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Large Set Principles and Well-founded Principles

‘Mamoru SHIMODA * FH 5F

Introduction

Paris and Harrington presented in 1977 a new combinatorial statement which is true but
not provable in Peano arithmetic PA. After the discovery of Paris-Harrington principle
PH, not a few similar works for undecidable finite combinatorial principles have been
reported, most of those are model theoretic. Among few proof theoretic ones Kurata [4]
presented extensions of PH and their equivalents, by studying Ketonen and Solovay [3] in
detail. In addition, relating to reflection principles in fragments of PA, Ono [7] obtained
refinements of some results of [4].

There are two series of extensions of PH, namely PH, (n = 1,2,...) and PH}
(n =1,2,...). These are confused and identified in [4], so the main result of [4] should
be divided into the following two theorems.

Theorem 1 For every positive iﬁteger n, PH,, LSPg [eo], WFPg [eo], and Tl [eo]
are mutually equivalent in PA.

Proof. PA + LSPg, [e0] < WFPs [eo] <« TIg,[co] follows from Theorem 5.1 of [7],
which is a refinement of Theorems 2.5.5 and 2.5.6 of [4]. The equlvalence to PH, in PA
follows from Theorems 2.6.2 and 2.7.4 of [4].

Notice that the results of [3] are fully used in the proof of the equivalence to PH,,, i.e.
for proving Theorems 2.6.2 and 2.7.4 of [4].

Theorem 2 For each positive integer n, PH;, RFNg, (PA), LSP% [eo], and WFP%, [eo]
are mutually equivalent in PA.

Proof. PA + PH} < RFNy (PA) is shown in Theorem 1.4.6 of [4].
PA F RFNg, (PA) & LSPY; [eo] & WFPY, [eo] follows from Theorem 5.7 of [7].

Now RFNg (PA) is the uniform X, -reflection principle of PA (cf. e.g. [7]). The
definitions of PH, and PH;, are described in [6]. Other principles in the theorems will be
explained later for I',-versions.
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The distinction of the two series is essentially due to Ono [7]. We follow the notations
of [7] (and [4]) with a few changes. Here the well-ordering principle of [4] and [7] is called
the well-founded principle, so we write WFPy,_ [¢,] for WOP g, [eo], and so on.!

Relating to Friedman-McAloon-Simpson principle FMS (cf. [1]), another undecidable
combinatorial principle much stronger than PH, we obtained partial extensions of the
above theorems by replacing o with I',. The extensions are described as Theorem 3 and
Theorem 4 in the last section. .

The present paper is expanded from part of [6] with some additions and improvements.
Unlike its title, [6] is a brief survey about extensions of PH and those of FMS, including
some corrections of [4] and some conjectures. Theorem 4 is the proof of a conjecture in
[6]. Another part of [6] is treated in [5]. This paper also includes a summary of [9], which
is neccesary to prove the main theorems. The constructive properties of the system of
fundamental sequences for I', are extensions of the corresponding properties of the system
for €p in [4], which are proved by using transfinite inductions in [2] or [3].

Much of this work was suggested by R. Kurata, to whom the author owe thanks for
valuable comments. It should be mentioned that the precise work of H. Ono (7] was of
much help for developing the arguments in our case.

1 Definition of the principles

In this section we give the precise definitions of the principles. We assume that our system
PA contains the function symbols for primitive recursive functions and their defining
equations as axioms. For the representation of the ordinals below I, we adopt the
notation system of Schiitte [8]. So we assume that the reader is familiar with the basic
concepts in Chapter V of [8]. Accordingly, there is a primitive recursive well-ordering
~< on the set of all natural numbers of order type I',. Henceforth we consider only the
ordinals below I, (the ordinal terms of the set OT in {8]). Throughout this paper small
roman letters denote the natural numbers, while small greek letters denote the ordinals
below I, which we occasionally identify with the corresponding natural numbers.

In the following the definitions of the principles are modifications of those in [7]. The
transfinite induction up to I, for II,-formulas (TIp,[I}]) is the schema

Va[Vy(Vz(z <y = 9(2)) = $(y)) — ¥(2)]

for every II,-formula ¥(z).

Suppose that 0 is a formula containing at least two free variables. Let F'() denote
the formula Vz3ly#(z,y), which means that 6 is the graph of a function. Then let STF(6)
be the formula

F(0) AVaVyVz(0(z,y) A O(z + 1,2) — y < 2),

which means that 6 is the graph of a strictly increasing function.

In [6] WFPy, [g] is denoted as WFP 4 [eo] etc., but here we adopt a little more formal point of view.
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' The well-founded principle of I, for X-formulas (WFPy,[I}]) is the schema
F(0) - 323y3z(0(z,y) A0z +1,2) A ~(z < y))

where 0 is a X,-formula containing at least two free variables. It means that there is
no strictly descending infinite X,-sequence with respect to the well-ordering <. Here a
XYn-sequence (resp. a X,-function) is an abbreviation for a sequence (resp. a function)
represented by a X,-formula.

To define the large set principle the notion of a system of fundamental sequences for
I, is required.

We define the system by using the notation system for ordinals below I',. For v > 0,
the normal form of v is 7, + -+ + v, where each «; is of the form ¢a;B3;, B; < ¢o;f3;,
and 4; > 7v;31. Every ordinal 4 > 0 has a unique normal form (cf. [8, Theorem 14.8]).
Define w,, a8 by induction as:

woaf = B, and wny1af = ¢(a,wnaf).

Definition 1.1 (cf. [2, §3]). ,
For « and n, define 4[n| by induction on L~, the length of ~.
(1) If 4y =0, then «[n] = 0. _
(2) If y = ¢00 =1, then 4[n] = 0.
(3) If v = ¢(6 + 1,0), then v[n] = w,4160.
(4) If vy = ¢al, « is limit, then y[n] = ¢(a[r],0).
(8) Ity =¢(0,n+1), then y[n] = ¢0n - (n + 1).
(6) Tty = $(6+ 1,1+ 1), then 7[n] = w, (6 6(5 + L,n) + 1),
(7) If v = ¢(a,n+ 1), a is limit, then y[n] = ¢(a[n], pan) + 1).
(8) If ¥ = ¢af, B is limit, then v[n] = ¢(a, B[n]).
(9) If y =71+ -+ 7% (normal form), then y[n] =1 + - - - + k-1 + 7&[n].

We write aTﬁ if @ = y1,m[n] = v2,...,7%[n] = B for some 71,...,7:.2 We write
a——n—>ﬂ if either a—n—)ﬂ or a = . Obviously, aT)ﬂ implies a[n]z?ﬁ

Definition 1.2 (cf. [3, 4.1] and [4, Definition 2.3.1]).

For 4 and ny,...,nk, define 4[ny,...,ng] = v[ni][ns,...,nk] by induction on k.
For a finite subset X of w and an ordinal o, X is a-large if a[zy,...,zx] = 0, where
X ={zy,...,2} (1 <23 <--- <} <w). For a function f:w — w, X is (a, f)-large
if f(X) is a-large.

In the following (z); = y means that y is the i-th element of the sequence coded by z.
Now for each ordinal o and each formula 6, let 8*(s,v) denote the following formula:

3z[(2)o = @ A (Yw < 8)FuTt{(2)y = u A O(z + w,1) A (2)ws1 = ult]} A (2)s = v].

2Definition 2.3 of [9] should be corrected as above.
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We write [z,y] is (a,)-large instead of 6*(y = ,0). Then the large set principle of I,
for X,-formulas (LSP g, [I,]) is the schema

SIF(0) — VaVz3y([z,y] is («,0)-large)

where 0 is a X p-formula containing at least two free variables. LSPy [I] means that for
every strictly increasing X, -function f, for any a and m, there exists a number k such
that [m, k] is (o, f)-large.

Next we present the definition of the two principles for definable functions. Let Pr(z)
be a canonical representation of the provability predicate for PA. So for a formula 1,
Pr(41) means the provability of ¢ in PA, where (4! is the Gédel number of 1.

The large set principle of I, for X,-definable functions (LSP% [I]) is the schema

Pr(TSIF(6))) - YaVz3y([z,y] is (, §)-large)

where 8 is a X, -formula containing at least two free variables. It means that for all strictly
increasing X, -definable function f, for any a and m, there exists a number k such that
[m, k] is (a, f)-large. For X, -definable functions, see [7, §5].

Similarly, the well-founded principle of I', for X,-definable functions (WFP% [I7]) is
the schema

Pr(lF(O)) = Fz3y3z(8(z,y) AO(z + 1,2) A =(z < 1))

where 0 is a X,-formula containing at least two free variables. It means that there is no
strictly descending infinite X, -definable sequence with respect to the well-ordering <.

2 Constructive properties of the system of funda-
mental sequences

Here we are going to show the outline of the constructive properties of the system, details
are described in [9].

Lemma 2.1 For each limit ordinal v, {y[n]}n<. is a fundamental sequence for v, i.e.,
(1) ~[r] <v[n+1] <y for alln, '
(2) limy[n] = 1.

Proof. By induction on length.

Hence Definition 1.1 induces a system of fundamental sequences for I',. Consequently,
y[n] < 4 for v > 0.

For a function f : w — w, f™ means n-times iteration of f. For each number m,
define fr = fr(m): w— w (k < w) inductively;

fo(z) =m®, fipa(z) = " (1).
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Lemma 2.2 Let m > 2 and fi, = fi(m). Then for all x and k, the followings hold.
(1) z< fi(z) < filz + 1).
(2) k< fu(z) < frpa(z).
(3) If n<m, then fE(fk(0)) < fia(0).
(4) If n<m, then fp(finr(®) +1) < fima( +1).

Proof. By induction on & and/or on z.
Let n be a fixed number and fi = fi(n + 2) (k < w). For each 7, the number
r(y) = rn(7y) is defined by induction on L~y as follows.

1) If y =0, then r(y) = 0.

(
(2) Ifv=¢aB(B <), then r(y) = frie)(r(B)).
(3) If v =7 +---+ v (normal form), then r(y) = r(v) + - + r(7%)-

Proposition 2.3 Let r =r,. Ifv> 0, then r(y[n]) < r(fy)

Proof. By induction on L. Use Lemma 2.2.

For a and n, let T'(a,n) = {3; a—neﬂ}. The cardinality of a set A is denoted by |A|.

Proposition 2.4 Let r = r,. Ify > 0, then |T(v,n)| < r(y). Hence for all v and n,
T(vy,n) is finite and 7—0.

Proof. By induction on r(¥). Use Proposition 2.3.

We call B is a-normal if 8 < ¢a8. We write ﬂ—%—vy if for some By, ..., Bk, each G; is
a-normal (2 =1,...,k) and B = By, fi[n] = Ba, ..., Bk[n] = 7.

Lemma 2.5 (1) ¢a0%>0.
(2) If ﬁ—g—vy and o < 7, then ﬂ—:—ry.
(3) If B2 and 4=, then B-256.

Lemma 2.6 Letn >1 and 8 > 0.
(1) If ,3-%)7, then wkaﬂ—%—»wka'y for all k.

(2) If gaB—sB, then wWrp1ef-——waB—p for all k.

Proof. By induction on r(a), r = r,. Use Propositions 2.3, 2.4, and Lemma 2.5.
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Lemma 2.7 Let n > 1. Then ¢(c, [+ 1)%¢aﬂ (n+ 1)%¢aﬂ + 1.

Proof. By induction on r(a), r = r,. Use Lemmas 2.5 and 2.6.

Lemma 2.8 Letn > 1 and a > 0.
(1) If =5, then $a0-=¢30.

(2) If a—B and gay = v, then ¢(a,y +1)-¢(8, 7 +1).

Proof. Use Lemmas 2.5 to 2.7.

Proposition 2.9 (cf. [2, theorem 3.1], [3, Theorem 2.4], and [4, Proposition 2.2.6]).
Letn > 1. If v is limit and a-normal, then ~[ + 1]—‘3—»7[1'] for all © < w. Hence
the system is (n)-built-up .

Proof. By induction on Ly. Use Proposition 2.4 and Lemmas 2.5 to 2.8.

Proposition 2.10 (cf. {2, Proposition 1.1]).
If a—;;»ﬁ and m < n, then a—;»ﬁ.

Proof. Use the previous proposition.

Proposition 2.11 Letn > 1 and a > 0. If a— [ and d)aﬂTw, then d)aﬁ—;iuﬁ;w.

Proof. By induction on r(y), r = rp4;. Use Lemmas 2.5 to 2.8, Propositions 2.9 and
2.10.

The height of v, denoted by h(v), is defined by induction on Ly:
(1) If y = 0, then A(0) = 0. ,
- (2) If g1y + -+ - + o Py is the normal form of v, then

h(y) = max{h(a;) + 1,h(B);i=1,...,k}.

Lemma 2.12 Ify < A, then h(y) < h(A).

Proof. By induction on Ly and on LA.

Lemma 2.13 A(y) < k if and only if v < (.
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Proof. By induction on k and on L¥.

The number c(7) is defined by induction on L~:
(1) If 4 = 0, then ¢(0) = 0. ,
(2) vy = g1 ni+ -+ B ~nix + m, B; < paifB;, 1Py > -+ > payfy > 1, then

c(y) = max{c(o;) + 1, c(Bi+ 1)+ 1, n;, m;i=1,...,k}.

Proposition 2.14 (cf. [3, Corollary 2.2.8]).
If h(y) £ k and c(7) < n, then G—.

Proof. By induction on k and on Ly. Use Lemmas 2.7, 2.12, and Proposition 2.11.

Proposition 2.15 (cf. [2, §4], [3, Proposition 2.8.1], and [4, Lemma 2.2.9]).
There ezists a primitive recursive function g(a, B) such that if o > f andn = g(«, B),
then aTﬂ.

Proof. Let n = g(a,8) = max{c(a),c(B)}. It is obvious that g(c,B) is primitive
recursive. (Recall that o and J are identified with the corresponding natural numbers.)

Put k = max{h(a), (B3)} and apply Proposition 2.14.

Notice that all the statements in this section can be proved in PA. In [2] and [3], the
corresponding properties for eo-versions are proved by transfinite inductions, but we can
prove those for I,-versions only by using mathematical inductions.

3 Equivalent principles

By the constrctive properties of the system of fundamental sequences, shown in the pre-
vious section, partial extensions of Theorems 1 and 2 are to be proved. -

Theorem 3 (cf. [6, Theorem 5.1]).
Let n be a positive integer. Then the following three schemata are mutually equivalent
in PA:
(1) LSPyg, [I}], (2) WFPg, [[], (3) TIp, [I).

Proof. Since PA F (2) — (3) — (1) is proved in the same way as in Theorem 5.1 of [7]
(cf. {3, Theorems 2.5.5 and 2.5.6]), it suffices to prove PA + (1) — (2).

Assume WFPg, [I;] does not hold. Then there is a strictly descending X, -sequence
{ai}icw of ordinals. Let g(a, 3) be the primitive recursive function of Proposition 2.15,
so a > B and n = g(a, ) implies a—;—»ﬁ. For each ¢ < w, let m; = g(;, @iy1), then
Q=g Define {n;}icw by no = mg + 1 and n;4; = max(m;41,n;) + 1. Since m; < n;,
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Q=g by Proposition 2.10. Define f : w — w by f(i) = n; (i < w). Since g is

prlmltxve recursive, f is a strictly increasing X,-function, i.e. there is a X,-formula %

such that STF(v) holds and % represents the graph of f.
Define {5;}i<w by Bo = ap and B,y = B;[n;]. By induction on ¢, ﬂi_f_l?aiH holds for

all : < w. Let a = ag, then for every 1,

a[f(0),..., f()] = e[no, ..., n] = Biy1 2 iy1 > 0.

So for all number ¢, [0,1] is not (o, f)-large, in other words, [0,] is not (e, ¥)-large. Since
¥ is a X, -formula satisfying STF(v), LSPg, [[] fails.

To see that the above argument can be done in PA, we will show only the first step of
the formalizing process. Recall that Propositions 2.15 and 2.10 are provable in PA. Let
T be a theory obtained from PA by adding the formula F(#) and the following formula

VzVyVz(0(z,y) AO(z +1,2) = 2z < y)

as additional axioms, where 6 is a X,-formula. Then 6 represents the graph of a strictly
descending X, -sequence {@;}i<,. Define the formulas 7(z,s) and ¢(z,t) by

m(z,s) = Jy3z(0(z,y) AN O(z + 1,2) Ag(y,2z) = s)

and

P(z,t) = F2[Fy((2)o = y + LA 7(0,)) A (Vu < 2)FvFwIs{(2), =
Aw = max(s,v) + 1A T(z +1,8) A (2)up1 = W)} A (2):= t].

Clearly 7 and 1 represents the graphs of the sequences {m;};<, and {n;};<. respectively,
so 1 represents the graph of the function f. Since 6 is a Y,-formula and ¢ is primitive
recursive, 7 and v are also X,-formulas. It is easy to prove in PA that F(6) implies
SIF(¢),so T+ SIF(y).

Through similar process of formalization, we can show that
T F [0,¢] is not (a,v)-large for every ¢ < w.

Therefore
Jodz3y([z,y] is not (e, v)-large)

is provable in T. O

Next we consider the other two principles for Y, -definable functions.

Theorem 4 (cf. [6, Lemma 5.3]).
Let n be a positive integer. Then the following two schemata are mutually equivalent
in PA:
(1) LSP% [T, (2) WFP%, [I%].
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Proof. By a quite similar argument as in the proof of Theorem 3, we can show that
(1) — (2) is provable in PA. For since F(0) — SIF(%) is provable in PA, Pr(TF(6))
implies Pr(TSIF()!) in PA. Hence it suffices to prove the inverse, i.e. PA I (2) — (1).

Let T be the theory obtained from PA with WFP%, [I,] and Pr([SIF(§)!) as addi-

tional axioms, where 8 is a X, -formula. Suppose an ordinal a and a number z are given.
We may assume a > 0. Here we write { for 6%, so {(s,v) is the following X, -formula:

Az[(2)o = a A (Vw < 8)FuIt{(2)y = u A b0(z + w,t) A (2)ws1 = u[t]} A (2)s = v].
Since SIF(8) — F(0) and F(6) — F(() are provable in PA,
T+ Pr(TF(()).
Hence by WFPY; [I1],
T + 3sFvIw({(s,v) A{(s + 1,w) A =(w < v)).
But by a property of fundamental sequences,
T F VsYoVw({(s,v) A{(s+ 1,w) A0 < v — w<v).
Hencé T + 3s((s,0). Therefore
VaVz3y([z,y] is (e, ()-large)

is provable in T'. a

We conjecture that the equivalent principles in Theorem 3 are also equivalent to FMS,,,
which is an extension of FMS [1]. We also conjecture that the equivalent ones in Theorem 4

are equivalent to FMS7,, which is another extension of FMS and is proved to be equivalent
to RFNy_ (ATRy) in [5]. The definitions of FMS,, and FMS], can be found in [6].
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