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INDEX THEOREMS AND MICROSUPPORT
L. Boutet de Monvel ( Urriv. Panvs VI )
vy 6 K2

In these notes we propose to describe again the Atiyah-Singer index theorem for
systems of differential operators, and related extensions such as the index theorem for
Toeplitz operators or the relative index theorem proved by B. Malgrange and the author. We
make a special emphasis on the microlocal contribution produced by the sheaf in which the
solutions of the differential equations are computed, as described by P.Schapira and
J.P.Schneiders, believing that this point of view, although as yet incomplete, sheds a new
and unifying light.

We describe this presentation of the index theorem in §1. It was not possible in these
short notes to give complete and detailed proofs, and we have limited ourselves to give in 3
appendixes short, but hopefully useful, descriptions of the main ingredients: K-theory, 2-

modules, and the idea of the proof.
Description of the index theorem

Let us recall that complex of vector spaces is a sequence
(1) p: ...oEXE., —-.. (keZ)

of complex vector spaces Ey and linear maps pye L(E;Eg, 1) such that py, | o px =0 (we may
identify a linear map p: E,—E; to a complex of length 2, concentrated in degrees 0 and 1).
The cohomology H*(p) is the graded vector space H*(p)=ker p/Im p (HX(p)=ker Pk /Im py_1).
a is a Fredholm complex if H*(p) is finite dimensional, ie. the HK(p) are finite dimensional
and vanish except for a finite number of indices k. Then the index (Euler characteristic) of a

is defined as the alternating sum:
() Ind p = X (-1)¥dim H¥X(p)

The index theorem is concerned with the index of complexes in which the py are
differential operators on a manifold X and the Ey are suitable spaces of distributions on X or
parts of X. It has long been known that under suitable ellipticity conditions the index exists,
and that it is quite stable under small perturbations or deformations, so one expects that it
can be computed in terms of simpler topological invariants of the data. We first recall what
these formulas look like.

The model for all index formulas is Hirzebruch's formulation of the Riemann-Roch

theorem for coherent sheaves on complex projective spaces. In this formula the ingredients



are the Chern character of the sheaf and the Todd class of the space. Later A.Grothendieck
gave a relative version of the Riemann-Roch theorem, in which the topological ingredient is
the behaviour under direct image of a K-theoretical element associated to the sheaf. Let us

recall the formulation of Baum, Fulton and Mac Pherson of Grothendieck's theorem: let X
be a projective analytic space and ZcX a subspace. The Grothendieck group K%"(X) is the

group generated by isomorphy classes of coherent ¢ x-modules with support in Z, and the
relations [M] =[M ']+[M"] for each exact sequence 0—-M'>M—-M"—0. There is a canonical
homomorphism KaZn(X)—)thp(X), where thp(X) is the Atiyah group of "virtual vector
bundles with support in Z", which describes the additive and deformation invariant
properties of complexes of vector bundles which are exact outside of Z. According to Baum,
Fulton, Mac Pherson, the relative Riemann-Roch theorem states that this homomorphism
commutes to proper direct images (it also commutes to inverse images). This should be
complemented by the description of the K-theoretical image, which is constructed by means
of the Bott periodicity theorem. One may further translate this in terms of cohomology,
using the Chern character:

3) ch: KSPx)®Q ~HY%'(X,0)

The Hirzebruch-Riemann-Roch theorem is the cohomological translation when then goal
manifold is a point (recall that E—>dimE defines the canonical isomorphism K(point)~2Z). In
this analysis the Todd class appears when one interprets the K-theoretical direct image
(whose cohomological interpretation is not integration along fibers).

The Atiyah-Singer index formula deals with elliptic complexes of differential
operators on a real manifold. Since holomorphic functions are solutions of the elliptic
system of Cauchy-Riemann equations, this formula contains the complex Riemann-Roch
formula from which it was inspired. Although the first proof of this formula was
cohomological and close to that of Hirzebruch, the published proof of 1968 is more inspired
by that of Grothendieck and convincingly shows that K-theory is a natural tool in this
context.

A similar case where one has an index theorem is the following: if X is a complex
manifold, UcX a relatively compact open subset with smooth boundary dU, and p a
complex of holomorphic differential operators on X, one defines the non characteristicity of
dU for p ; this condition is closely related to the ellipticity condition in the real case, and
when it is true, the complex p acting on germs of holomorphic sections near UuoU is
Fredholm and its index is essentially given by the same Riemann-Roch formula (the same
formula holds more generally for Toeplitz operators - cf. Boutet de Monvel 1.)



In these notes we restrict ourselves to operators with analytic coefficients on analytic
manifolds. This is not an important resriction for the topological aspect of the index formula
because this deals with homotopy classes of continuous functions, which usually contain
real-analytic functions. It does make a ditference for the analysis and geometry of the
differential operators involved : some pathologies are avoided , but mostly in the analytic
setting we dispose of a good algebraic and geometric formalism similar to those of algebraic
or analytic geometry, which would not exist otherwise, eg. there is a good notion of supports
and characteristic sets, and direct or inverse images.

In this setting the data for the index theorem is the following: first we have a complex
manifold X ; a real manifold will always be considered as the germ of a subset XqcX (the

set of real points in a complex manifold). On X we have a differential system with analytic
coefficients, best described as a coherent 2-module (2 denotes the sheaf of analytic

differential operators). Finally we have a sheaf of coefficients & in which we compute the
solutions. We will represent the differential system by a sheaf ./ of right 9-modules (or
more generally by an object with coherent cohomology of the derived category of these); &

is a sheaf of left 9-modules (or more generally an object of the derived category); the sheaf
L
of solutions is the complete tensor product ./ ®@37 (an object of the derived category of

sheaves of vector spaces), and the index (if it exists) is the alternating sum of the Betti

numbers of its global sections:
@) Tndex(M.7) = (&) =3 (-1 dim RICX, MGy 7)

(One can equivalently represent the differential system by a left 9-module, the sheaf of
solutions being RHom( A ,5)).

Let us point out typical cases for the sheaf & of coefficients: a first example is the
case where & is the sheaf @ of holomorphic functions; in this case (X complex compact),
we may take A =m®,P with 72 a coherent -module, and the index theorem will give back
the Riemann-Roch theorem (in fact one gets a little more since coherent left $-modules are
not all of the form m® 4,92 ). More generaHy one can choose & a coherent left 9-module;
the ellipticity condition is then that SS.# and SS& meet along a compact set (in the zero

section of T*X). The index formula is then the formula below.

A second example is the following: let Y be a closed subset of X and & =0+ the sheaf
of germs of holomorphic functions along Y (¥ =i,i"1@ if i is the canonical inclusion Y—=X,
so that for the stalks we have & =0, if xe Y, and 0 otherwise). The case of Toeplitz

operators corresponds to the case where Y=UwdU with U a relatively compact open subset



of X, with smooth boundary dU. The case of operators on a real manifold corresponds to the
case where Y=X, is the set of real points of X as above. More generally Schapira and
Schneiders have examined the case & =0®yf where £ is a real-constructible sheaf.

We may now describe the structure of the index formula: to ./ is associated its
microsupport SS.//, and a K-theoretical element [/ ]e Kqg_,(T*X) (when ./ is given as a

complex of differential operators with symbol exact outside of Z=SS./, [#] is the element
of Kgg_y (T*X) defined by the symbol ; in general cf. Boutet de Monvel-Malgrange). In the

examples described above we can also define the microsupport SS&, and in the best cases a
K-theoretical element [ Je Kgo-(T*X). The ellipticity condition is that SSANSST is

compact . Then the index formula then reads as follows:

Index theorem : (5) Index(AM,F )=y P(AMT))

where %'°P is the canonical K-theoretical character Kz (T*X)—Z arising from the complex
structure of T*X (cf. appendix1), and [#][Z ] is the K-theoretical product (it has compact

support SSHNSSF ). In the cases we will describe below & is associated to a simple set U,

and SS&Z =SSU has a complex tubular neighborhood whose Bott element is precisely [ ],

so the index formula can be rewritten

(5)bis Index( 4,7 ) = x'OP([H] | SSF)

If & is 9-coherent, SSF is its charateristic set as mentionned; if 7= 0®/ with £ a
real-constructible sheaf, SS& is the microsupport of 7 as defined by Kashiwara and
Schapira. The index formula in the case & = O®7 with £ a real-constructible sheaf was
described by Schapira and Schneiders, in terms of the microlocal Euler classes of # and /.
Here we have described the index formula in terms of K-theory; this seems more natural in
view of Grothendieck's.and Atiyah-Singer's work, and also for formulas with parameters. At

this stage this description is not complete, although it contains all previous cases of the
index theorem: we need to associate to the sheaf of coefficients & a K-theoretical element

[& 1€ Kggo-(T*X). This was done by M.Ohana only in the simpler casecs =0y if Y is a

real-analytic submanifold with corners of Y; it remains to be done in more general cases.

To conclude let us point out that the preceeding description also applies to the relative
case, as described in Boutet de Monvel-Malgrange: let £ : X—Y be a submersion of complex
analytic manifolds. Then one defines the transfer module 2x_,y (the sheaf on X of
"differential operators" of type Oy—0x : p—P((Q@)of) with P, resp. Q, a differential

operator on X, resp. Y). D9x_,y is a coherent Dx-module and its characteristic set is the set



H=T*YxyX of horizontal covectors. Let UcX be an open set with smooth boundary 0U:
then SSOy; was defined above (it is the zero section above U and the set of outgoing normal

covectors on dU). We set @Lyﬁyz@x_w@(gxﬁu ; then, although the microsupport is not
generally defined in this context, a reasonable definition is SS2y_y=SSPx_,y+SSy; (at
least when the map SSPx_,yxxSSOy; — T*X is proper). We may extend the projection F:
SSPx5y=T*YxyX—T*Y to a map Fo: SS?y_,y by requiring that it is constant along real
half-lines parallel to the normal outgoing real half-lines along 0U.

When / is a coherent 2-module on X, we studied in Boutet de Monvel-Malgrange

the direct image of the germ of /% along UuodU:
6) fy*(A)= RE(AM® g, DU-Y)

(which describes intuitively the differential relations on Y between germs of solutions of ./
along the fibers of f in UudU). The geometric ellipticity condition is that SS/ZNSSPy_y

is contained in H; the geometric finiteness condition is that the restriction Fe:
SSAMANSSDuy—y — T*Y is proper. The relative ellipticity condition (with respect to U) is
that any section of . is killed by some vertical operator which is non-characteristic along
dU and it cannot be read on the principal symbol alone. It implies geometric ellipticity, and

together with the stronger compactness condition above, as was shown by Houzel-Schapira,
it implies relative finiteness, ie. that f{;*(.#) has coherent cohomology. In this case we have

SStyH(AM)TZ= Fo(SSMASSDyy) and the relative index formula of Boutet de Monvel-

Malgrange can be written:

Relative index formula:  (7) [fy*(A4)]z=Fe. [Hlss | SS2Usy

where Fe, 1s the K-theoretical image (the relation to the formula above is that the product
[A]ss.z [SSPU—Y] corresponds to [H])gs. 7 | SSPu—y by the Bott isomorphism from
Kw(SS2y-y) to Ky(T*X) with W=SSZNSS2yy)



Appendix 1. K theory

a. Definitions Let X be a paracompact topological space. We recall that the Atiyah group
K(X) is the group generated by isomorphy classes of vector bundles and the groupoid law &.
If ZcX a closed subset, Kz(X) is the group of equivalence classes [a] of bounded complexes
a of C-vector bundles on X, exact outside of Z, where the equivalence relation is generated
by the relations:

(A1l) (1) [a]+[b]=[a®b]

(1) [a]=0 if there exists a deformation of a to an exact complex, exact out of Z.

In fact any element of K7(X) is the class of length 2: if

(A12)  a: . —oEXE,->.. (keZ)

is a bounded complex on X exact out of Z, we have [a] = &(a) € Kz(X), where 8(a) is the
operator (= complex of length 2) a+a* : Y EZK — ¥ EZk+1,

K-theory is equipped with a product, corresponding to the tensor product of complexes
of vector bundles: if ue Kz(X) and ve K7(X) then uve K~ 7(X); in particular K(X) in an
algebra and K4(X) id a K(X)-module.

Let H be a Hilbert space and let Fred(H)cL(H) be the set of Fredholm operators. If
ZcX as above we denote F,(X) the group of homotopy classes of continuous functions A:
X—Fred(H) invertible outside of Z. Since GL(H) is contractible (by N.Kuiper's theorem)
this is identical the group of homotopy classes of Fredholm Hilbert bundles which are exact
outside of Z (a complex of Hilbert bundles is Fredholm if its cohomology is finite
dimensional at each point). There is an obvious map Kz(X)e Fz(X) because a finite-
dimensional complex is a particular case of Fredholm Hilbert complex. Jénisch's theory
shows that this is an isomorphism if Z is compact, or if the Cech dimension of X is finite.
The inverse map is the index map and is denoted Indy.

b. Inverse image If f is a continuous map X—Y, the inverse image for vector bundles
induces an inverse image f'1 for K-theory : K;'(Y)=Kz(X) , if Zof 1Z'. In particular if U is
an open set of X and ZcU is closed in X, there is a restriction map Kz(X)—Kz(U). If X is
finite dimensional this is always an isomorphism (excision) (a Fredholm map a on U
invertible outside of Z can be deformed into 1 outside of some small neighborhood of Z by
Kuiper's theorem, so its homotopy class can be extended). '

¢. Products K-theory is multiplicative: if &=[a]e Kz(X) and n=[ble Kz{X] where a,

resp. b are two complexes of vector spaces (resp. or Fredholm complexes), exact outside of



Z resp. Z', then En=[a®ble K7 ~7(X) , where a®b is the tensor product of complexes (it is
exact wherever one of the factors is). Slightly more generally if we have ZcYcX, and
E=[ale Kz(Y), n=[b]le Ky(X), we define the product Ene Kz(X) : it is the class [A®b] where
a is any extension of a to X (if a is a Fredholm family, we may take any extension,
Fredholm or not, of a: the product a®b will still be exact (thus Fredholm) outside of Y

because b is).

d. Bott isomorphism If N is a complex vector bundle on X, we define its Koszul

complex, which is a complex of vector bundles on N considered as a topological space:
(A13) ky G AKEINF) 5 AR pINY 5 5 (pINY) 5 C 50

where p N—X is the projection, N* the dual bundle of N, and the diferential at a point ne N
is the interior product ® — n®.

ky is exact outside of the zero section (which we identify with X) and defines an
element [knJe Kx(N). The Bott map By is the K-theoretical multiplication by [kn]

(A14) Bnx : Kz(X) = Kz(N)

Atiyah's formulation of the Bott periodicity theorem is that (if X is finite dimensional)
this map is always an isomorphism (cf Boutet de Monvel-Malgrange for the case where the
support Z is # X). The proof in Boutet de Monvel-Malgrange describes the inverse map as
the index of families of Toeplitz operators. Thus the Bott periodicity theorem appears as the
first and fundamental case of all index theorems , and essentially all proofs of the index

theorem consist in reducing to this formula.

e. K-theoretical image We end this section by the description of the K-theoretical

push-forward. Let us notice that the Bott element [ky] is as well defined by the bundle map
dkn) =kn+ kN 1 A% — AN

where 8% = A% N* and By = A%Y N* (we have chosen some hermitian metric to define

the adjoint kY ). Thus the Bott element and the Bott map are still well defined if N is only a

real vector bundle equipped with a spin® structure.! Spin® structures also give rise to a

ita spin® structure on a real vector bundle N consists of a euclidean metric on N, and a simple graded

Clifford bundle (ie a vector bundle 8N =47 +4 endowed with a structure of Cpy -module, where Cy is the
Clifford algebra of N - generated by N and the relations n.n = -llnli2 for each neN, which is simple at each

point of X)



Grothendieck group Kspin®(X) ( ANeN=AN ®& &N) of virtual spin€ structures. This has the
following property (which does not hold for complex structures): if E is a real vector bundle,
and &e KSPI%(X) a virtual spin€ structure with underlying real virtual bundle [E], then there
is a unique compatible spin® structure on E.?

If X and Y are two smooth manifolds and f a differentiable map X—Y, a spin®
structure on f is a spin® structure on the normal bundle N(f) = f1[TY]-[TX]e KX). A map
between complex (or symplectic) manifolds carries a canonical spin€ structure.

For f spin© and proper on ZcX , the K-theoretical push-forward Kz(X)—>Kgz)(Y)is
defined by the following axioms:

- itis covariant: (fg)x = f« g«
- if f : X—>N is the zero section of a spin€ bundle (equipped with the obvious spin€
structure), then f, is the Bott isomorphism.

- it is compatible with a change of basis, ie. if we have a diagram

X —GC—>X

l F lf

Y —g— Y
where X, Y, X', Y' are manifolds f, g, F, G differentiable maps, f and g are transversal and
Y' =YXy X', f and F are equipped with compatible spin® structures. If further we have

supports ZcX, ZcX', TCY, T'CY' with ZoG™(Z), Tog I(T), Tof(Z), T'SF(Z') then
Gl =Fx gl Kz(Y) - K1(X)).

Thus f, is defined if f is a spin® immersion (as the composition of the Bott

isomorphism of a tubular neighborhood, and the excision map). It is also defined if f is the
projection X=YX C"—>Y (with the canonical spin® structure), as the composition of the
restriction map: KZ(X)'—>KB(X) where BDZ is a ball bundle with basis {(Z) and of radius
some suitably large continuous function, and of the inverse of the Bott isomorphism
KB(X)—K¢z)(Y) (this is well defined because the pair (X,f(Z)) can be deformed in the pair

(X,B)). In the general case f is the composition of two such maps.

In particular if X has a spin® structure (eg. a complex or a symplectic structure), and
ZcX is compact, the character x'P: K»(X)—Z=K(point) is the push-forward map by the
spin® map X—point.

2 This follows from the fact that if N and N'cN are equipped with spin€ strutures, and we set N"=N'L, then
AN =HomngN..(,6 N->AN) is (up to isomosrphism) the unique spin® structure such that

N,AN)=(N',ANIYB(N", N").This complementation property does not hold for complex structures.



Appendix 2. 9-Modules

In the introduction we mentionned that the natural framework to describe linear
differential systems is the theory of 9-modules. This section gives a résumé of the basic
definitions and constructions concerning 9-modules. For further details see the book of
Sato-Kawai-Kashiwa, or Borel et al seminar (in the algebro-geometric setting), and the
books of Kashiwara 5, Schapira, and Bjork, or the Grenoble seminar (Boutet de Monvel-
Lejeune-Malgrange, 1965). Many operations on 9-modules are a superposition of several
manipulations and are suitably described in terms of derived categories; for this we refer to
the same, and Verdier, Borel et al 2, Kashiwara-Schapira 2.

a. Introduction Let X be an analytic manifold. We denote by &, the sheaf of

complex valued analytic functions, €2 the sheaf of differential forms of maximum degree
(densities) and 9 the sheaf of analytic differential operators: ¢ is a left 2-module and Q a

right 2-module. 9 has a canonical filtration (9, is the sub-sheaf of operators of degree <m)
and gr 9 identifies with the sheaf of sections of the symmetric algebra STX (equivalently -
the graded sheaf of polynomial functions on T*X, with coefficients in Ox). 2 is coherent
(because gr? is). A system of differential equations on X is often described as a complex of

differential operators

(A21)  p: ... Bk P pk+l

where the EK are analytic vector bundles on X (here we denote by the same letter the sheaf
of analytic sections of E), and where we are interested in the solution sheaves, ie. the

cohomology sheaves of p.}> One is also interested by the solutions with C* or distribution
coefficients, or more generally with coefticients in a sheaf N of left 9-modules.

A more systematic description consists in defining a differential system P as a
complex of right 9-modules (or rather an object of the derived category of these) 4; the

sheaf of solutions with coefficients in N is the complete tensor product

(A22) Sol (P,N) = PON

3 For example if p: E? 5 Elisof length 2, the homology sheaf H? is the sheaf of solutions of the equation

pf=0, and H! is the sheaf of obstructions to solving the equation pf=g.
4 the sheaf of right 2 -modules associated to p (A3) is Pd: . — 8K - gk+l 5 . wimgK = Diff@ EK)

the sheaf of differential operators of type @ —EK, and differential Q — p ¢ Q, so that PA®0 is the initial

complex p. Similarily one associates to p the complex P& of left @-modules Diff(E,®), for which
Sol(P)=Hom ¢,(P8,0).
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which is an object of the derived category of sheaves. Familiar systems correspond to
coherent 9-modules (or complexes with coherent cohomology). In fact we will be mostly

dealing with @-modules which possess good filtrations.”

b. Characteristic set
In general, if M is a left (or right) 2 x-module, the characteristic set, or analytic

microsupport SS M is the conic set supp(& ®p_1 9 p IM)CT*X, where p is the projection
T*X—X and & is the sheaf on T*X of analytic pseudo-differential operators. This definition
extends to complexes or objects of the derived category. If M is coherent (or has coherent

cohomology), SS M is also the support of gr M for any good filtration, and it is an analytic
involutive subset of T*X ¢ (cf the book of Sato, Kawai, Kashiwara).

c. Direct and inverse image
Let X,Y be analytic manifolds and f : X =Y an analytic map. We define the
transfer module @x_,y as the sheat on X of t-difterential operators of type Oy — Ox (local

sections are operators of the form ue ¢ y—Px(Qyu,f) with Px € 9x, Qye Qy). Px_yisa
left 9x-module and a right f‘l.@y-module. Similarily one defines the transfer module Dyx
as the sheaf on X: it is the sheaf of f-differential operators of type Qy—Qx, a (f19y,9x)

bimodule.

Examplel - If f is submersive we have the relative De Rham complex dx/y:
(A23) dy/y 10 = Oy = T*X/Y = .. AAT*X/Y — AKIT*XY — ...

As a left 9x-module, Px_,y is generated by the pullback operator € (u—uof); it is a flat

f‘l.@y-module (as Ox isflaton f 1(93{); and the complex DR Xg/Y of left 9-modules

associated to dy v is a locally free resolution of Px—y (the augmentation is Pe Dx—Po€).
If f: X—>Y is an immersion we have -@X—>Y=0x®f.1 0Yf1.°2)y. It is a locally free9x-

module; locally f is isomorphic with the zero section of a vector bundle, whose Koszul
complex defines (extending coefficients to Dvy) a locally free resolution of 2x_,y on Dy.

5 A good filtration on a 9-module M is a filtration M=UMk, with Mg @x cohérent, My =0 if k<< 0, Mk@p c
Mk+p, with equality if k>> 0. A 2-module is coherent iff it possesses locally good filtrations. Algebraic
coherent 2-modules and holonomic 2-modules possess global good filtrations but in general existence of a
globally defined good filtration on a coferent ?-module is not known. The canonical flitration of 9 is a good
filtration.

6 je. if f and g vanish on char.ZZ then so does their Poisson bracket {f,g}=20f/d&; dg/dx;-0f/dx; dg/0E; (in any

system of local coordinates)
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If A is aright @x-module (resp. a left Py-module) the direct image f,M is the object
of the derived category of right 9y-modules defined by

(A24) f,M = Rf,(M® 9y IX—Y) € 0bDP(Dy)

(resp. the inverse image f*M is

(A25) M = £ 1(M) ®9,)Pyvx [-d] € 0bDP@y) (d=dimX-dimY)

one defines similarily the direct image of a left 9x-module or a right 2 y-module using the

transfer module 2y x).

Example 2 - If f: XY is a closed immersion, the direct image f, is defined for 2-modules:
the functor M—f M® @X@ XY 18 exact; it is a category equivalence (Kashiwara
equivalence) between 9x-modules and 9y-modules "algebraically” supported by X (ie. any

of whose sections is killed by some power of the ideal of X).

Dually if f: X—Y is a submersion with cohomologically trivial fiber - eg. X is the

germ of some manifold along a continuous section of f - it is shown in Boutet de Monvel-
Malgrange that the inverse image t* realizes a category equivalence between coherent 9vy-

modules and the category of coherent 9y-modules which are regularily characteristic along

horizontal covectors of the submersion (the characteristic set of dyy). This is particularily
useful in the following case: Y is a complex manifold, X=YR the real sublying manifold -
germ of YxY along the diagonal, and f: X—Y is the canonical projection.

d. Symbol, K-theoretical element associated to a 9-module

Let X be a complex manifold, and M a 9-module possessing a good filtration. If

ZcT*X is a closed conic set containing SSM we define:
(A26) M% e KZ(T*X)

the element of the Grothendieck group of homogeneous sheaves on T*X. This element (or
rather its restriction to any subset with compact basis in T*X) does not depend on the choice
of a good filtration on M.

We also define the topological symbol

(A27)  [M]YPe Kz(T*X)
of right 9-modules possessing good filtrations (or similarily for a left -module) by the

following axioms:
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(i) it is additive for exact sequences ie. [M]'9P= [M']P+ [M"]'OP if there exists an exact
q Z Z y4
sequence 0 > M' 5> M —->M"—> 0

(i1) if M corresponds (as above) to a complex P of differential operators whose symbol 6(P)
is exact outside of Z, then [M]mp = [6(P)]; (the element of Kz(T*X) defined by o(P)).

(i11) it is compatible with submersive inverse images. More precisely let f: X—Y be a
submersion. If M is a coherent 9-module (possessing a good filtration) we have f*M =

f'1M®f_1@.@Y(_X[d] (d=dimX/Y). Denote F: {7 1T*Y = XXy T*Y <& T*X the cotangent

map: its image is H=car @y x < T*Y, the set of horizontal covectors; denote f:
FlTry—THY the projection. Then we have car (f*(M)) = Ft_‘l(car M) c H, and

(A28)  [E'MID = FIMISP. [Dxey[dISP = FL £ 1 MISP (d=dimX/Y)

the K-theoretical image. These axioms define [M]‘é’p if X is the germ of a complex manifold

along a compact set, or if X is a projective manitold, since M then possesses a "good"

locally free resolution (corresponding to a locally free resolution or grM), whose symbol
defines [M]'gP. In the general case the real sublying manifold XR is Stein, so [MR]tOp is well

defined, so as [M]‘gp since in this case the K-theoretical map F.f 1 Kz(T*X) = Kiz(T*XR)

is one to one (it is the Bott isomorphism). Reducing similarily to the case where X is real
one shows that the symbol [M][Op is well behaved under closed immersions:

(iv) Iff: X—>Y is a closed immersion, M a 9x-module with a good filtration and carM =

Z. Then f4M possesses a good filtration, we have cartyM = tTF'l(Z), and

(A29)  [E:MISP = G FT[MIP  (K-theoretical image(with f: f1(T*Y)—>T*Y the

projection, and F: t‘l(T*Y)—>T*X the cotangent map)

Remark - if 72 is a coherent Ox-module with support C Z, we set note [m] Pe K7(X)
whose inverse image on T*X is [m®y, 9 X]“fll’ 7€ Kp-17(T*X). This definition commutes
with submersions and closed immersions. ’ ThlS definition of course coincides with that of
Baum, Fulton, Mac-Pherson when it is defined (eg. if X is a Stein or projective manifold so
7 has finite locally free resolutions). In their work Baum, Fulton, Mac-Pherson prove the

result for immersions by "deformation to the normal cone".

7 The canonical map K M(X)—K'9P(X) was defined by Baum-Fulton-Mac Pherson when X is a projective
space, using a deformation to the normal cone. Our definition uses the real sublying manifold X so X does not
needs to be projective. Note that going from X to Xg, one looses nothing at the level of 9-modules, but one

looses all modular or continuous information contained in K%(X).
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Appendix 3. Sketch of the proof of the index formula

The data for the index theorem consists in a complex manifold X, a system of
differential equations on X described by a coherent right 2-module M (possessing a good

filtration), and a sheaf of coefficients N (a left 9-module).

In what follows N will always be of the form N=0; where U is a real analytic
submanifold with boundary (or corners).® The microsupport SS N=SS U is then the set of
all "outgoing" normal covectors, ie complex covector { such that Re is negative on the 1st
order jet of U (this makes sense unambiguously if M is a real analytic submanifold with
corners).

example - if U is a totally real submanifold in X (real case), SSU is the set of pure
imaginary covectors at points of U.

If U is a submanifold of real dimension 2dimX, with boundary dU a real-analytic
hypersurface, SSUCT*X is the union of the zero section of U and the outgoing conormal
bundle of oU (set of all { at points.

As mentionned above the 9-module M is elliptic with respect to U if SSMNSS U is
contained in the zero section: the stronger finiteness condition is that SSMNSS U is

compact. We then dispose of the following objects:
- the characteristic set Z=SS M, and the symbol [M] ‘é’pe Kz(T*X) 9
- the microsupport SSN: in the case considered here (N=0yj) this always has a tubular

neighborhood with a canonical spin€ structure, and by definition [N] is the Bott element
corresponding to this. 10

Thus the terms in the index formula (5) are well defined. The main idea of the proof is
to embed everything in a numeric space where the formula is known. However ellipticity is
not preserved by closed embeddings (a system whose solutions are carried by a proper
submanifold cannot be elliptic), so it is usetul to slightly enlarge the definition. In the cases
we are dealing with (U a real analytic manifold with corners) it is easy to see that U can be

8 the case where N is a coherent left @-module can formally be reduced to the case M=@. There clearly should

be a more general case, making the symmetry between M and N more apparent, but the K-theoretical aspect in
more general cases remains to be developped. As mentionned above the case where N is associated to a
constructible sheaf on X has been examined by Schapira and Schneiders.

? this is really only defined above compact subsets of X, but this is enough for the index formula where it only
needs to be defined dear the compact set SS M SS U.

10 for example if U is an open subset with analytic boundary, SS U can be deformed into the zero section; for
the zero section the tubular neighborhood is T*X, which is a complex vector bundle. The K-theoretical element

[N] for more generent coefficient sheaves remains to be constructed.
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deformed and thickened in the following sense: there existes a continuous one parameter
family U, of neighborhoods of U, such that each U is a manifold with boundary, U.cUg if

e<e', and S8S U—S8S U if e—(. We will say that such a family of neighborhoods is adapted

to U, a use the following generalization of ellipticity:

Définition A3 - M is almost elliptic with respect to U if there exists an adapted family U,
of neighborhoods such that M is adapted with respect to U for small €.

examples : an elliptic module is almost elliptic. Products of almost elliptic modules are
almost elliptic. If M is almost elliptic with respect to U, and f is an analytic embedding, f,M
is almost elliptic with respect to f(U). Finally a holonomic module is always almost elliptic,
with respect to any U.

The index formula extends naturally to almost elliptic systems (replacing the product
IMISEMIOylssy (or the restriction [Mlaryl SSU) by the limit of the deformations

(M]gr,M[@UE]SSU ¢ )» and we prove it in this framework, which allows embeddings.

The index theorem may then be proved as follows:
1. We first replace the manifold X by the sublying real manifold Xg, and M by My

- 2. The choose a closed immersion f to embed everything in a numeric space R", and

possibly thicken in C™ to reduce to the case where U is a small ellipsoid neighborhood of the
real unit ball; in this cas the formula is already established: it reduces to the index formula
for Toeplitz operators on a ball and is a particular case of the Bott periodicity theorem.

The topological character ('P or the K-theoretical push-forward were precisely

constructed to follow in these operations.

As was shown by Atiyah-Segal, the absolute index formula has a natural
generalization to systems to systems depending on parameters.!! In our analytic framework
these are described as follows: we first have an analytic map f: X—Y (of real or complex
manifolds), a complex M of right 2 x,y-modules (with good filtrations), representing an
analytic family of differential systems on the fibers, and a sheaf of coefficients N=0yj,
associated as above to a real analytic submanifold with comers UcX. The relative
characteristic variety Z=car M/YCT*X/Y is the support of grM (for any good filtration). To
M we associate the symbol

(A31) M]¥Pe Kz(T*X/Y)

T also to G-equivariant systems, G a compact group (the index is then a virtual representation of G), to which

case our proof adapts easily - using equivariant embeddings.
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defined as above (it is only defined above compact subsets of X). The direct image of MIU
(describing solutions along fibers of U) is f+M=Rf*(Mé_@N). To N we associate its relative
microsupport SSNcT*X/Y, whose fiber above ye Y is SSUy. The finiteness (ellipticity)
condition is that the projection SSMNSSN—Y be proper, ie. that My be elliptic along Uy
for all ye Y and this ensures that f,M has coherent cohomology. In that case the support of
f,M is contained in the projection Z' of Z=car M/YNSS U/Y, and the following formula is

the natural generalization of the index formula:

(A32) [£,M]%P = Fe(IM]%P [Ny)) e Kz(Y)  (K-theoretical image)
zZ Z U

where T is the projection T*X/Y—Y. The proof is an immediate adaptation of the proof

sketched above.

Relative index theorem

We end these notes by a brief description of the relative case. In the relative index
formula we are given an analytic map f: X—Y between analytic manifolds, a 9-module M

on X, and a subset U defining the sheaf of coefficients. We are interested in the direct image
f,(MIU): a relative ellipticity condition will ensure that this is coherent, and the relative
index formula will then describe its symbol bundle [f,(MIU)] in terms of [M].

Let us describe this more precisely. First the relative index formula below, as all
formulas above, is compatible with closed immersions: replacing X by XxY, M and U by
their direct image by the graph map Idxf, and t by the projection XXY—Y, we are reduced
to the case where f is submersive (a projection), which we will always suppose from now
on. As above we denote ‘

(A34) H = XxyT*Y
T:H—>T*Y  the second projection
F:H->T*X the cotangent map

to our set U defining the coetticient sheaf we associate the transfer module Dyy_,y =
Cy®Px_,y. We define the microsupport SS yj_,y = SSCy+SS9Px_,y (the set of all
covector of the form &+n with &€ SSU and ne H=SS?x_,y at points of U). We denote

further

(A35)  Ue=SSPy_,y = SSUxyxH
Feo:Ug—>T*X  the map which extends F by F.(m,h)=n+h
fo: Us>T*Y  the projection
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The relative ellipticity ellipticity condition is the following: we have seen above the
definition of ellipticity with respect to U for a vertical 9x,y-module, which is the

straightforward generalization of the ellipticity condition in the absolute case. The M is
relatively elliptic if locally (near any point of dU) it is a quotient of a 2-module of the form

N®gy /Y@X for some coherent Dy y-module N, elliptic with respect to U. ! Relative

ellipticity implies the following geometric condition:

(A36) SS M and SS Oyy_,y meet along H ("the zero section of T*pxy).

The finiteness condition is this relative ellipticity condition, plus the condition that the
projection: SS MNSS 9;_yy = T*Y is proper. There is also a notion of almost ellipticity.
However the relative ellipticity condition is more complicated than in the absolute case; it
cannot be read on the principal symbol of operators alone and is harder to manipulate (and
less stable).

Under this relative ellipticity and finiteness condition, it was shown by Houzel-

L
Schapira that the direct image f, My = Rf,(M®¢2{;_,y) is coherent and its characteristic set
is contained in the set Z'=f(SSMNSSPy;_,y). The relative index formula of Boutet de

Monvel-Malgrange is in this case the straighttorward generalization of (5)bis:

[f~trIVILI]tZO'p = -fC*Fe-l[M]tgp

We refer to the paper of Boutet de Monvel-Malgrange tor the proof of the relative
index formula and give here only the briefest indication. As above one may simplify the
situation replacing M by Mg and embedding in a numeric space; we may thus reduce to the
case U=YXQ, where Qg is a fixed complex ellipsoid, neighborhood of a real ball. In any
case, it is practical to use a resolution of M by "vertical” D-modules of the type N®@X /Y@X’
and make use of vertical filtrations, ie. double filtrations of the form Mpszp@)%,Y. The
graded object associated to this is a vertical @y - module to which we may apply the
theory above (with parameters): its direct image is coherent, and it is the first term of a
spectral sequence which converges to grf, My;. There still remains some work to do to

compare the K-theoretical element associated to the "vertical" graded object” gr'M, which
lives on T* gy r«y=HxyT*Y and [M]7P which lives on T*X (in fact they are bot compared to

their "cones" which live along the zero section of H in HXT*Y) and check that they give the

same element by the K-theoretical image

12 equivalently any sestion s of M at a point of dU is killed by a vertical operator Pe @y non characteristic

for oU.
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