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1. Introduction

EEGREOYERIEM O G Z2RDZZEE. BHLEETHD E
Hbhah, TheEEMNIC exact KHALHETAZLR—BICHETH S,
F T, WMEMHHFERXZIEE AW T LRI X Y8R 0N %
RDOBZENRBEITRED, IIT. —DOORFOMEICEBTS. b, HE
BEOF {x (O} BHHOZKRTHERRE (x(O) KICEL T3 L&,
{x ()} T 2EBEEBONGIE { x() )} OFEBMRBONMHIZPKT 7255
M

ROFEE GERRIOEKRD) MO—BHNR DD L I 1 KR D AR

dx(V=a x()) dB. + b (x() dt (1. 1)
E.ZO (BAGHID) HEPME {x (D)} 22X, ZOHEMFEI (1. 1) ORI
DHEDOBRTICEL TWB ELED, Fla OWNBEL TWARVEAD { x(D} OFE
BT {x (D)) OBEEL THRE 1 THEOBEKEL TERTH DN S, TEIMICH
9% F) R R O A MR 2 PR R O 2 IO L TH b &I W,
(1. 1) OMHEERRLO, +0) ZRELH & T 258 O A 0 ~OF)BiBRFRIEE OB
ELTHE TR, 2O —ANBEERS,

% a ) A1/2-Holder HfE »D a(0)=0. b ()& Lipschitzi
MDD b@=20 &L&DS. ZD&E. (1. 1) X unique strong solution
2FD., EPMELT. WhY3 MLOELHE (polygonal approximation) & X
B, ZOEE, (1. 1) oL ELRIT F-OEREMETEA5NTHSDT
LRI T B ESAOPEEREEE. (1. 1) OROESA~OFEBRFEIIC (H0HD
PORX D<) HEICKTINE S M EWS BENRET 3,

Z®DJ)— T
a(x) = {max (x, 0) } ?
b(x) = 0

OBE. LOMECEHEENREmIMESNDE ZEERT,
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2. Preliminaries :

ZOFTI. {(x(0}, {x(D} (n€N) W& R'—valued stochastic
processes with continuous paths T&HD

x(0)=x"(0)=x€ R! ‘
T35, X (a, b) THLT

t@@b) =inf{t=z0:x(t) & (a, b)}

t%@b) =inf{t=0:x"(t) &€ (a, b}
EBL., ZDEE, ROFHNED D,

Theorem 2.1 KD (a), (b)), (c) ZEKET 3.
(a) EEOFEROTIIHML T

l iMioE [ SUDosest] x" () —x (8) |2] =0
(b)) HEHERE e THLT

Pl © (a—¢ty, btey) <+o0] =1
(c) t (a, b) =1im.,, T (a—e, b+e) a.s.
ZOEE. HREEEN OEREHIESMMNTFEL T

I imeew 7 Ca, b) =7 (a, b) a.s.
Y ASAVASN

(FIEBH)
el 0<e<ec2ABTEIOICED, a<x<b&T3,
a=a—e, B=b+ e &B<,
g (a) M5
I imeen E [ x* (1(e, DAD — x (e, DAD 2] =0 (2. 1)
MEBOERDOTIZH L THRDILD, - T, HRBNOERBHIESLNFEELT
lime x'" (7t (a, B) AT =x (t (a, B) ANT) a. s.
BEROIND. T, wARSEICED., B9EE6 @25 LEITIERELRVE
cENSB,
Qr={7 (a, B) <T}
EBLE, KE (b) IT&D
Q1T D P (U:Qq) =1
L3, weQkmsiX
x (t (@, B) AT) =a or B a.s.
EZhe, ks 1=1 (o) ELITHLT
x'" (t (a, B)) € (a, b)
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THb,

' (a, b) =1t (a, B)
ERRB, W-T. wEQ, DEXE

lim supier t' (a, b) =7 (a, B) (2. 2)
BEROME, TIMEEEMS., (2. 2) & a.s. IKTERDILD,

i (b) & (2. 2) IT&kb
lim supiect! (a, b) <4+ a.s. (2. 3)
N AIAASR

BOREE (a) ZHVWT. £BOFROTIZHL T
l imenE [l x* (t" (a, D) AT) —x (t" (a, b) AD 121 =0
(2. 4)
DOEDNDZERDMS, ORI, HRENKIMZA T, LKENEZLZHWVWTHED
ViD. - T, (WARGBEZHWT (ZITEHEREETS) TREFLRL
(LO) ERESEGMBEREL ;
[ iMpen| x™ (7@, DAT) —x (7™@,DAT) |=0 a. s
(2. 5)
—%.
Qr ={limsupiec t' (a, b) <T}
EB<E. (2. 3) IT&D
Qr 1 »D P (UQp =1 (2. 6)
Th>, ;
W-oT, w€EQr THBHELE, THKAE5m=m (0v) €M KMHLT
™ (a, b <T &ikb
x*(t®(a, b) AT =x"(t™"(a, b)) =a or b
THBME., (2. 5) kKED +4HKEZm™ =mi(w) EMIMLT
x (™ (a, b)) € (at+e, b—¢)
(ZZT. eBBSHUDAHOBRACEXZIER MDD,
W2 0eQ’ + DEE,
T (at+e, b—¢e) =t™ (a, b)
ThY 4
T (a+e, b—e) =1 iminfpux ™ (Ca, b) (2. 7)
b A (2. 6) kK&, (2. 7) 3 a.s. THRONDIENDMS,
(2. 2) £ (2. 7) T&oT, £#%K
T (at+e, b—¢e) =1l iminfupwrt™ (a, b
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S]] imsupmen t™(Ca, b) =l imsupiert! (a, b)

= 17 (a—¢, b+e¢) (2. 8)
MR 1 TRDID,
pathoidgiickd 10 &935&Z
T (a+¢e, b—¢e)! <t (a, b) a.s.
THhH, —/H HE (c) &b ,
T (a—e, b+e)l T (a, b) a.s.
THahs, (2. 8) &b
l imyeuw ™ Ca, b) = 1t (a, b) a.s.
Eir3, AEED O,

3. First exit time of a bounded interval where the diffusion coefficient

is uniformly positive

ZOHTIE. EHDHER (1. 1) OEPMITONTEZISN,. REK
a (x)1X 1/2-Holder continous, b(x)iX Lipschitz continuousTH 3 &T 3.,
ZOEZE, (1. 1) I unique strong solution ZFO>IENHSNTWS,

time interval [0, +o) OHEZ

A: 0=t <t < v o<t <e - s
EL 1Al = sup:!| tini—t:] &EBL,

ba(s) =t: for s€ [t tis1)

EBE, LLOEEM{xa (1) } %
t t

xa (1) —x=1| a(x(¢pa(s)))dB; + b(x(pa(s))) ds (3. 1)
KEDEET S,

IA () I1=0 (n€EN, n—+o) E2BIIBHFOHHT S
ALBOR x* () =Xam () ZEZX. 7 (a, b) B ° (a, b) &
FB2HITBVWTERLEDDET B,

H. Kaneko and S. Nakao [4] BWT

1 imy . wFE [SUDosesr| x* () —x (t) |?] =0 (3. 2)

(for any finite T)
DERDIDZEARINTEY, ThebbnT, DE¥OFHREHRS,



Theorem 3.1
BAXM [a, b] IZBWVWT, a (x) 2 >0 THBIEZRET S,
ZDEE, n—+oo ETHIX

t” (a, b) -t (a, b) in probability (3. 3)
MDD,

(REBD)

x€ (a. b) &£¥5,

BAICHAREAEN OEROERB 7 ESMIIH LT, MOEREIESLN
HELT

' (a, b) > v (a, b) as. (l€L, 1—>+) (3. 4)
MDD EERED,

EE2. 1 OfE (a) i (3. 2) KKVERBIESMITHL TR I
TWBEMNS, E (b) & (¢) OIRDMDZ E2EFTHIEXW,

ZOFRHOEENS, HDHER e BFEHELT

a (x) #0 for x€ [a—¢, b+ e]
Ehaho, EEREEICEKD

P[ 7 (a—e, bte) <+o0] =1
ThHD, ™D |l 0DEE

T (a—e¢, b+e) |t (a, b) a.s.
Eixb, PHoT, wE2. 10W@EHHERT. (3. 4) ORDIDTENIN S,

K,

l imgy..o 7" (a, b) =7t (a, b) in probability
Z2R/ELED,

s, Eoo &0 ENDOERESESM NEELT
BOm' eM’ ML T

Pllt™ (a, b) —t (a, b) |=6,] =4, (3. 5)
Eixb,

RIEORFERICED,. ZOM’ OERIBH/ESM” BEELT

™ ' (a, b) -1 (a, b) as. (m”€EM’, m'’ —+o)
Ehd, Zhidk. (3. 5) EFET 5.

AEKD D,

63



64

ROHFHTHBELRZMEE, ZITRRTHL,
Proposition 3.2 :

(S, d), (S’, d°) X separable metric spaces THD, X,

(neN), XX S—valued random variables defined on the same probability
space, hi, h ¥ S—™S’ @ Borel measurable mappings TXR®D 3 5%
¥lr9ET 5,

(a) he (X,) = he (X)) in probability (n —+w) for any Kk,

(b) hAx— h a.s. (XOPHMIIEALT (k—>+o0)

(¢) liinlign Pld (A (Xw, h (X)) >el =0

for any ¢ >0

ZDEE,
lim A(Xy = h (X in probability

THh5.

GEHH)
&R

d (h(X), h (X)) =d (h (XD, A (X2)) +

+ d (he (Xh), he (X)) + d (e (XN, B (X))
BN T
& (c) S

likan PL( AO%1HE ) =e/3] =0,

& (a) o

linm Pl B2W )=¢/3] = 0,
& (b) »5

likm Pl d (A (X)), h (X)) =¢,/3]=0.
- T,

lim P[d (h(X.), A(X))>el = 0

AEHED D,



4. First passage time to the boundary in a degenerate stochastic

differential equation

ZOHTI, 1 XKuHERSHER
dx (t) = {max (x (¢t), 0)}'? dB. (4. 1)
x (0) =x€ (0, +o0)
E, (3. 1) TERLENUOELEEZEZ S,
H3IMEFB. FFBIXE [0, +o) O458DH A (n) , n€N, T
A (n) -0, (n—+x) , 2HTHOLE. ZHITHINT S LUHE
X" (t) =Xam () ZROHKS. LBEOEMBIEDLHIT,
bn (S) =bam (5) EBL, _
a<b &9%&E t (a , b) BLXY " (a, b) FEIHTER

LizbDET 5,
T (a) =7 (0, a), " (a) =71" (0, a)
T =7 (+©) ,1t? =7 (+00)
EHBL,
T = inf {t=0: x (t) =0}
7= inf {t20: x" () =0}
Thb, |
E [t (a) ] =2x (loga — log x) for 0<x<a
BXU

P [t<+] =1, E [t] =+
ERBIERERLTBL. ZoOHITE

g (x) =2x (log a — log x) (4. 2)
EHL.

0<e<a &, FH3. 1ickhid. nt+oo&ThiE

t* (e, a) -1 (g, a) in probability
Thb, KiZ. H3. 2Z@EHLT

2 (a) —= 1t (a) in probability (4. 3)
ERLEWV. HL. (4. 3) WO TE, BEEH3. 2268-5T

T = T in probability

BEONDIERINBIES D,
(4. 3) ZRIDIZ, EH3. 2058 (c) OWMIEIND I L% check
LR HERSBVE, 20D, ROV DNDOHENBLE LIRS,
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Lemma 4.1

E [ S {x" (bn (8)) /x"(s)} ds] = & (%)
[0, t2(a)]

(FEBA)
Ito ORRKED., EEOFROTITHL.
go (x» ( " (e, a) AND) — g (Xx)

= g go (x” (s8)) {x" (da.(s))} ' dB;s
[0, T "(¢,a) AT]

+ (1/2) go (x" (8)) x" (. (s5)) ds

S [0, v 2(¢,a) AT]

- T
0= El[go (x* (" (g, a)\ND ) 1]
= go (X) — E[g {x" (p, (s)) /x" (s)} ds]
[0, T * (¢, a)AT]
54
E [ S {x" (¢ (s)) /x"(s)} ds] =g, (3)
[0. T *(¢,a) AT]
ZZT. €10, TTH+oo&dhiTLW, AEEAREDH D,
Lemma 4.2
Elt*°(a)] = 2 @ () +1A () D
(FEHA) {x* (pn (5)) /x"(s)}

= 14 (x" (¢ (8)) —x"(5)) /x" (5)
1— {x" (s (5))} V2 (Bi=B suin) /X" (5)
1= [x" (da (D2 (Bim Bonen) /x° (5) 1 X
X1 [Bs— Bsnsy =01
( 1 [A] B £EAOEZEREZRT.)
1—1 [Bs"Bmz(s).gO] = 1 [BS—B¢n(s)§‘0]

v

%
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ThHHAM5, Lemma 4.1 XD

g (x) Z E [S I [B.=Benn=0] ds] (%)
[0, r*@1
Eix%, FEAK
T [6.9<t" @] =T [s=t*@] + I [s-1A®IET()=<s]
WKHEBLT

(¥x) = E [ S I [Bi=Bonw =01 I [d (s) <t (a)] ds]

— EI g I [Bi—Bon =01 I [s-AM || = 7 "(a) <s]ds]

+oo

S E[E [ [B:=Bsn=01 | Fonn]l I [da()<T"(@] 1ds

v

;;”A(H) I
=(1/2) S E [I [¢.(<t"@] 1ds — A

+o0

> (1/2) S E [ [Xt@]11ds — [A@ I
=(1/2)Elt°@1—- D]
ZORME, RDOBABEREED. | SEHED D,

Lemma 4.3 (FEOEEGICHLT
llioml im Pllzr (e, a) =t (a) |>6]1 =0

n-—+co

MDD,

(FEB)
A | <6 ELTEWZE, BXY ERMO Hpiv)aT7HzEEL
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Pllz" (e, @ —t"(a) |>0]
= EP[r@-17(d >5, HS T D ber]

>SP[t"Q@)Y0+ t, tkér"(z,a){ ]

k=0

IA

+oo

SPL12@—tier 20—1AM Il ; t:=7(,a)< L]

k=0

IA

+00

SE[P L 2@ >0—1A@ ] |y= x*(tirs) ;
k=0 tkér"'(e,a)< v

ZZTC. Lemma 4.2 ZHWT

< 2 @(B-1M@I) "=E[ go(x* (e D+ AWM | ;
k=0 ti= T, a) Lari]
= 2 G-la@ " {lId |+ Z EL go(x"(tes1)) ;
k=0 Ee=T (e, )< Eiri]
| (4. 4)
BOFEROTITHLT
J (h) =ma XosssMa X ssiss+tl Be — Bs |

EB<E& Kanagawa [3] b RLTWBEIIK
E[J (h)]1=0 (" (log (1/h)) ') —0 (h—0)
THBHZERERLTBL,
El go(x"(tes1)) ;5 tx=T"(, ) £iin]
= E[ @o(x"(ter1)) 5 £x=77(6,0)< tarr, X (tir) € [0,26) Ula-¢,+0)]
+ E[ go(X*(ter)) 5 =77, a) txrr, X (tus) €[2¢,2-¢] ]
go (x) P [t=1"(c,a) £xar]

IA

sSsup
x€ [0, 2¢) U (a—¢, +oo)

+ 1l goll P Imax | x"(tes)—x"(s) | D>e, t:=71"(:,a) tist]
s€TI (k) (4. 5)

(::T‘ I (k) - [tk, tk+l] T&éo)
s€1 (k) DELE, BRIHNBLDIIT.
xX"(ter) —x"(s) = {x"(td)} “?(Bev — B))
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(t’ =tk+1)
THD. MDD t=17(t,a) DEE, x(t)=a Eho
, Xﬂ(tk+1)_xn(3) I é*/—a | B. — B; I
ERRD, #-oT

(4. 5) OFBDOFE2H
Slgol PImax | Be —B:l)¢/a t:=17(,a) tisi]

sel (k)

Slgoll{Pmax | Be—Bs|>e/fa, ti=17(,a){ tie.AT]
se€l (k)

+P [t"(z,a)%’l‘, tkér"(e,a)< tk+l] }

kiZOWTImAT |

(4. 4) oFB=2 (6—-A 1) " {IIAl+ sup g (x) +

x€ {0, 2¢) U (a—¢, +)

+ @@/{)E [J‘(IlA(n) 1 1+ @/D(goe (x) + 1AM ) }
(for any finite T )

- T,

lim Pl[lz* (e, @) —t" (a) |>d]

n—+oo

= 206 '{sup g0 (x) + @/T) g (x) }
x€ [0, 2¢) U (a—¢, +)

{0

I}Om 1j+£p Pllt" (e, @) —1t*(a) |>d]

= 206" @2/ go (X)
Eixb, IZIZT. TEREETH-ENS

lim 1im P[lz* (e, a) —t"(a) |>6] =0.

e—0 n—+o

AEIED D,

Theorem 4.4
lim 2 (Ca) = 1t (a) in probability (4. 6)

(GEHH)
Proposition 3.2 IZHWNT. S=C([0,+0),R") ,
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d (o)== 27 [mx lo () —a () |A1],
n=1 0sts=n

( 0,0€8), S =[0,+], d (x,x')=|tan' x—tan"' x° |

( x,xX€S’) &L

X.=x"(), X=x(), .

he (0) =inf{t=20; 0 (t) =1/k or a},

h (w) =inf{t=0 ; 0 (t) =0 or a}
EBL., ok,

he (X)) =17°Q/k,a), h (X)=1"(),

hi (X) =7(1Q/k,a), h (X) =17 (),
ThH>.

EFE 3. 1iTXbD. Proposition 3.20%# (a) WKL, BOHEGEHENS
&t (B) OBROMDOZLEHSNTHY, Lemma 4.3 KEDZHE (C) AEDILD,
f€-T. Proposition 3.2ic&k>T. (4. 6) MDD, AEBARD D,

BRI, 20O -MOHNET S ERZERNS,

Theorem 4.5

lim * = <t in probability 4. 7)

(GEH)

U, Proposition 3.2 ZHW3,
S.d, S, d’, X. X34, 40FEHERC LTS,

hi () =inf{ t=20 ; 0 (t) =0 or k}

h (w) =inf{t=20 ; 0 (t) =0}
E9%, ZDEE,

hy (X,) =72°K), h Xp)=17,

hy (X) =7(), h (X) =1, _
EFA4. 412K D, Proposition 3.20%H (a) BHEDIME, P [1<+o] =1
Ehog# (b) BHRDIND. & (¢) Zcheckl&D,

P [d’ (hs (X)), h (X)) >¢] o

= Pllz*®) — 1>l =P [7"(K) < 7] (4. 8)
Z ZC. martingale { x*(t) —x} OMIERIX ¢ Zidstrictly increasingTH B
5. ZOMEBRET time change T35 &, pathFSICHET 57213, Brown HEH&
35k, (4. 8) OAMX x/k KHFLW,

- T, & (¢c) BEREINIhS, AL DD,



References

[1] Ethier S.N. and Kurtz T.G. (1986) Markov Processes: Charactarization
and Convergence.Wily, New York.

[2] Ikeda N. and Watanabe S. (1980) Stochastic Differential Equations
and Diffusion processes. North-Holland/Kodansha, Amsterdam/Tokyo.

[3] Kanagawa S. (1989) The rate of convergence for approximate solutions
of stochastic differential equations. Tokyo J.Math.12, 33-48.

(4] Kaneko H. and Nakao S. A note on approximation for stochastic
differential equations. Seminaire de Probabilites,,

71



