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Mathematical Programming Approach to Best
Approximation

NBEX (LK - B BFE)
Hidefumi Kawasaki

P

Fabv7 BB ELEBZERcBI3KEBEREELTES R
5 &Itk FEBREHEEOKRABRFESEATE S, CITREMIIC,
FEREHEE LI 1 ROBEARZEI OBRABRREEIEI» NS T &
ZRTo RiT. 2ROBHEMEFZGEEXFAL T, FREEREUBEDO—DT
HL2HERELGO2XT 54 VAR LA ELURBEO 2 ROBH R EEITH>W
TM‘—E/\“éo

1 ROBEAERHE
COHTR, RO—MBNBEREF v = 7EURBBEZE X %,

minimize S(z) := max{|f(t) — F(z,t)|; t € T}, (1)

et T wavres b, f:T—->R F:RVxT - R GESEMHT.
Fo, Fop @ RN xT LEBEEIRET %0
AT, nREFRAICLZEUZEEZEZL B & %513

F(z,t) =zo+ 21t + -+ + 2,87,
ZL‘=(1}0,IL‘1,...,£ZJn)ERn+1, tET:[O,l].

EBE T LW,
ETH® r0HsEFELTS(@*) <S(z) BKILT B E &, F(z*t) 2 BB B

&3,
Fatya7BUME () RESHIRKROLBIRIEMBELEETSY

Minimize r

subject to o{f(t) — F(z,t)} <r VteT, o€ {l,—-1}.

T:=Tx{l,-1}, e(t) =1,
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F(z)(t,0) == o{f(t) - F(z,1)},
K :={ueC(T); u(t,0) >0V(t,0) €T}

EBLZEiTLD

Minimize r 2)

subject to re — F(z) € K,
E—BALENAREAFHW R BB EMics i s RBE/LBEL L TEX
tdhz, B8 Q2 cXT 21 ROBRBURGLVROEEBRB LN B see
Kawasaki (1988, 1991), < o Eix. ¥ ¥t @ % © Kuhn-Tucker &4 i
WMEBLDTHD. &k (4) 13 active constraints i X4 %0

Theorem(Dem’yanov and Malozemov 1974)  F(z,t) BB REEMUE S
. 3, .. tner €T, 3y, ..., An41 > 0 not all zero such that

N+1

Z )‘ia(ti)Fz(m7ti) = 0) (3)
i=1
|£(¢:) — F(z,8)| = S(z), (4)
where
a(t) := sgn{f(t) - F(z,t)},
UTicBWTRDOEETZH W 5,
r(t) = f(t) - F(z,t) BZEEH
T(z):={t€T; |r(t)] = S(z)} extreme points
n REFERN KK & 3 H
nREHEA L BEHUOBHE
F(z,t) =zo+ zit + -+ 2,t", t€][0,1].

THoteo Flz,t) Rz cBALBETH2» 5, S(z) 3OBEKTH B, R -
T, BEHEHE 3)) IBREBEHOKESNEHBETH B, DB, 24 (3)
BROLH5REEZTENS, 0§3t1 < -'-<tn+23 1, 3/\1;-~-;>‘n+220
not all zero such that ’

1 .. 1 )\10’(t1) 0

tl tn+2 )\gd(tg) 0

t oo ths An+20(tn+2) 0
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Zhic Cramer O AR %2 BH$ % & . Vandermonde 0 77RO ER/FEH X
D. ROBEBREENE S %, see Cheney 1966.

Tchebycheff O REHE nRELZEAVERBEUTH 2D OLE+HEK
B3, BEZEBOFESDREEn+1IEARRT B IETEH S, BB It <
-++ < tnpyo such that

o(t1) = —o(ta) = o(ts) = -+ = (=1)"" o (tn+2)

Polynomial spline with one fixed knot
1 EOEEH A E 2B >2Z2HAX 754 vEABc L2 EHUOBE
Fz,t) = 2o+ oyt + o 4 Tt™ + Toya(t — 67, t €[0,1].

THb, COMBLBEELUEE TS S, BEMESEE (3)(4) REBEM
DULBE+IZRELR S, ok, BEAURBZBEBOREORRIETHH
Firons,

Theorem(Rice 1967, Schumaker 1968) F(z,t) BB REMUTH 572D
VEFTRERERROVTNIORENELEINIETH S,

() mERMA 0,8 2@ [6,1] b, SECEbn+ 1 ERRT 30
(i) mEEEs[0,1] k. 2 b n+2ERRT 50

Vandermonde D 77X OEF B IctHY 4 % I3 IR D Shoenberg-Whitney
DEBTHS. (F:HORBREID MBI BMBEEZEHL TV S,)
Theorem(Shoenberg and Whitney 1953): £&®D 0 <t; < +++ < tp42 < 1,
Xt LT

1
t1 ln+2
® :=det : :
i ta+2
(t1=8%F - (tn42 =%
EB L&
®>0 VEelo,1].
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>0 & t1<€é<tigr

Polynomial spline with one free knot
1 EHOBER = Zn42 ZFH O ROBHAR T 514 YHEKOBE
Flz,t)=zo+ 21t + -+ 28" + Tp41(t — Tns2)]-
Th b, MK F(z,t) RFEBETH 2S5, LEEE(DQ) IBEBEENUOT
BEBCIBBZERBSR WV, CITRN22EKET 50
Theorem(Braess 1971) F(z,t) 2B BRBEM E T 50 b L Ty #0 &
SiF (1) £/ (1) BERILT 5o
(1) mZEH»[0,¢ £ [§1] £, P tsbnt+1EKRT 3,
(i) mZrHH»[0,1] £, D2 &b n+3ERKRT 3,
T, Top1 =070 50F (1) F 7243 (iil) BEKIL T B0
(i) =R [0,1] E. 2R L b n+2ERRT 5,
Z & T. Vandermonde D fTHIX O EF S X4 5 4 R © Karlin-
Ziegler DEE TH %0 (E: HORI OV —NBHELITHL TV DS,)
Theorem(Karlin and Ziegler’s theorem 1966) : 0 <t < ++- < itp43 <14

i L
/ 1 1 \
t In43
P .= det : .
tyll e tg+3
(t1=8% - (tes3— 7%
\ (b1 =Y o (taaz— €27 )
LB EE

>0 Veelo)
>0 & t2<{<tny42
Braess O EE 3B #EMHSLHE (3) i< Cramer OAREZBHT 2 LItk B
SNBEHB. FdWVWA B, HIb
Theorem  Braess ORXREH L B@MEE (3)(4) BREMETH %,



129

Second-order directional derivative
COHEITIR, FBEBRBIRURBED 2 ROBELXEERT 3,
Definition z,y € RY.

—_— —_— / M
S"(IE; y) = lim S(:U + ey) S((C) GS (1}, y)
6—~++40 0

BESEELRVWE &, LEEE 5 (2;y) THT,
%3 S(z) DFEWBIC>WTRN B, B S(z) it
S(z) = max{o{f(t) - F(z,t)}; (t,0) € T}

LRINEDS, KL{MonicHEHarOAR LD (see Girsanov 1972, Dem’yanov
and Malozemov 1974)

§'(z;y) = max{~o(t)Fa(z, 1)y ; t € T(z)}.
BEONhb, 1
u(t, 0) := S(z) — o{f(t) - F(z, 1)},
u(t,0) := S'(z;y) + o Fu(z, t)y.
L&, B E(t,o) 2ROLIICERT %,

Definition(Kawasaki 1988)  (5) %i&7c ¢ /8% (tn,0n) — (t,0) BEET 3 A
(t,0) € T 2% Ty T&7o

. u(t,, o
’U,(tnyan) >0 VTL, n_l_l,I_,[_loo_uEtmon% -
nyUn

HILE:T — [-00,400] 2RATERT %0
sup {ﬁmsup%‘%’x—;;; {(tn,0n)} satisfies (5)} if(t,0) € To,
0 if u(t,0) = v(t,0) = 0 and (¢,0) € To,

—00 otherwise.

+00. (5)

ERLOEBIC
E@®) >0 if u(t)=v(t)=0

BHELN D,
Definition S'(z;y) =0 %% 7: 34 y € RY %critical direction & I 35,
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Kawasaki (1991,1992) @ 2 ROBBHRBEL D, F= £ v = 7EPUBE (1)
395 2 ROBBEUREFBF SN S,

Theorem F(z,t) BEFREBELE S,
E(i,0) < 400 V(t,0) €T,

%5744 critical direction y i<Xf L, 3t1,...,tnv41 € T(2;Y), IA1,.. ., AN41 20

not all zero such that
i N+1

Z Xio(t) Fe(z,t) =0,

=1
N+1

3 A{=o(ti)y” Fra(z,t:)y + 2E(ti, 0(t:)} > 0,
i=1

where
T(z;y) == {t € T(z) ; S'(z;9) = —o(t)Fa(z,t)y}.

Theorem

§"(x;y) tel}‘?x {——U(t)yTFm(x t)y + E(t,0(1))},

iz, L u(t,0), v(t,0) 2% u(t, o), v(t,o) OIL@ER € o RITBVTIROBRICER
ENB7S oo ZFHLT S (z5y) (ii’?ﬁ‘é"%o

u(t,o) = a(t = 7)* + o(jt = 7|*¥) for some a #0, k>0,
v(t,o)=B(t—1)"+o(|t— r|™) {for some F#0, m >0,

Second-order properties of spline functions with one
free knot

Theorem  F(z,t) #5 Braess OXXREH 2R/ 51 £TOD critical direction
X L TIRAMKILT %o

n+4
T (; A,-a(t,-)Fm(x,t,')) Y=

Theorem  F(z,t) »5 Braess DRXAREMH 272472 51E, £TD critical direction
y XL
5'(z9) 20
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DEILT %0 Fic, BEMK r(t) B2 ORIt BWTEDBH®RTRAI NS S
0 < §"(z;y) < +o0
MEKILT B o
EIAT. 1 ROBEMFHFRROLFXNLEMETS %,
S"(z;y) >0 Vye RV,
- T F(z*,t) & Braess ORREBE2E TR S5, FBOAE ylicxt LT
S(z + 0y) - 5(z) = 05'(z;9) + 5625 (z;9) + o(6%) > o(P).

DR T B0 T DEBKT nearly optimal Td %,
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