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Contraction-Elimination Theorem

RRILERT B2 HHRAZER BB 5 (Ryo Kashima)

0 Introduction

LK and LJ are the sequent calculi for, respectively, classical logic and intuitionistic
logic. (See, e.g., [4] for the standard treatment of the sequent calculi.) They were intro-
duced by Gentzen to prove certain meta-theorems about the logics, and many researchers,
since Gentzen, have studied LK, LJ, and their variations to investigate various problems
in logic. This paper is one of such studies.

LJ is obtained from LK by imposing the restriction that the right-hand side of a
sequent consists of at most one formula. On the other hand, LJ is equivalent to the
sequent calculus obtained by removing the right contraction rule from LK (see Theo-
rem 1.2). Moreover, the sequent calculus for BCK-logic is obtained by removing the left
contraction rule from LJ (see [3]). Thus the existence/non-existence of the contraction
rules determines the logics of Gentzen’s sequent calculi.

The purpose of this paper is to prove the “contraction-elimination theorem” (Theo-
rem 1.1): If a sequent I' = A is provable in the implicational fragment of LK (resp. of
LJ) and if no propositional variable has the PNN-occurrences (resp. PPN-occurrences) in
it, then it is provable without the right (resp. left) contraction rule, where a propositional
variable a is said to have the PNN-occurrences (resp. PPN-occurrences) in I' = A if @
occurs at least once (resp. twice) in positive and at least twice (resp. once) in negative
in I' = A. (We wish to remove the restriction “the implicational fragment of,” but this
is somewhat problematic. See the discussion in [2].) As a corollary to the contraction-
elimination theorem, we get the following: If an implicational formula A is a theorem of
classical logic (resp. of intuitionistic logic) and is not a theorem of intuitionistic logic (resp.
BCK-logic), then there is a propositional variable which has the PNN-occurrences (resp.
PPN-occurrences) in A. (Corollary 1.3) This refines the Jaskowski’s result in [1]: If an

implicational formula A is a theorem of classical logic and is not a theorem of BCK-logic,
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then there is a propositional variable which occurs at least three times in A.

To show the contraction-elimination theorem, we introduce some new notions and
prove many lemmas. The author believes that the contraction-elimination theorem, to-
gether with the lemmas, will shed new light on the study of logic.

The contents of this paper are as follows. In Section 1, we present basic definitions
and state the contraction-elimination theorem for our sequent calculi. In Section 2, we
introduce novel modifications of sequent calculi, which we call “sequent calculi with *.”
We show the relation between the sequent calculi and those with x. Then our goal is
reduced to proving the contraction-elimination theorem for the sequent calculi with %. In
Section 3, we prove the contraction-elimination theorem for LJ*, (i.e., the implicational
fragment of LJ with ). In Section 4, we prove the contraction-elimination theorem for
LK:.(i.e., the implicational fragment of LK with x). The proof for LJ*, is easy, but
the proof for LK*, is somewhat laborious. The outline of the latter is as follows. We
assign appropriate ordinal numbers to proofs in LK*, where 0 is assigned to the proofs
containing no right contraction, and we give a transformation of proofs which decreases

the ordinals. This has some analogy to the famous cut-elimination theorem by Gentzen.

1 Sequent Calculi

In this paper, we consider only the implicational fragments of propositional logics.
Therefore our formulas are constructed from the propositional variables and — (impli-
cation). If T' and A are (possibly empty) sequences of formulas, then an expression
I' = A is called a sequent. We will use letters a,b,a;, as, ... for propositional variables,
letters A, B, A;, As, ... for formulas, and letters I', A, 'y, Ty, ... for sequences of formu-
las. Parentheses will be omitted in such a way, that, for example, A—>B—->C'——>D denotes
A—(B—(C—D)).

We will use superscript to distinguish occurrences of sub-formulas. For example, in

the sequent
Al A’ B = B, A3 A*

there are four occurrences of the formula A. ;
When we consider a sequent I'; = I'y, the order of the formulas in I'; (¢ = 1,2) is

not important. Hence by I' = A, we will denote a sequent I' = A’ where I' and A’ are
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permutations of, respectively, I' and A.

We define positive and negative occurrences of a propositional variable in a formula

and in a sequent, as follows:
1. a! is a positive occurrence in the formula a’.

2. A positive (resp. negative) occurrence in A! is a negative (resp. positive) occurrence
in the formula A'—B. A positive (resp. negative) occurrence in B? is a positive

(resp. negative) occurrence in the formula A— B2

3. A positive (resp. negative) occurrence in A! is a negative (resp. positive) occurrence
in the sequent A',T' = A. A positive (resp. negative) occurrence in A? is a positive

(resp. negative) occurrence in the sequent I' = A, A%

Now we define four sequent calculi LK_,, LK_, _gc, LJ_,, and LI_ _;c.

The axioms in LK_,:
a=a (a is a propositional variable) -

The inferepce rules in LK _,:

TIT=4_ - T=A p :
AI,‘I‘:’=> x Left Weakening -Iﬁz Right Weakening

A AT = A : ' AAA L ' )
TATS A Left Contraction TSAA nght Contraction
'sAA BII= X ATl=AB _.
"A-B,I,LII=A,X Left — T=AASB Right —

LK_,_gc is obtained by removing the right contraction rule from LK _,.

The axioms in LJ_,:
a=>a (a is a propositional variable)

The inference rules in LJ_:

I'=> B

m Left Weakening
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A A= B )
m Left Contraction
'=sA BA=C AT=B _.
ASBT,A=C Lot~ = A-B et =

LJ_,_ic is obtained by removing the left contraction rule from LJ_,.

Let L be a sequent calculus. Proofsin L are defined as usual by the tree-like figures of
sequents. We will write “L + T' = A” for “T' = A is provable in L (i.e., there is a proof
of = Ain L).”

Note that our sequent calculi are exchange-free and cut-free. But each rule contains
the effect of the exchange rule (recall our notation of sequents), and the exchange rule is
redundant. The cut rule is also redundant due to the cut-elimination theorem for LK _,,
LJ_, and LI__ic ([3], [4]).

We say a propositional variable a has the PNN-occurrences in a formula A (or in a
sequent I' = A) if there are at least one positive and at least two negative occurrences of a
in A(orinI' = A). The PPN-occurrencesis defined similarly by “at least two positive and
at least one negative occurrences.” We say a formula or a sequent satisfies the no-PNN-
condition (resp. no-PPN-condition) if no propositional variable has the PNN-occurrences
(resp. PPN-occurrencés) in it.

The purpose of this paper is to prove the following:

Theorem 1.1 (Contraction-Elimination Theorem)

(1) If T = A is provable in LK _, and satisfies the no-PNN-condition, then it is provable
m LK _ _grc.

(2) If T = A is provable in LI_, and satisfies the no-PPN-condition, then it is provable

in LJ_,_LC .

We here remark that the statement of Theorem 1.1(1) cannot be generalized to “If

I' = A is provable in LK_, and ... .” Indeed, the sequent
(a—b)—(c—>d)—e, (d—a)—(b—c)=f = e, f

is provable in LK _, and satisfies the no-PNN-condition, but is not provable in LK_,_gc.

We show that LK_,_gc and LJ_, are equivalent:
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Theorem 1.2 LK_, gcFT = A ifand only if LI T = A.

Proof If-part is trivial. Only-if-part is shown by induction on the length of the proof of
I' = A in LK_ _rg, using the fact that if LK_,_gc F Il = ¥ then ¥ is not empty (which

can be easily verified by induction). v |

We know that LK_,, LI_, and LJ__;c are sequent calculi for, respectively, classical
logic, intuitionistic logic and BCK-logic (see [3], [4]). Then Theorems 1.1 and 1.2 tell us

an interesting property on the implicational fragments of propositional logics:

Corollary 1.3

(1) If an implicational formula A is a theorem of classical logic and is not a theorem of
intuitionistic logic, then there is a propositional variable which has the PNN-occurrences
in A.

(2) If an implicational formula A is a theorem of intuitionistic logic and is not a theorem

of BCK-logic, then there is a propositional variable which has the PPN-occurrences in A.

2 Sequent Calculi with x

To prove the contraction-elimination theorem, we will give a general way to transform,
for example, the proof
b=0b c=>c¢
b=bc bc=>c
= bb—oc a=>a c=boc a=a
(b'—c)—a = ba (B®*—c)—a,c=a

b—ec, (b—c)—a, (b—c)—a = a,a

b—c, (b—c)—a, (b—c)—a = a right contraction

b—c, (b—c)—a = a

in LK_, into a proof of b—¢, (b—¢)—a = a in LK__gc. To give such transformation, we
need detailed argument about proofs in our sequent calculi; and for that argument, we
must make a distinction between the occurrences of propositional variables which orig-
inate from the axioms and those which arise from the weakening rules in a proof. For
example, b! and 4 in the above proof have different natures. To substantiate this differ-

ence, we introduce “sequent calculi with *” in this section.
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First we introduce a new symbol x, and extend our definition of formulas by admitting
* as an atomic formula. * is not a propositional variable, and the no-PNN-condition/no-
PPN-condition for sequents containing % is defined by considering only the number of
occurrences of propbsitional variables. ‘

We define a binary relation < between formulas inductively as follows:
1. x<A for any formula A;

2. a<A if and only if A = a (a is a propositional variable);

3. A1I—>A2-<B if and only if ((B = B1—B;) and (A;<B;) (2 = 1,2)).

In other words, A< B means that B is obtained from A by replacing some occurrences

1 %2, ...,%" in A by some formulas Cy, C,, ..., C,, respectively.

*

Lemma 2.1

(1) If A=, then A = *.

(2) If A<a (a is a propositional variable), then (A =x) or (A =a).

(3) If A<B,—By, then (A=%) or ((A= A1—A;) and (A;<B;) (1 =1,2)).

Proof By the definition of <. |

Lemma 2.2 < is a partial order, i.e.,
o A<A
e A<B, B<C implies A<XC
o A<B,B<A implies A=B

hold for any formulas A, B, C.

Proof By induction on the length of A. |

Let A and B be formulas. When {A, B} has an upper bound with respect to <, i.e.,
there is a formula C' such that A<C and B<C, then we write

A~B.
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Lemma 2.3

(1) *—~A for any formula A.

(2) a—~A (a is a propositional variable) if and only if (A = %) or (A =a).

(3) Ai1—Ay;~B if and only if (B=%) or ((B= Bi—B;) and (A;~B;) (i=1,2)).

Proof Easy. | |

Lemma 2.4 Let A and B be formulas such that A~B. Then {A, B} has a supremum
with respect to <, i.e., there is a formula C such that

e A<C, B=<C

o for any formula D, if A<D, B<D, then C<D.

Proof For any formulas F and G such that F~G, we deﬁné a formula S(F,G) by

induction on the length of F as follows:

1. 8(x,G) =G;

2. §(a,G) = a if a is a propositional variable;
F—-F if G=x%
S(F1,G1)—S(F;,G,) if G =G 1—G,.

Note that S(F1—F3,G) is well defined by this equation due to Lemma 2.3 (3). We can
verify that S(A, B) is the supremum of {A, B}. : |

3. S(Fl—)Fz,G) - {

Now, we define LK*,, LK, gp¢, LJ*,, and LJ%,_;;, which we call “sequent calculi

with +”.

The axioms in LK*:

a=a (a is a propositional variable.)

The inference rules in LK*,:

*?I‘=>=>AA_ Left Weakening I‘FT:}'EZ—?;— Right We@kening
A BT = A I'=> AJA,B
) L . LA, - .
SA.B.T=A eft Contraction { T= A S(A B) Right Contraction t
F=>A,A B,H:}E A,F#A,B

ASB TN = A,y Left— T= A ALB Nght =
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t Contraction is admitted when A~B. (S(A, B) is the supremum of {A, B}, defined in
the proof of Lemma 2.4.)

LK*,_gc is obtained by removing the right contraction rule from LK¥*,.

- The axioms in LJ*:
a=a (a is a propositional variable.)

The inference rules in LJ*,:

I=B .
*To B Left Weakening
ABT=C
- tracti
SAB).T=C Left Contraction }
I'sA BA=C AT =B .
ASBT,ASC eft— = ASE ueht =

t Contraction is admitted when A—~B.
LJ*,_; is obtained by removing the left contraction rule from LJ*,.

Example of a proof in LK*,

=0 e e
b= b* xc=c

= bbb a=a T=55¢ a=a
(b—x)—a = ba (x—c)—a,c=>a

b—c, (b—*)—a, (*—c)—a = a,a

b—c, (b—*)—a, (x—c)—a = a

b—c, (b—c)—a = a
(Compare this with the proof at the beginning of this section.)
We introduce notation convenient for our argument. By A*, we denote some formula

B such that B<A. In other words, A* is a formula which is obtained from A by replacing

some sub-formulas by x’s. A* is not uniquely determined for any fixed A except %, and



we will use this notation as follows. For example, by

A*,A*,T:>A*lf ,
AT A eft contraction

we mean

Ay, Ay, T = A,
S(Al,Az),F = A3

left contraction

for some formulas A;, Az, and Az such that A;<A (i = 1,2,3). (Note that S(A;, A2)<A.)
If A = By, B, ..., By, then A* means B}, Bj, ..., By.

The following theorem shows the relation between sequent calculi and those with .

Theorem 2.5 Let L be one of LK_,, LK_,_grc, LI_,, and LI__1c, and let T = A be
a sequent containing no x. Then, L+ T = A if and only if (L*FT* = A* for some
I* = A*).

Proof By induction on the length of the proofs. (See [2] for the detail.) |

Let A and B be formulas such that A<B. We define the natural mapping 6 by A<B

inductively as follows:

1. 0 is a mapping from the set of all occurrences of sub-formulas in A to the set of all

occurrences of sub-formulas in B.
2. If A = % or a (propositional variable), then 6(A) = B.

3. If A= A,—A,, then
6(A) = B
0(A]) = 6:(A}) if A} is a sub-occurrence in A
0(A3) = 0y(A3) if A is a sub-occurrence in A,
where B = B;— B, and §; is the natural mapping by A;<B; (i = 1,2).
For example, when 6 is the natural mapping by (a'—+?)® < (a*—(*—5)*)®, then

6(a') = a*, (**) = (x—b)®, and O((a—~*)3) = (a—(*—b))°.

Let A be a formula. The right-most occurrence of the atomic formula in A is called

the core of A.
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Lemma 2.6 Let 0 be the natural mapping by A<B. Then we have the following:

A'<0(A") for any sub-occurrence A’ in A.

o If c is a propositional variable in A, then 0(c) is the same propositional variable c
in B. Moreover, if c is a positive (resp. negative) occurrence in A, then 0(c) is also
a positive (resp. negative) occurrence in B; if ¢ is the core of A, then 0(c) is also

the core of B.

e O is one-one.

Let B’ be a sub-occurrence in B. If there is no sub-occurrence A' in A such that

0(A’) = B', then there is x in A such that B' is a sub-occurrence in 6(x).
Proof By the definition of the natural mappings. |

Lemma 2.7 IfT = A satisfies the no-PNN-condition/no-PPN-condition, then T* = A*

also satisfies the condition, for any I'* = A*.

Proof By Lemma 2.6. (The natural mappings preserve the occurrences of propositional

variables.) 1

Now Theorem 1.1 is reduced, by Theorem 2.5, Lemma 2.7, and transitivity of <, to
the following;: '

Theorem 2.8 (Contraction-Elimination Theorem with x)

(1) IfT = A is provable in LK*, and satisfies the no-PNN-condition, then T'* = A* is
provable in LK*, p. for some I'" = A*. ,

(2) IfT = A is provable in LI*, and satisfies the no-PPN-condition, then I'* = A* is
provable in LI*, ;- for some I'" = A*.

In the rest of this section, we give some definitions and lemmas which will be used for

proving Theorem 2.8.

Let R be an inference rule in sequent calculi with . We define the child of an occur-

rence of sub-formula in the upper sequent of R, as follows:
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1. When R is the left /right weakening rule or the left /right — rule, then for any occur-
rence A! of sub-formula in the upper sequent, there is the uniquely corresponding

occurrence A? in the lower sequent. We define that A2 is the child of A®.

2. When R is the left/ right contraction rule, for example

By, B,,I'=> A
S(By, B;),I'= A

then the child of an occurrence in {I'; A} is defined similarly to the case of the other
inference rules. If A is an occurrence of sub-formula in B; (¢ =1 or 2) in the upper
sequent, then the child of A is the occurrence §(A) in the lower sequent where 6 is

the natural mapping by B;<S(B;, B,).

Let P be a proof in sequent calculi with %, and A and B be occurrences of sub-formulas

in P. We say A is an ancestor of B, and B is a descendant of A, if there are occurrences

C1,Csy...,Cy (n > 1) in P such that
e C;is A, and C, is B;
o Cippisthechildof C; (1 <:i<n—1).

Lemma 2.9
(1) If A is an ancestor of B, then A<B. ‘
(2) Ifa' inT = A is an ancestor of a®> in Il = X, and a' is a positive (resp. negative)

occurrence in I = A, then a? is also a positive (resp. negative) occurrence in Il = X.

Proof By Lemma 2.6. |

If a' = a? is an occurrence of an axiom in a proof, and a® is a descendant of either a’
or a?, then a' = a? is said to be an ancestor aziom of a®.

Let ' = A be an occurrence of a sequent in a proof, and a' and a? be, respectively, a
positive and a negative occurrences of a propositional variable in I' = A such that there
is an ancestor axiom a* = a® of both a! and a® (i.e., a® and a* are the ancestors of,

respectively, a* and a?). Then @' is said to be the partner of a’ ((3,5) = (1,2),(2,1)).
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' Lemma 2.10 Let A; and A, be formulas such that Ay ~A,, and 6; be the natural mapping
by A;<S(Ay, A3) (i = 1,2). Then, for any occurrence a* of a propositional variable in

S(A1, A3), there is an occurrence a® in A; such that 6;(a®) = a' for some j (7 =1 or 2).

Proof By induction on the length of S(A, B), using Lemma 2.1 and the definition of
S(A, B). |

Lemma 2.11 Let P be a proof of I = A in sequent calculi with x. Then, for any aziom
a' = a? in P, there are two occurrences a® and a* in T = A which are the descendants of,
respectively, a' and a?; and for any occurrence of propositional variable in I' = A, there
is at least one ancestor axiom of it in P. Therefore, for any occurrence of propositional

variable in I' = A, there is at least one partner of it.

Proof By induction on the length of P, using Lemma 2.10. |

' Lemma 2.11 shows an important property of sequent calculi with x, and we will tacitly

use this henceforth.

Lemma 2.12 Let L be a sequent calculus with . Suppose that

o P is a proof of T = A in L, and Q ts a sub-proof in P whose last sequent is
Al,A2, ceey Am = Bl7 B2, ...,Bn,' (Flg 1)

e sub-formulas Cy,Cy, ...,Cp, D1, Da, ..., D, in T = A are the descendants of, respec-
tively, AI,AQ, ...,Am, Bl, Bz, ...,Bn,'

¢ R is a proof of C5,C3,...,Cs, = D5, D3, ...,D} in L.
Then we get a proof P' in L such that

o P'is a proof of T* = A* for some T'* = A*, and R is a sub-proof of P'; (Fig. 2)

o the part of proof which is obtained from P’ by eliminating
R,(C%,....Cr = Dy,...,D¥),--- (T = A¥)
is exactly the same as that obtained from P by eliminating

@, (A1, ...y A = By, ., By),-- -, (T' = A)
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o the sequence of inference rules between (Cf,...,C* = D5, ..., D) and T* = A*) in
P’ is the same as that between (A, ..., Ay = By,...,B,) and (T = A) in P.

Fig. 1

I' = A*

Fig. 2

Proof By induction on the number of sequents between (A, ..., Am = Bi,..., B,) and
(T'= A)in P. |

3 Contraction-Elimination for LJ*,

In this section we prove Theorem 2.8 (2).

Lemma 3.1 Suppose that P is a proof of Ay, Azy...; Ay, T = B (n > 0) in LI%,, and
the core of A; is % for all :. Then we can get a proof Q of I'* = B* in LI*,, for some
™ = B*, such that the number of left contractions in @Q is less than or equal to that in
P.

Proof By induction on the length of P. (See [2] for the detail.) |
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We say that an instance of the left contraction rule

AB,T=C
S(A,B),T=>C

is essential if both the core of A and the core of B are propositional variables, and is

nonessential if it is not essential.

Lemma 3.2 Suppose that

e P is a proof of AL,T = B in LI*,;
o there is no nonessential left contraction in P;

e a? is the core of A!, and b is another occurrence in A' than a* (both a and b are

propositional variables).

Then for any ancestor axiom b* = b° of b3, there exists an ancestor aziom a® = a7 of a?
)

on the right of b* = b*. (Fig. 3)

=y P
b= ()= o7
O /
1 7/

|3

Fig. ?(» | (

Proof By induction on the length of P. We distinguish cases according to the form of

P, and we show only the following case: P is of the form

A1, A, T = B
S(A1,A2),F = B

left contraction

(A = S§(A1, A2)). Both the core of A; and the core of A; are a since this is an essential
left contraction. Then we have the following: (1) Any ancestor aziom of the core of A;
(i = 1,2) is an ancestor aziom of a’>. On the other hand, by Lemma 2.10, we have the
following: (2) Any ancestor aziom of b® is an ancestor aziom of b° in A; for some j
(j =1 or2). Hence by (1),(2), and the induction hypothesis, we can show that this
Lemma holds. / i
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Lemma 3.3 (Contraction-Elimination Lemma for LJ*) Let P be a proof of ' = A
in LI*, such that

o I' = A satisfies the no-PPN-condition;
o there is at least one left contraction in P.

Then we can get a proof Q of I'* = A* in LI*,, for some I'* = A*, such that the number

of left contractions in Q is less than that in P.

Proof First we show that there is at least one nonessential left contraction in P. As-
sume that there is no nonessential left contraction in P. Then there is an essential left
contraction

(- -—al), (- -:—+a2),A = B
(-+-—a),A=>B

in P. Let a® = a* and a® = a® be ancestor axioms of, respectively, a! and a%. Then by
the no-PPN-condition for ' = A, the descendants of a* and the descendants of a® must

be united by an essential left contraction in P. This means that P is of the form

(...a7..._.)bs),(....a9..._)blo),HéC
(...a..._)b)’H.;\,C

left contraction

where a” and a° are descendants of, respectively, a* and a®. Then by Lemma 3.2, there is
an ancestor axiom b = 512 of 5 on the right of a® = a*. By iteration of this argument,
we have infinitely many axioms in P. Contradiction.

Hence, there is a nonessentizﬂ left contraction in P, and we can eliminate it by

Lemma 3.1. ' |
Now we can prove contraction-elimination theorem for LJ*,:

Proof of Theorem 2.8 (2) By Lemma 3.3, Lemma 2.7, transitivity of <, and induction

on the number of left contractions in the proof. |
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4 Contraction-Elimination for LK?*,

In this section we prove Theorem 2.8 (1).

Lemma 4.1 _

(1) Let B and C be formulas such that B~C, and let 0 be the natural mapping by
B<S8(B,C). Moreover, let a® be an occurrence of a propositional variable in B, and let
Ay, A, ..., Ay be formulas such that 6(a®) occurs in the form of (An— Ap—1— - -- = A1 —0(a%)
in a sub-formula in S(B,C). Then a® occurs in the form of (Af—A;_;— --- —Aj—d°)
in a sub-formula in B.

(2) Let P be a proof of T = A in LK*,, a® = a be an aziom in P, and qo be the de-
scendant of a* in ' = A. If a® occurs in the form of (A,—A,_1—---—A;—a®) in a

sub-formula in I' = A, then P is of the form
al=>a

M=%, 4 T, = A

Ai—a, 1, T = B, Ay left —
I, = 5y, A% Ar—a3,Ty = A,
* * left —
A3—Ai—a, I, Ty = Yo, Ay
I, = 5., A% A = oA e T, = A,
Ao A= Aol T, = 5, A, et =
I'=A
where a%,a3,..,a"t! are the descendants of a®.
Proof
(1) By Lemmas 2.1 and 2.6.
(2) By induction on the length of P, using (1) of this Lemma. |

Lemma 4.2 Let P be a proof of Ay, As,..., An = a (a is a propoSitional variable, and
n > 1) in LK*,. Then the core of A, is the propositional variable a, for somet (1 <t <n).

Proof See [2]. ’ |
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We say that an instance of the right contraction rule

I's> AAB
I'= A,5(A,B)

is essential if A = B = a (a is a propositional variable), and is nonessential if it is not
essential.

In the following, we will use ordinals less than w®. Let o and B be ordinals such that

a =wm4w?4. w4tk (p2n2>---2n;>0, k<w)

B =™ tw™m 4. W™+l (mp2my>--2m; >0, [<w)
Then aff denotes the ordinal
W WP WPt 4
where (p1, p2, ---, Pi+j) is a permutation of (nl,‘ng, weey Wiy M, My, ...,m;) such that
p1v2pz 2 -0t 2 Pitj-

We calllaﬁﬁ the natural sum of « and 5.
We define the width of a proof P as the number of all occurrences of axioms in P. We

define the length of a formula A as the number of all occurrences of atomic formulas in

A. Let P be a proof in LK*, of the form

‘R
'=s AAB
I'= A,8(4,B)

right contraction

and let the width of R be m and the length of S(A, B) be n. Then we define the degree

of this right contraction as an ordinal (w™ + n). Also we define the degree of P as the

natural sum of the degrees of all right contractions in P.

Lemma 4.3 Let P be a proof of ' = a (a is a propositional variable) in LK*, such that
e P is of the form

I‘=>'a,a

=4 right contraction
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o there is no nonessential right contraction in P.
Then we can get a proof Q of I' = a in LK*, such that
o () is of the form

N=aA BYX=a
A-B, 1Y = a,a
A—-)B,H,E =a

: (%)

I'=a

left —
right contraction

e there is no right contraction in (*);

o degree of P > degree of Q.
Pi'oof See [2]. |

Lemma 4.4 Let P be a proof of (T = A,a',d?,...,a") in LK* (a is a propositional
variable, andn > 1) and A be a formula such that the following condition holds: For any

o

partner a® of @' (1 < i < n), a® occurs in the form of (A*— ---—a®) in a sub-formula

in I,A. (We call this condition the partner condition.) Then we can get a proof Q of
T* = A* A* A%, ..., A*) in LK%, for some (T* = A* A*, A*, ..., A*), such that

n

o width of P > width of Q

o degree of P > degree of Q.

Proof By induction on the length of P. We distinguish cases according to the form of

P, and we show only some critical cases.

(Case 1) P is of the form

: P
I'=s A,a, a,'...,a,Bl,Bz
I'=> A,al,az, ceny a"'l,S(Bl, Bg)

right contraction

where a" = S(Bi, B;). In this case, both B, and B, are a, or one of B; is a and the
other is *; and the partner condition holds for this upper sequent. Then by the induction

hypothesis, we get a proof @)’ of

T* = A, A" A%, ... A*
| A S —

n+1
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where the width is decreased and the degree is unchanged or decreased compared with

P’, and we get the required proof @ as follows:
L Q'

T* = A* A%, ... A*

™= A% A% L AT

LA

(Note that S(A*, A*) is A*.) In spite of the fact that

right contraction

length of a < length of A%,

the degree of this right contraction is less than that of the last right contraction in P due
to the width of Q'.
(Case 2) P is of the form
I'=1I,a, a,'...,a, By, B,
I' = II,d', d%,...,a", S(B, B;)

right contraction

By Lemma 4.1 (1), the partner condition holds for this upper sequent. Then we get the
required proof @) by using the induction hypothesis. (Note that S(Bf, B}) <S(Bi, B;).)
(Case 3) P is of the form
P . P,
II= Z,fz_,ﬂ,i.??i,B C,0 > A,m left —
B—C,I1,0 = X,A,al,d?, ...,a"

where (n = k + 1), (I > 1), and the partner condition does not hold for this right-hand
upper sequent. Since the partner condition holds for the lower Sequent, the core of C is
a, and B is A*. When k = 0, we get the required proof @} as follows:

: P
II=% 4"
: some left /right weakenings
(B=C)*I,0* = X, A, A" A" .. A"
n

Obviously the width is decreased and the degree is unchanged or decreased. When k > 0,
the partner condition holds for the last sequent of P,. Then by the induction hypothesis

for P, we have the proof

—_—
IT* = %, A%, A%, ... A%, A*
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and we can get the required proof @) by applying some left/right weakenings. |

Lemma 4.5 Let P be a proof of (T = A%}, %%, ...,«") in LK*, (n > 0). Then we can
get a proof @ of ' = A in LK*, such that (width of P = width of Q) and (degree of P

> degree of Q).

Proof By induction on the length of P. |

Lemma 4.6 Let P be a proof of (' = A, A,—B,, A;—B,,...,A,—B,) in LK*, (n >0).
Then we can get a proof Q of (A1, Az ..., An,I' = A, By, B, ..., B,) in LK*, such that
(wi'dth of P = width of Q) and (degree of P > degree of Q).

Proof By induction on the length of P. |

Lemma 4.7 (Contraction-Elimination Lemma for LK* ) Let P be a proofof ' = A
in LK*, such that

o I' = A satisfies the no-PNN-condition;

o degree of P > 0.
Then we can get a proof Q of I'* = A* in LK*,, for some I'* = A*, such that

e degree of P > degree of Q).

Proof We distinguish cases according to the number and form of nonessential right
contractions in P.

(Case 1) P contains a nonessential right contraction:

II=% B,x*
I=%,B

Then using Lemma 4.5, we get the required proof ().

(Case 2) P contains a nonessential right contraction:

=% B-C,D-FE
= %,8(B—-C,D—E)

Then using Lemma 4.6, we get the required proof Q).
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(Case 3) There is no nonessential right contraction in P. Then consider the lower-most

right contraction in P, say
A=A a,a
A=A a

(a is a propositional variable). The sequence A’ is empty because other inference rules
than right contraction do not decrease the number of the occurrences of the formulas in
the right-hand side of a sequent. Then, by Lemma 4.3, we get a proof P’ as
h P
I=a,B C,L=a
B—-CILY = a,a
B'-C' I, = a

left —
right contraction

= A

where there is no right contraction below (B’—C’,II, £ => a), and (degree of P > degree
of P'). Let B and C be the descendants of, respectively, B’ and C’, in ' = A. Now By
applying Lemma 4.2 to P,, we know that there is a formula F' in {C’,X} such that the
core of F' is a. Then we consider the following cases.
(Sub-case 3-1) The core of C’ is a. In this case, P’ is of the form
: P ip
O=ad,B* C:L—-Ck_—- - —Cf—a, L= a

B*—~Cr— - =Cf—a,I,Y = a,a
B*—=Cr—---=Cf—a,l,Y = a

left —
right contraction

I'= A
where
C=0Cp—-Chp_y—---—>C1—a (m2>0).

Let a® be a partner of a'. By the no-PNN-condition for I' = A, the descendant of a° in
I' = A is also the descendant of a®. Now we consider the following cases.

(Sub-sub-case 3-1-1) Any partner a° of a! occurs in the form of
(B*—CmsCy g -+ =)

in a sub-formula in the last sequent of P;. In this case, we apply Lemma 4.4 to P;, and

get a proof )y of (II* = B*, B*) such that (width of P; > width of Q) and (degree of P,
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> degree of )1). Then we get the proof @ as follows:

: Gh
I* = B*, B* . : P,
T;}_B_*—— rlght contraction C* % =>a

FoC IFESa left —

I* = A

Lemma 2.12 guarantees that this is the required proof.
(Sub-sub-case 3-1-2) Not the case (3-1-1). In this case, Lemma 4.1 (2) tells us that P’

is of the form
: Py ! Py
II=d,B* CX,T=>a
B*—C* 1LY = a,a
B*—-C* 1, ¥ = a
: Py F (%)
0= B Ct—---—Cf—a®, A= D
B*—=Cl— - - =Cf—a,0,A= D
P (k)
I'=A

left —
right contraction

left —

where a° is a descendant of a partner of a'. Then we get the proof @) as follows:

R
C*,% = a
: some left weakenings
C*(B-C)"\II"X > a
: (*)(C* is untouched)
Py C(Cp— - —Ci—a)* A" = D*
0= B* Cr—--—=Cf—a,A* = D*
B*—-Cr—.--—Cf—a,0,\* = D*
(40
= A*

left contraction
left —

Lemma 2.12 guarantees that this is the required proof.
(Sub-case 3-2) Not the case (3-1). In this case, there is a formula £’ in ¥ such that
the core of E’ is a. Let E be the descendant of E’ in I' = A, and let

E=FE,—»E, 1—---—E—a (n2>0),

5 = E', To.
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Then P’ is of the form

P, : P,

I=a,B* CE*>.--—Ef—ad* Y= d®

B*-C*1,E;— ---—Ef—a,Y = a,a
B*~C*1IEf— --- »Ef—a, X0 = a

left —
right contraction

= A

Let a® be a partner of a! or a partner of a®>. By the no-PNN-condition for T' = A, the
descendant of a® in I = A is also the descendant of a®>. Now, let p (1 < p < n) be the
maximal number such that the following condition holds: For any occurrence a°, if a° is

a partner of a' or a partner of a*, then a® occurs in the form of
* * * 0
(Ep_)Ep—lﬁ et _—)El —a )

in a sub-formula in the last sequent of Py or in that of P,. If such p does not exist, we
define p = 0. Then we distinguish cases according to p and n. '
(Sub-sub-case 3-2-1) p = n > 0. In this case, we apply Lemma 4.4 to P, and P,, and
get the proofs Q¢ of (II* = Ef, B*) and @, of (C*,X* = E}) for any ¢t (1 < t < p).
Then we define proofs R; (1 <t < p) as
Qg : Q2
I* = Ef,B* C*, ¥ = Ef
B*—>C* 11", ¥* = E} E}
B*—=C* II*, ¥* = E}

left —
right contraction

Let a; be the degree of R; (1 <t < p), and 8 be the degree of

: Py o

II* = a,B* C*$*=a
B*—-C* 11", ¥* = a,a
B*—C*1I*,2* = a

left —
right contraction

Due to the width and degree of Q;;, we have

B > aqflas - - - o,
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Now let ¥ = (B—C,1II,¥), and let S be the proof

: Ry

'R, W=Ef a=a

U = E; Ef—a, ¥ =a
E}—>Ef—a, ¥, ¥* = a

left —
left —

‘R :
VS Er B —Eisa, U, W >
E;—E; == Ef—a, UV, ¥, . U 5 a

: some left contractions
E;—--- —E*—a,¥* = a

left —

Then we get the proof Q) as

: S
B> 5 Ef—a, B0 1" Ej— - .- 2 Ef—a, 55 = a .
B =CA 1P, B - SEoa i a left contraction
I = A*

where p = n. Lemma 2.12 guarantees that this is the required proof.

ub-sub-case 3-2-2) n > p > 0. In this case, Lemma 4.1 tells us that 1s of the
(Sb b 322) p > 0. In thi , L (2) 11 hat P’ i fh

form _
: Py o
0=a,B* C5Y=ad® lof
B*_)pr,n,z#a,a i elt — .
N Y right contraction
y )
: Py P (%) |
0= E;;+1 E;—éo--—)E;‘—)aO,A;-} D ot
TN =
(*%)
'=s A
where a° is a descendant of a partner of a! or that of a®. Then by using the proof S in

Sub-sub-case 3-2-1, we get the proof () as
X
Ex— ... > Ef—a, B*—>C* I, ¥* = a
: (*)(Ef— - -- —E;—a is untouched)
i p By —El—a, E}— ... —>Ef—a,A* = D* .
6 :>'E;+1 B SEoa 5 D left contraction
E; —E;— .- —Ef—a,0,A" = D~ left —
S ()
I = A*
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Lemma 2.12 guarantees that this is the required proof.
(Sub-sub-case 3-2-3) n = 0 or p = 0. In this case, there is the formula a in {II,X}.
Then we can get the required proof Q) as

a=a
: some left weakenings

(B'—C'")*,II*,5* = a
I* = A*

This completes the proof of Lemma 4.7. |
Now we can prove the contraction-elimination theorem for LK*,:

Proof of Theorem 2.8 (1) By Lemma 4.7, Lemma 2.7, transitivity of <, and induction
on the degree of the proof. ' . |
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