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19894, J. A, Wood & TSO(n) o#B%fd Spin(n) o diagonal extra-special 2-group o abelian 2-
subgroups & fEE® self-orthogonal linear binary code of block n & GBI D v | HFIC even self-orthogonal
code IKBYL Tk, Spin(n) ® equivariant cohomology ring ® prime ideal & 1% 1 D&fIEXRH B, % & equiva-
lence classes of maximal doubly-even self-dual codes ¥ H*(BSpin(n), Z;) ® minimal prime ideal & 1xf1 Oxf
BHBHDB, | LnIBEREREL ko HERRBECHLTR 2KERXD Clifford theory % FnCEESE: DT,
#H IOk Lie group DLYEHEZEHE D equivalent cohomology B4 % Borel, Serre, Quillen %ic X 252,
{C cohomology. @ elementary abelian p-group KE$ 2R ¥ MO SIAL. 20RL LTHWTWE, ¥ %
DI & LT Morse theory % fiv»T cohomology ring @ prime ideal %<3 ¢ & I€ & - T self-orthogonal code
OEBRET/LICLRTEDZCLERRTV I, KRR LIEOBERETRTOHSCH LT—RILT 5 ¢ & 2 RKE
BELTwd, 2O—RULINAFSLRUST 220, ¥FEL30BRE TR FE—~KAFHEHTH 5,

2 FEEROFE—EFRE
EFROICHRT 300, SAONARHEHRT 3HSEMRT 5O CLEAHENFT L, LOEREON

D 5 A FSEOFH OEROFEL LOTERFEHECH L, COFRER., TRTOHE (B2 1HEE)
AEFE LT HE RIS T2 D pEE 53, $ACOWEZBFT 5 edC—RUERBELE & 2,

F—EKRE G;the category of codes, X;the subcategory of covering spaces with covering transformation group
(or the subcategory of principal bundle) ¢ § %, COBO¥® 1., 2., 3., 4. OWHE* A THEF: 6 — X
G X — G BFET 2,

1. C € 0b(g) kxfL T,
F(C): X — X; (the covering space with some transformation group C'

such that: )?;connected
F(C).(71(X)); normal in m,(X)
m(X)/m(X) =C' _
C' 3 X EeHHBIKVERAT %, (acts freely on X)
C' & C @ Cokernel
7o(X) & Cokernel(C)
2. Y € Ob(X) Kkt LTy %D base space % X &F 5 & & G(Y);code such that

[X, BCokernel(G(Y))] ® Hom(m1(X), Cokernel(G(Y))) (bijective)
¥ TDER, Y IKHIET 3 classifying map ¥ ¢ & § 3 &,

70(X) & Cokernel(G(Y))/im(p)
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3. bijectivity;
G(F(C))=C, F(G(Y)) =Y forany C € Ob(G) and Y € Ob(X)

4. FEDCcOb(G) KL, 2 F BHELEL. Z % F(C) O universal covering space £ § 5 L ¥, a+k
EuV-BH*(BZ,F) %5 C € 0b(G) e HAHSCEOB /5D, 25t C ¥ WoWECE
brHEHRCHETIZTOEREYET. HL. FREJEHDI R, BERE. I R@EEKRT D
bDET B,

{HL, Bx* &, * ® classifying space % ZL. B C @ free action & i,
gr#zforalzreXandg#1inC

EEKT 5.

COFRBAEKOHEOHES, REOHBEOHF T) —CREXITEEVL, HOHEFEREETH 3, KRID
BER. COREERILT L9, HE5oBITE. KROFBEOBEELEILT—RIEL, ZOERLLTHED
BRe, 8, 2 LTHBOR > T2 HBED DRI R A LS KT 23t Kd 3. HEO—RL - HBK
DNTRECEECIVELONTVWEIDOT, AFTHR, LREE%#EAT X 5 & covering space DEFA L LTH
A2 bDEEMBT LRTEEACONTERT 2,

EFAOMDFELT, EAONDIHER2EY D 2. MENAFZEEE LAV 2B AR L, ERTEKC X
DR TH D, BEYHERT ISR L TR, ROBEEREL OIS,

o F—EARFHOFRSL, MATORIRIBFELRELREVETTH 2,
o FASHEKNL 1 KTk LMERMNTLhhE, FEEETIH L -BEREREE R D 5 3,
ABOWEICHEWT, HEHROEZEAFRE & Fih 3 R, HSOFBECET230TH B, (imai 1992)

3 F—HEFAREBEOEYH

ST BRASLANTE I, LEHd IV REERCESHL LTEDPRAEATED, 20, REWROAHK
BILT, HPRAITNAROTY S LEDBEHULENTVWE LW RKHZ, 2% D, EHFERLATHER
DIKEELTWE L LICk o BHRNICIEESY A LOBIVZERICES T 3 BEmBOILERS GHrHEXOMS
B) THhEho, BOBAREHIT T L LTREBY 2 26— ROMMBOTZERFICHERL TH Lo MET
EEZBESTH 208 HMYE (free) TH 255, REOIBLERT 2 0%k O EHEN (projective) ¥ Bt D
VCERTIONEARTD Y, WO KE b, DPRELTERTINETH S, k5 aRENWTEECHRT T
BHEE, RAKEL O AERRBDO 2 kEw—THY, Grothendieck group (algebraic K-theory) T% 5,
OB OBRCOTRECEECI VAR TR I EHERIN T3, LaL, RENEEE T 2Fck
AR R X 5 AREXRILLBIRTTH 5, A2¥Ah b, F—ERFHICGRR A L IREOMFCRILT S C
& %, vector bundle (topological K-theory) & w5 82 A A CHORRICBERWI L >TBOLNLDIRE
BENDDERE>TREINLTH D, HL, BAENEZHRFAIFERECEOT, T2c—RELTL T L HERARE
HBR2 %< A B5EHSHBD T, principal bundle (covering space) IKHBRL TWw 3. CotFCik, HEgHdR
BTHBACEESED ), $AIZ0% resolution K X YV BRI NI BRFARMNE avEw V—RERFEEL. SAEWHH
R wCEEARETHIROVERLERT 3 L ¥ RO aken V- L OMFEREL, 20EEABEH K(G,1)
(Eilenberg-Maclane space) TH 2, CDX 5 IS () KRAEWHRCIT T IHICT 2R 2 E L BECH
B ABRSEBOVEROHLETH 5, £ LT vector bundle It universal bundle (universal covering) ##4% % ¢
ECREDONBEZ VLT LHICEBTE S, (classical algebraic K-theory Tk universal central extension 3t
5% 3. ) CRIEVERAT 28 % G L Thid,

G — EG — BG

LEF 3, HL EG B8 G oHRED join holeb 2 M. BG dkxht G oVEfcEl-cdboTHY, &
HEE LTI s, (Tof G ZAEET, bundle X principal G-bundle ©» 23 b D &+ 2, ) EEMOK
ik, EEOEZM X o G-bundle DRIEME% homotopy class [X, BG] THREf I LcE 3L THY

H™(G,R) = H"(BG,R) for VR
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LhBTETHB, bL CW-complex TBG % 3hbl, CRRERED K(G,1)TH3, LT THEETRE
Ak, CoZBo+E  E-REEABERWCHHATH 3HTH 3, 2% ) 1 RTNERDI O I HAENT, BER
FTEOBWIED 3 ERTHBELRZNNZICK 5T bundle PWTEZ L WHIBENBETCH 2, 20T &K
B, BEZENLE VS 2EOBECHONA T, HAEROEEL WIFHEIOHMBERMEL TR T LEZRBLTw
3, 1FH., 2BB0MEN, b3 0RE{HEIRB LT DAL, B3 oMER TN b 2R 2 Bkl
PecBET 2l E 54 5. LlERE L3 L ROBICR S,

1. BOWAD 3 v oERERT|

2. principal G-bundle $ % \»{X covering space

3. graphs with group action

BERNE=ZFBHERRL Tnd. & bICTDR,

o (1), (3) #BIF-SF B*5:graph of groups, graph automorphism group

o (1), (2) %BIFHSE 3%t fundamental group, genus, algebraic and topological K-theory (from (1)
to (2) :B* from (2) to (1): covering transformation group)

o (2) . (3) %BIRT 2 Hfi5:topological structures of graph and Z,structure of cohomology

DEXSKE->TnBEELLND,

21T, Wood DfER L self-orthogonal code I (1) *#fRET 3 &,
K(Z,,1) — BSpin(n) — BSO(n)

25 bundle % 5 \» & universal covering space ICHIEL TV 3BT & ¥ BHEMICR L b D E V& B, ¥ AFRIC
PIEOERALFESD 7 J Xt spin structure LBHGRASH | self-orthogonality 13 4 REZEER D ¥ — VHR
BT L BRI o T3 T LA EKR LTV B,

4 FERNERSIZNT S5

self-orthogonal codes over Fy DEE

¥FCOFFTEATTY— (2) RBWTRHEBNT 5. CORDKROBRCEET 3,

Definition 4.1 (ordinary code) RFXOHEHRE (RBHASKBET2RY) RD X 5 % short ezact sequence
TETCLHTE D,
0— K' 2 K™ YL K™ 0 (ezact)

2T, CORFICHNIEFY o, @HE ¢ & L, BEARBEECH T2 XZOFAIERYINEN G, H & T5L
¥, H% parity check matriz LW, (% G E2FSD generator matriz &FEE,

Proposition 4.1 (Classifying Theorem for ordinary codes) G(n+l, i) ¥ TURE n 2 FoFHILESE | oy
BHERXUOEE LT B, DLy, BITFHRIT %

G(n+1,1) C [X,z0; BG,*] (the group of homotopy class for some space X to classifying space of some Group G)
Proof: LREBINAFES L MNOIET, BBLTH 3,
0—K' Lkt Yo gm L (ezxact)

4, KM kwpnt K otv i, ¢ (p) KEBHCERLTYwS Bal. vk 3 FEBH) . 2 K
it ¢ D section & K' OEMCEBINT 3 LB ERTES, TADD

X =K""' X =K" G:=K'
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LRZE, X —Xi pricipal G-bundle % % \iX, covering space with deck transformation group G, & ff#R
FTozeNTED, (MHERLAVEBAKIE, principal homogeneos G-set K% %, ) CDHFEAIKIE. G OFEY
R EEYEL. TOBEDPOLADTG LEL D, RoTHEFRR XY, 5L (X, 20, BG, #| DL A2hTC
LBETE DS,

FoXEI Y, BEOREHAS L IEEZ/D % it pricipal G-bundle :5fIEX 2T L HTAEE A S, b o &FFL
K3 &, GL(n) OWMHFELHER & T % bundle TH 3, KIC, self-orthogonal code %KD & 5 IWHEEST T
5

Definition 4.2
1— N — G — E — l(ezact)

{fBL. N :cyclic of order 2, E :elementary abelian 2-group of order 2" (exiraspecial 2-group) ¥ 7z quadratic
formg: E— N%kzec ED Y& £ € GD2HRTHL, symmelric bilinear form b: E x E — N LI T O
CEET 3.

b(e,y) = (29)° = E§(§7'37198)7 = £°9° (3, 9)
(Definition #£9 )

COF, Wb de
H*(E,Fy) =F/2(zy,...,z,),deg(z;) = 1

% LT E®D central extension % Pt 24N
g(v) € H¥(E,Fy),v eV :=k®p, E

BL k 82 ORBMEAkTH 2,
¥ e1,.nen ¥ EDFy LOEEL L, v=3 1 zie; &T BE,

n n
9(v) =g¢ (Z mz‘) = qledzi+ Y bleiej)miz;.
v i=1 i=1 1<igj<n
4+ k[V] o Frobenius map ¥ F ¢ B<F. thitz; % 2} ~F7 k-linear ring homomorphism K% %, £ O
B, WHEILT B,

Theorem 4.1 (Quillen) G % ECEL bh AR LT DL ¥

H*(G, F2) = Fa[zy,...,z0)/(¢(v), b(v, F(v)), ..., b(v, F"“(v))) ® F[(]

B, deg(z;) = l,2; tk H*(E, Fo) b @ inflation map DR B b & mazimal F-stable isotropic subspace
DV Bt B codimension. (EWEL 3 &, 28 .G K} 3 mazimal elementary abelian subgroup @ indez.)
¢ @& H*(N, F3) ~o ristriction map I X 3EBHFTHENMEED degree 28 DTTTH 3, %

b(v, ¥ (0)) € (g(0), b(v, F(0)), (v, FF=1(0))), G 2 b)
(Theorem # Y )

Remark: Wood it S#I b, LUTD & 5 AEBOELRF % self-orthogonal code #4FHfIT 2 e HICfH
%o
0 — Zy — Spin(n) — SO(n) — 0(ezact)

zhit Clifford theory # lVTH#R LTV 572D TH Y, 52 Quillen ® Lie group OH¥EZEM D Z,-cohomology
KT 2HARREFAAT 220 THo ke L2L, HTRRIBATTY — (2) ~NET L ETCELLbDDER
LFlffi7% bundle K% 3. RBTHREH 7 =) —HOHEEHAREICT 3 2D IC LIED X 5 ARt % Uko ¥7 Lie
group T T2 L, EBT7 TV —KBFEFT V=7 FCHEABVAHAWT E25S W5 EH (ARG
N EESBATENSE) ¥ & cohomology dBAIENAZDDOEAVIIRENE LD EAVENEHREC LY
EVSEBL DD, o MIC, TD LS % Lie group DRLRFIRHASERNICHRECEBRA 7 V=7 bThHB L
Z4% %, (Remark #&Db)
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K, 773)— (1) b (2) ~OHIEREL Do HFEH L % 5 central extension 1% universal A b DX»
by (2) €BWTH universal & D DHHIET B C EHNBE Lo ZOWHOXIGIE K-theoretical K ZBEDIHEH
ZEE LD EVHSBVELERAT 2. 35 LLUFo fibration 258 bh 3,

BZ, = K(Z5,1) — BG — BE(universal)

UTHE—~EXFEo 4 FHoOFREMA I 2 A5 LT 3, 53 Quillen, Borel It X 3 compact Lie
group ® cohomology ring KT W HE T LD TH<,

Theorem 4.2 (Borel) G:a compact connected Lie group
1. H*(G; Z) & p-torsion %$fich i biX, H*(G;Z,) tk exterior algebra of a graded vector space with gen-
erators of odd degree k%,

2. H*(G; Z) % torsion free % btX H*(G; Z) tk exterior algebra of a free abelian group TH Y., ZOEEZT
RC, odd degree DL LA D, CORERTORIE G D rank KEL v,

3. H*(G; Zy)(resp.H*(G; Z)) #3 exterior algebra of a veclor space (resp. free abelian group) 22, T DE
RITD degree ZETHE r1,...n THoX T 2E. H(BG;Z,)(resp.H*(BG; Z}) {& Zp(resp. Z) LoD
polynomial algebra TH Y, X DLEEICD degree & r1 + 1,..., 71 + 1(even degrees) &k %o

(Theorem # 1 )
Theorem 4.3 (Quillen) G:a compact Lie group

Hg = @i»0H*(BG; %), (p = odd) Hg := ®i>oH*(BG; 2,),(p = 2)
<o TOR, DITHAILT 2,

1. dimH*(BG; Z,) =the mazimum rank of an elementary abelian p-subgroup of G (Z, — tori)
2. A:Z, —torus in G
¢a:Hg — Hy— Ha/V0=S(H'(BA; Z,))
D kernel % py T 5K, ThiX prime ideal TH %,
3. A,A:Z, —tori in G.
(1)pa C par if and only if A is conjugate to a subgroup of A’. (2)pa = pa: if and only if A is conjugate o

A'. (8)map (from mazimal Z, — torus A in G into the prime ideal ps) ¥k conjugacy classes of mazimal
Z, —tori in G & minimal prime ideals in Hg OB 135 1 5% Hi#ET 3,

{. Hg ® prime ideal 3% pa (A : Z, —torus) O TEHI W B OO Hg #5 homogeneous 2D Steenrod
operation KX L TRETHZZ L TH Do ’

5. J:LLF® regular sequence 2R E i H*(BSO(n); Z2) @ ideal.
wy, Sq'wy, ..., Sg¥ T S -+ S ws,

T T7C wy 1% 2nd universal Stiefel- Whitney class, ¥ 7 Sq* (& Steenrod operator. Ag % spin representation
of Spin(n) L F %, COk, LTRERTD 3,

H*(BSO(n); Z3) ® (Z2)[wan (Ag)] — H™(BSpin(n); Z2).
(Theorem #Y )
PBLEDUEfD bLIT ORERBE PN Bo
Theorem 4.4 $£—HAFED 4 FBDOFEER self-orthogonal code KX L TR TN 5,
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LR

Proof: Definition 4.2 T4 £ % central extension IKEWT, H*(BG,;Z;) #%self-orthogonal code CBi3 2 H#E %
F->Tw3d T %R RT. G i discrete group Ty BG = K(G,1) TH 22 b,

H™BG;Z,) = H"(K(G,1); Z2) = H*(G,; Z,)
¥ % Theorem 4.1 KBWT, ¢(v),b(v, F(v)),...,b(v, FF~1(v)). #% regular sequence THB & &,

Wo, Fr(w)) = Y bleiej)(miz? +zj2?) = S¢¥ 7 S¢* .S q(v)
1<i<j<n

BB LBBEGHEBTEDL, #oT,
H*(BSO(n); Z2) = Zs[ws, ws, ..., wn)
KE®E$ 2% &, Theorem 4.1 & Theorem 4.3 22
H*(BG;Z,) = H*(BSpin(n);Zs)

REN, T T T Wood DERTAVIE., H*(BG;Z:) BEFiCoEE Lo Ldba b, (proof #Y)
Remark: bundle
BZ, = K(Z9,1) — BG — BE

tX universal #. Bl Remark K BWTFE L AEXRERICRE Nk Ty EZEH BSO(n) = Gr(n,0) Thb
H, n-planes in R® 26k 3% Grassmann variety & % %, T DH{X Proposition 4.1 OWELFEIET 2, AR
b HWIABOHEE C 1 GL(n) DRBBCH Y. 5 BG = BGL(n) = BSO(n) = Gr(n, o) %t KIHH
BBl TR, 7=V — (2) kBT, Grassmannian % EZEM &7 3 canonical bundle ¥ HEEZ TF| ¥
RLAbDHIELTWERETHE00TH5, (Remark & b)

5 (1)&(3)mEERk

(1) . (3) %% 3 BthtER & LTH, graph of groups % fVTE# L % G-tree (tree with group ac-
tion) BXEMATH 3. AEMICIIEKL 7B G ODVEFAT 3 connected G-graph X ##F 4. b graph of groups
THER L. BEDILA% T @ graph of groups @ fundamental group ¥ KT %2, T DEj# 1L Y graph cover-
ing BEL, (1) & (2) OMOBRICEL L ARRHBBEN 5, ¥ BRI complex 3 b4 L 3 cohomology %
BTze (1), (2) oXfICHERYERE LAk EeTA LR b, ¥ covering DHEICER LABESHEIELD
Nd. ThHDOFROFMICOWTRABOIREC HVTHAT 2 TFETH 5,
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