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Bernstein—Gelfand-Gelfand resolution

for generalized Kac-Moody algebras

HA-B W B (Satoshi Naito)

1. Notation

A = (as5); jer ZROEM: (1)-(3) @74 n REHTTHI (GGCM) &4 3,

(C1) a4 = 2, or ay; < 0;

(C2) ai; <O (i #5), aij € Lif ag =2

(C3) a;; =06 aj; =0.

Z2LT. 8(A) 2. o GGCM A B4 3 generalized Kac-Moody algebra (=
GKM algebra) . b %o Cartan subalgebra . Il = {a;}ic; % simple root d£4k,
0V = {aY}ier % simple coroot DAfkET 3, coE &, g(A) i, root spac.e SR
:9(A) = DD T a1 8, B0 TITL gy A~ o € AT C B HIET B root
space TH 5o

5. J & BRFEE [ oOFSRETEREO b0, HIEET 5 A OFATH Ay =
(aij)ijes » (5u975) GRAL Cartan {TFlic/ii 2B b0 & L. huciiL TR g(A)
OsTE. Weyl 5t W OB REETERT 50

= 3% gy, m=0DY %5, Po_,), p=mPut,

aeAt(J) aeA‘}‘
W) ={weW|ATnw(a™) c At(J)},
where A := At N (Tyes I5pa;), AT(J) = AT\ At

2. The existence of the BGG resolution for GKM algebras

g Pt={peb*|<paf>>0Gel), <paf >€lyifa;=2}Pf =
{peb |<upa)>ely (e} L. LA (A€ PY) . A 2B&Y =4 +&T
BEHIBE Y =4 b g(A) B X X € P il Ty Im(}) 2. A 2BEY A b ET3
B miiEE. Vm(A) = U(9(A4) Qup) Im () %0 X 2B& v =4 + &35 generalized
Verma module &42, iz, J = 0 osiiz V(X)) = V()) @&, Verma module ©
H5bo

g(A) PERRRICERM Y —BEoEA O, Bernstein-Gelfand-Gelfand ofEROMIEE L
Tk® Theorem BE SN B,
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Theorem 2.1. (F&EH) A = (aij)ijer EXFMEARER GGCM 43, o
£, L(A) (A € PH) 1L, ko, 9(A)-MEE Cp(A) & g(A)HRE 0, bS53 72%
s, FET %0
0 — L(A) & o(A) & oy(n) = Cy(n) &

where Cp(A)= Y. Va(w(A+p-B)—p) (p>0).
weW(J),B€S(A)
Yw)+ht(B)=p

Z ¢, 8:= {sum of distinct pairwise perpendicular simple roots o; with a; <
0}, S(A):={B € 8| Bis perpendicular to A} THv. pit. < p,of >=(1/2)-a; (i €
I) 3% b" oxTH 5, |

Theorem 2.1 OFFEHIcAWTIZ. kD Lemma HEELBENE R T,
Lemma 2.2. A€ Pt w, e W(J),5€8AN)(i=12) £&43, cDL &,
Extlaa),m(Va(wi(A + p = B1) = p), V(w2 (A + p = B2) — 0)) # 0,

citud. Lwr) + ht(B1) § L(ws) + ht(Ba).

3. Homology vanishing theorems
Theorem 2.1 75, LIFDO+ € v o —HlEENE SN B,

Proposition 3.1. Ae Pt ue P:,*' E4%, Cn&E pF w(A+p—B)—pfor
any w € W(J), B € S(A) thhit,

Torf ) (L*(A), Vim (1)) = 0 (n > 0),
TorEA™(L*(A), Va(w)) =0 (n > 0).
T L*(A) i3, —A % lowest weight &4 285 lowest weight g(A)-IEEcd 2,

Theorem 3.2. Ay, Ay € Pt. 4 Aj—Ay # B1—PBs for any B; € S(A;) (i = 1,2)
Lo COEE,
Tor§)(L* (A1), L(A2)) = 0 (n > 0),

Torl8A™)(L*(A1), L(A3)) =0 (n > 0).



Corollary 3.3. A€ Pt. 45 A#p — [y forany B € S(A),B2 €8 £33,
DL E,
Hn(g(A4),L(A)) =0 (n20),

Ha(8(A), ™, L(A)) =0 (n >0).

X. A =0 oS0 relative Lie algebra homology H,(g(A), m,C) icB§L i, &
@ Theorem »5% 0 7o,

Theorem 3.4.

H3s41(9(A), m,C) =0 (s > 0),

dime Hy,(9(A), m, C)
= the number of elements of the set {(w,3) € W(J)x8 | {(w) + ht(B) = s}
= the number of m-irreducible components

in the Lie algebra homology H,(u™,C) (s > 0).

4. Verma module embeddings and the strong BGG resolution for
GKM algebras

Theorem 2.1 i, map 3p (p>0) @ﬁgazop\—cm{a}gﬁ& LNTWEDP -t T
14, resolution %, J =0 oA explicit KL, £his Theorem 2.1 icidi3 3 & d
& equivalent 7ZHEART,

e .= {o; € I | a; = 2}, '™ := {o; € I | a;; < 0} &Bx, A™ := W(II™®)
% real root MLk, A = A \ A" % imaginary root O2{k& 4 3,

Definition 4.1. wy,w; € W, y € A™NAT cfL T, w1 = rywy (ry 2y D
5 simple reflection) 2o Lwy) = Lwy) + 1 THBEE wy & wy LFE, XD
k313 € AT NAY BT 5 L EHIT w1 — wp LB i, w,w € Wkl
w=w Xig

w=w0<—w1<——---<—w,~<——wr+1=w'

755w, wr EW BEETHEE. w < W EBL,
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Definition 4.2. (3,5, €8, oj € '™ zxtLc, fr= Bo + aj BBHEE
Bi & By bEE. X031 af € '™ BEETHEERIC fi — fr &8 S5,
,8= EkEI{ Ay IBI = ZlEL oy € S K-_)'(‘ILT\ K D) L ThHbrEE ﬁ 2 ,BI &%(o

Definition 4.3. (wy, 51), (ws, f2) € Wx S8 izl T,
wy —wy and By =Py iz wy=wy and fi « B

25&& (w1, b1) » (ws, P2) EFES

Remark 4.4. & (wy, /1), (w2, f2) € WX S icxdL T,

(w1, 1) A (w, B) ~ (w2, B2)

155 (w,f) € WxS 0¥z 0 » 2 TH5,

Proposition 4.5. A € PT, wy, wy € W, B1,02 € S(A) &4 3, cp& %,

dim¢ Homg(4y(V(wi(A+p—B1) = p), V(w2(A+p—fB2) —p)) < L

Remark 4.6. BF7% A, pu € h* icowt f € Homg(g(V(A), V(1)) 25 non-zero
chhi, f ikinjective THz, 22T, c0EE V(A) CV(u) &8¢,

Proposition 4.7. A€ Pt wi,w; € VV, B1,P2 €ES(A) &4 3, CDEE,
V(wi(A+p—PB1) —p) CV(wz(A+p—B2)—p)
i

wy, S wy, B 2 P

(i
V(w2(A+p—B2) —p) : Lwi(A+p = B1) — p)] # 0.
2T Ape bt i, V() : L(w)] B L(p) © V() ek 2EHEE RS

Definition 4.8. {(wi, £1), (w2, B2), (w3, B3), (wa, Ba)} 752 WxS Dith o5
PO-4EA8 “square” TdhH B &3,

(wl)ﬂl) A (wi718i) A (W4,/64) (Z = 2)3)) (w%ﬁ?) # (U}g,,@g)
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Lemma 4.9. %& curvearrow (wy,£1) v (w2, B2) iexdL T, c((w1, b1), (w2, B2))
€ {1, -1} AJEHHE T, w733 “square” {(wy, B1), (w2, B2), (w3, Bs), (wa, B4)}
IK2oWThH, 2D 4D curvearrow (X3 2O, —1 L2 3HiIcTE 3,

&, Theorem 2.1 o resolution ¢ J = 0 0iE&iciz,

Co(A)= Y% V(w@A+p-B)—p) (p>0)
weW,Be€S(A)
Lw)+ht(B)=p

ThHoTo 4. & (wr, 1), (ws, B2) € WxS8 such that wy € we and £ 2 B2 XL T,

0 # (w8, (ws,B5) € Homg(ay(V(wi(A+ p— f1) — p), V(w2(A + p = B2) — p))
% “compatible” (273 28IcED . EET 5. CD& &, RD Theorem HHEH LD,

Theorem 4.10. A€ Pt &42, & p€ Ly il T dp: Cp(A) — Cp1(A)
ZIROBICTED B0 (do; V(A) — L(A) 13 BEENRER Th %o )
dl’ = Z df(’wl B1),(w2,B2) Ywr,B)(wa )

l(wl )+ht(Br)=p
£(w2)+ht(f2)=p-1

where dz(’wl’ﬂl))(wz’ﬂz) = C((wlaﬂl)) (’U}2, /62)) if (wla ﬂl) \a (w2,/32))
and d’(’wl Bu)(ws fo) = 0 otherwise.

CDEE, IRD sequence (t exact THH, Theorem 2.1 |2y % exact sequence &
equivalent ¢&% 3,

0 — L(A) < Co(A) < oy(n) o gy(n) et

where Cp(A)= Y% V(w(A+p—-8)—p) (p>0).
weW,8e8(A)
L(w)+ht(B)=p
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