F(z)(@):= F(z,1),
TREHL
Ci(T):={ue C(T); u(t) >0Vt e T}
EBLCZEITED
Minimize r
subject to re — b+ F(z) € C4(T), . (3)
re+b— F(z) € Cy(T)

ERE, MBI NAAEFRAFHWERF BB ZEMicB I 2 RBILMBE L TESABEN
ik %o

Z2ITHRT. ROFBELEBECHT 2 REEREZEZBANT 5, seee.g. Ben-Tal and Zowe
[1]o |
Minimize f(z) subject to g(z) € K. (4)
7T X, Viz Banach 2R, Kk VoORBHEZETHRVWOAH#E, f: X >R g: X -V !
WOBRET B, UTIRT, 2/ mEeE L, HHEHR 2BV TROEASEH
AT EIRET %,

1 HHEHg(z) EAB s e BWTIERAITH 5 & i3
dy € X s.t. g(z*) + ¢'(z*)y € intK.

Tchebycheff i {2 188 & B 72 8 (3) R E I EMEHE® 1290
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FH 2 (1 ROMSERXMHE) Fv* € K° such that
fi(@*) 4+ ¢'(z")v" =0,
< v g(z%) >=0,

Z T, K°iX polar cone {v*; < v*, v ><0Vv € K} 2%,

FH2% (3) KBAT2IRERLF R — C(T) O#EMA TS ET LR T AIER
SRWH, Fu(z,t) MR x TEAGTHNIERLERTH D

(F'(z)y)(t) = Folz,t)y

WHERILT B,
LUTFieRT, RoGTE2A V5, 7% RVORE L, BEMHEr(t) . TOFS%0(1)
TRT. HlB
1(t) = b{t) — F(a",0),
a(t) := signr(t).

Positive and negative extreme points £k % z h £h Ty(z*), T-(z*) T& T, H 5

Ti(z*) = {teT; r(t)=[r}, (5)
T (s7) = {teT; r@®)=—r I} (6)

T, ThoofEA%:T(z*) TK T,
EH 2 % (3) @A ¢ % & Kolmogorov criteria (see. e.g. Dem’yanov and Malzemov [3])
@ local version ¢& 2 ROEESEFE SN 5,

FE 3 F(a" ) 2BFRBERMET 2, COE & b, taeT(z) B<m<N+1) &
BTRBETRIBOVA,..., A\ 208EELT

Z)\,’O’(t,‘)Fz(m*,ti) =0¢€ RN, (7)

=1
7. Flo,t) Bz cBLEER 6. (7)) RBEELTH 200 +RE&ETHH B,

Malozemov and Pevnyi[9] it Haar Zfffici LEE 3 K 0 RREBEEHE W/, LHLEEHK
HEPMEOEA. Haar RER M A SR VO THSOERRBHATE RV, —F., TH3
BREHICREENS Haar THEZLEB L LBV, - T, ZEHRALUMBIELTHH
MThH b,

EXAT () TERSOABEYK S(z) PMAARZ S, BFFIR/DR 2" IcBVT

S'(z*)=0 (8)
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MRS 5o LBLEBHBS, —iFicid S(z) RATARETRE V. EES L. MOLRTHE
BREOHPRENTDOTH %, FX. nREFHFA L BEUDOHE. SHEETH AVHFE
LT

S(z)>S(z*)+ K||z—2z"| Vz (9)

MERIL 4 % . Newman and Shapiro [10] o RZER (9) BRI T 5 & &, F(z* 1) REB—B &
BEMEFEN 2, EQEERBEUME YL TR (9) e ~xTozic L THRIZT 3
ERYIBTERVOT, ) B TOEBETRILTEIEER—BRANRBEMUEER &
T3, M—EBAREBEMURE RS EMS

lim S(z +0y) — S(z)

S'(z;y) = Jim 9

FPHOTROES kBB ST oh b,
FH 4 RO3IO>DOFKMFREETH %0
(a) F(z*,t) 3 la—BRHBEELTH 3,
(b) S'(z*;9) >0Vy #0
(¢c) 3K > 0 such that S'(z*;y) > K ||y || Vy
EHA L EH SN AR see e.g. Girsanov [5]
S'(a*y) = max{—o(t)F,(a", t)y; ¢ € T(a")}

EHABGOELILH-BRMRBAEUBOKRBNIEENE NS BB, toticow
T ¥ Malozemov and Pevnyi[9] 8B Z 5 2 TV %,

FED F(z*t) % —BEHBREFELNET 2, cOE s, ty,.. b, € T(z") B3<m<
N41) EFRTHBTRE VA, An > 0 BEELT

> Xio(ti)Fu(z*,t;) =0 € RY. (10)
1=1
span{F,(z*,t;); i=1,...,m} = R". (11)
WRRILY %o
Ric, €3, 4 2ZEHT 7+ YEBC X2 EURECEMS 5, BB
F(x)t) =Zo+ 171 + -t T, (12)

h r_'@{fr,- REteR"DEIKDTE2ETH
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TE 6 F(z*t) "REENTH 31D OBEFAERER. IS EH <nd2 2@ d k(> 1)
{8 @ positive extreme poinis ty,...,tx & [ (> 1) fl ® negative extreme points tyy1, ..., k4
WEELT

rico{ty, ..., tx} Nrico{tesr, - - tesi} # ¢ (13)

WKL T BT EThH b0 127 L rico{ty,...,tx} 1d the relative interior of the convex hull of
{tl) .. )tk} ’)‘&%’5‘0
RE.
k k
rico{ty, ..., tx} = {Z Aiti; ZA,- =1, ;;>0 Vz’} (14)
=1 =1

MR $ %, Rockafellar [12] o

FBT F(z*t) PB—EBRBEMUTH 21 DOBEFTHEHR.I<E+I<n+2 %
teg k(> 1) @ positive extreme points ty,...,tx & | (> 1) @ negative extreme points
bty e BSTFEAEL T

rico{ty, ..., tx} Nrico{tes1,- -ttt} # @ (15)

aff {tr, ..., teni} = R (16)
BRILT B ETH B0 121 L af{ty,...,teri} 13 the affine hull of {t1,..., thui} 2 ETo

n=20&&, FHEH6,TRBENFNROLIILNKX 5,

FE8 n=20&&, F(a"t)=zj+ain+a3n PEREEUTH 2D OLE+HEZER
RD3ODDEHEDVFNDLBRILT DI LTH D,

(a) 4 > DRI B extreme points 15 - T

o(t1) = o(ta) = a(ts) = —o(ts),

ty € { Aty + Aata + Asta; M+ A+ A3 =1, A >0 Vi}

(b) 4 >DRI % extreme points B5H » T

(1) = o(tz) = ~o(ts) = ~o (1),

Dt + (1 =Mty O< A< pN{uts+(1—p)ty; O<u<1}#o
(c) 8 >R B extreme points P » T
o(t1) = o(t2) = —a(ts),
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FEIn=20¢ &, F(z",t)=s5+zintoin PE—BRBEENUTH 3 -DOLE+H
ZHERRD2DODRKEODVTNIMBKILTEETH 3, '

(a) affinely independent 713 4 > D E 1L % extreme points Hd » T

o(t1) = o(tz) = o(ts) = —o(ty),

t4 c {Altl + )\gtg +)\3t3, )\1 + Az + )\3 = 1, )\,‘ >0 VZ}

(b) affinely independent 72 4 > DR 12 % extreme points Hd - T
a(t1) = a(tz) = —a(ts) = —o(ts),

{X14+ (1= Ntg; 0< A< 1pN{uts+(1—p)ty; 0<p<1}#¢
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