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Minimax Theorems of Vector-Valued Functions*

BhE k¥t Me B (Tamaki Tanaka )}

Abstract. In this paper, we consider multicriteria games, in which we have the
following particular questions: If we give reasonable definitions for minimax values
and maximin values of a vector-valued function in an ordered vector space, what
minimax equation or inequality holds? Also, if we give a suitable definition for
saddle points of the vector-valued function, under what conditions do there exist
such saddle points? Moreover, what relationship holds among such minimax values
and maximin values and saddle values? These questions are called minimax problems
for vector-valued functions.

Then, we will give interesting answers to such open questions and will show three
types of minimax theorems for vector-valued functions.

Key Words. Minimax theorems, multicriteria games, vector optimization, multi-
objective programming, multiple criteria decision making.

1. Introduction and Preliminaries

It is well-known in game theory that scalar games have the following result: a real-valued
payoff function possesses a saddle point if and only if the minimax value and the maximin
value of the function are coincident. One of unsolved problems in game theory is whether
games with multiple noncomparable criteria have an acceptable theory similar to standard
results for scalar games. This kind of game is called “a multicriteria game,” and the payoff
takes its values in a vector space. Such a game has been researched in the past as found
in [2], [25], [6], [11], and [12]. On the other hand, minimax theorems for a vector-valued
function and some generalizations of a saddle point concept have been explored actively
from the mathematical aspect; see [23], [8], [9], and [10]. Also, the author have separately
researched such minimax problems in general setting and proved minimax theorems, ex-
istence theorems for saddle points, and saddle point theorems in [28], [29], [30], [32], and
[34]; all of such researches are contained in the author’s doctoral thesis [33].

These papers give interesting answers to such open questions above. It is, however,
unsatisfactory that few papers of them are devoted to the multicriteria games. As a matter
of fact, minimax theorems and saddle point problems for a real-valued function are closely
connected with (scalar) game theory. Therefore, it is great important to reexamine the
results as shown in the above papers from the multicriteria game’s angle.
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The aim of this research is to clarify the structure of the multicriteria two-person games
and gives an acceptable theory to them. To this end, we will define and characterize
several strategies for players of the game. Also, we will present some modifications of
author’s minimax theorems in [33] for a vector-valued function. Some elementary results
and tools in this paper are based on [33] and [34].

The organization of the paper is as follows. In Section 2, we shall give an formulation
for a multicriteria two-person zero-sum game, and define an optimal response strategy.
In Section 3, we shall give some generalization of the saddle point concept, which are
called “cone saddle points,” and prove some existence theorems for such saddle points. In
Section 4, we shall state a saddle point theorem and three types of minimax theorems for
a vector-valued function.

Now, we give the preliminary terminology used throughout the paper. To begin with, the
main spaces with mathematical structures on which our results work are a real topological
vector space (t.v.s. for short) or a real locally convex space (l.c.s. for short) as a domain of
functions and an ordered real topological vector space (ordered t.v.s. for short) as a range
space of functions. We assume that the topologies are Hausdorff; one of the reasons why
we work on a Hausdorff l.c.s. is the purpose of applying Browder’s coincidence theorem;
see [3] and [26]. (The coincidence theorem is a cyclical version of Fan-Glicksberg type’s
fixed-point theorems; see [7] and [13].)

If C is a convex cone of a real vector space 3, the relation <¢ defined below is a (partial)
vector ordering of S: for z,y € S

z<cy<y—zeCl. (1.1)

Conversely, let S be a real ordered vector space with a vector ordering <, and let C :=
{xr € S|0< z}. Then C is a convex cone of S, and its ordering <¢ is coincident with <;
see page 2 in [19]. Thus, there is a one-to-one correspondence between vector orderings of
a real ordered vector space S and convex cones in S, and hence we assume that such real
ordered vector space [resp. ordered t.v.s.] has a convex cone C and that the ordering is
defined by (1.1).

Throughout this paper, let Z be an ordered t.v.s. with an ordering defined by a convex
cone C. The convex cone C is assumed to be pointed, i.e., C N (—C) = {0}, and hence
the ordering is antisymmetric and C 3 0. Moreover, for the convenience, the convex
cone C is assumed to be solid, i.e., its (topological) interior intC is nonempty, and hence
C? := (intC) U {0} is a pointed convex cone and induces another (antisymmetric) vector
ordering <co weaker than <¢ in Z. Also, we remark that the orderings <, and <co are
two directed antisymmetric partial orderings; “an ordering < is directed” means that given
z,y € Z, there exists z € Z such that x < z and y < 2.

Next, with respect to each of the orderings <¢ and <co, we shall define minimal ele-
ments and maximal elements of a subset A of Z. As the concept, we will adopt “cone
extreme point,” the concept of which was proposed by P.L.Yu in [35]. An element zy of
a subset A of Z is said to be a C-minimal point of A if {2 € A|z <¢ 2z, 2 # 20} = 0,
and a C-maximal point of A if {z € A|20 <¢ 2,2 # z} = 0; which are equivalent to
AN(z—C)={z}and AN (2 + C) = {2}, respectively. We denote the set of such all
C-minimal [resp. C-maximal] points of A by Min4 [resp. MaxA]. Also, C%-minimal and C?-
maximal points of A are defined similarly, and denoted by Min, A and Max, A, respectively.
These C°-minimality and C° maximality are weaker concepts than C-minimality and C-
maximality, respectively: it should be remarked that MinA C Min,A C A and MaxA4 C
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Max,A C A. Moreover, MinaA = aMinA, MaxaA = aMaxA, Miny,aA = aMing,A4,
Max,aA = aMaxyA for any a > 0; and Min(A4 + a) = MinA+a, Max(A + a) = MaxA +a,
Min, (A + a) = Min, A4 + a, Max,(A + a) = Maxy,A +a for any a € Z.

2. A Multicriteria Two-Person Zero-Sum Game

A multicriteria two-person zero-sum game, or a two-person vector-valued zero-sum game,
is a 4-tuple I'= (X,Y,—f, f), where X and Y are nonempty sets and f is a mapping
f: X XY — Z, and Z is an ordered t.v.s. with an ordering defined by a convex cone C.
The set X (resp. V) is the set of strategies of player 1 (resp. player 2) and the mapping — f
(resp. f) is the payoff function of this player. (Possibly such strategies are mixed strategies
and such payoff functions are the expected payoffs.) When player 1 and player 2 choose
a strategy ¢ € X and a strategy y € Y, respectively, the payoffs with respect to player 1
and player 2 are given by vectors —f(z,y) and f(z,y), respectively. Each player chooses a
strategy in order to increase his payoff and wants to find a strategy maximizing his payoff.
Thus, player 1 is regarded as minimizer and player 2 as maximizer.

Under this game, there are two approaches for finding equilibrium strategies. One is to
find optimal response strategy pairs, and the other is to find optimal security strategy pairs.
These concepts are coincident when Z = R, i.e., the payoff function f is scalar-valued. The
concepts of optimal response strategy and optimal security strategy are given in [11].

In this paper, we will adopt the approach of finding optimal response strategy pairs. To
this end, we generalize the concept of optimal response strategy to more general type.

Definition 2.1. A strategy zo € X is said to be an optimal response strategy for player 1
against a strategy y € Y of player 2 if f(zo,y) € Minf(X,y). Similarly, a strategy yo € Y’
is said to be an optimal response strategy for player 2 against a strategy ¢ € X of player 1 if
f(z,y0) € Maxf(z,Y). The sets of all optimal response strategies for each player against an
opponent’s given strategy (y € Y and z € X) are defined by R;(y) and Ry(z), respectively.

Definition 2.2. A strategy zo € X is said to be an weak optimal response strategy for
player 1 against a strategy y € Y of player 2 if f(zg, y) € Miny f(X, y). Similarly, a strategy
Yo € Y is said to be an weak optimal response strategy for player 2 against a strategy z € X
of player 1 if f(z,yo) € Maxy f(z,Y). The sets of all weak optimal response strategies for
each player against an opponent’s given strategy (y € Y and z € X)) are RY(y) and R} (z),
respectively.

For the convenience, we denote each optimal response set as follows:
Dy :={(z,y) e X XY |y € Ry(x),z € X}, (2.1)
Dy = {(z,y) e X xY |z € Ry(y),yeY}. (2.2)

Similarly, weak optimal response sets are denoted by DY and DY. It should be remarked
that forany y € Y and z € X,

Ri(y) C RY(y), Re(z)C Ry(z) (2.3)
and that
Dy c DY, D,cCDy. (2.4)

Then, we find the following idea of equilibrium strategies.
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Definition 2.3. A point (zg,yo) is said to be an equilibrium optimal response strategy
pair [resp. equilibrium weak optimal response strategy pair| of the game if 9 € Ry(yo)
and yo € Ra(zo) [resp. o € RY(yo) and yo € RY(zo)]. The set of all equilibrium optimal
response strategy pairs (resp. equilibrium optimal response strategy pairs) is given by
D, N Dy (resp. DY N DY). |

These concepts coincide with ones of a C-saddle point and a weak C-saddle point of f,
respectively;

f(m01 yﬁ) € Maxf(l'o,y) N Mlnf(X1 yO)’ (25)
f(zo, %) € Maxy f(zo,Y) N Miny (X, yo). (2.6)

Such concepts of generalized saddle point are defined in Section 3. We present the following
example, which is given in [6].

Example 2.1. Consider a multicriteria two person (matrix) game I'= (X,Y,—f, f) as
follows:

i=1

X:Y:{meR2

2
T = (21,22), ) @ =1,21,25 > 0},
Z=R,C=R:={z€ R 2= (z,2),21 2 0,22 > 0},

0 2 0 -1
flz,y) = (mTAly, acTAgy), where A; = ( 10 ) and A; = ( 2 0 ) .

Then, we have

X 0sy<ii<msy
Ry(y) —{ {(0,1)} otherwise,

| 0<z<$ i<z <Y
Ry(z) = { {(0,1)} otherwise,

for ¢ = (z1,22) € X and y = (y1,¥2) € Y. Also, the corresponding optimal response sets
D; and D, transformed by the substitution 2z = 1 — z; and y; = 1 — y; are shown in
Figure 2.1.

In this example, when player 1 and player 2 choose their strategies z* = (z;,%3) and
¥* = (y1,y2) satisfying (z*,y) € D; and (z,y*) € D, for some y € Y and z € X,
respectively, the pair (z*,3*) is not always in D; N Dy, and hence the set of all equilibrium
optimal response strategy pairs does not always have interchangeability, which holds for
scalar games. Therefore, we proceed to the next usual concept of strategy.

We called the following subsets of Z

Min |J Max,f(z,Y), Max |J Min.f(X,y) (2.7
zeX ) yeYy
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Figure 2.1: The optimal response sets D; and D, in Example 2.1.

the set of all minimax values of f and the set of all maximin values of f, respectively (see
[34] and [33]). Also, we call a strategy z* [resp. y*] attaining a minimax value [resp. a
maximin value] above, i.e., satisfying f(z*,y) € Minf(DY) for some y € RJ(z*) [resp.
f(z,y*) € Maxf(Dy) for some z € RY(y*)] a minimax strategy [resp. a maximin strategy]
of player 1 [resp. player 2], written M" (f)[resp. M2*(£)]. In order to show the existence of
such minimax strategies and maximin strategies, we will review some of the fundamental
properties of cone extreme points.

Let A be a nonempty subset of an ordered t.v.s. Z with an ordering defined by a (solid)
pointed convex cone C. We say that the set A has the “domination property” (e.g., see
page 697 in [21] and page 53 in [22]) if

MinA # @ [resp. MaxA # 0], (2.8)
and

A CMinA+C [resp. A C MaxA4 - C]. (2.9)
In particular, to produce conditions ensuring the condition (2.8) is one of the most impor-
tant questions of vector optimization theory; e.g., see [14], [16], [20], [21], and [27]. In this
paper, we need the following lemmas; see Lemmas 5.2 and 5.4 in [34] or Lemmas 1.2.3 and

1.2.5 in [33]:

Lemma 2.1. Let Z be an ordered t.v.s. with an ordering defined by a (solid) pointed
convez cone C, and A a subset of Z. If the convex cone C of Z satisfies the condition

dc + (¢ \{0}) cc (2.10)

and if A is nonempty and compact, then MinA # 0, A C Mind + C and MaxA # 0,
ACMax4A-C.
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Lemma 2.2. Let Z be an ordered t.v.s. with an ordering defined by a solid pointed convex
cone C, and A a subset of Z. If A is nonempty and compact, then Min,A # 0, A C
Min, A + C° and Max,A # @, A C Max,A — C°. Moreover, Miny,A and Max,A are
compact sets.

Moreover, we need the following concept and related results given by Luc:

Definition 2.4. A set A is said to be C-complete if there are no covers of the form
{(2o — clC)°} where {z,} is a net in A such that z5 <¢ z, and z4 £¢ 23 for each o, B with
a<p.

Lemma 2.3. (See Theorem 2.6 and Corollary 2.12 in [21].) If a convez cone C of a t.v.s.
is correct, and if A is nonempty and C-complete, then the conditions (2.8) and (2.9) hold.

Remark 2.1. We recall that a set A is said to be C-compact if (z — cIC) N A is compact
for each z € A; and that a set A is said to be C-semicompact if any cover of the form
{(zx —clC)°: zy € A, X € A} has a finite subcover; see [5]. Then, any compact set is C-
compact, hence C-semicompact, and hence C-complete whatever the convex cone C is; see
Lemma 2.2 in [21]. The last general condition is rather “far” from compactness but still
guarantees the condition (2.8).

Let S; and S3 be two topological spaces, respectively. A mapping F from S; into S; is
said to be upper semicontinuous at z € Sy, if for any open neighborhood V' of F(z), there
exists a neighborhood U of = such that F(y) C V for all y € U. We say that F is upper
semicontinuous (u.s.c. for short) if it is so at every ¢ € S;; see Definition 1 in page 41 of
[1]. If S is a compact set in S; and F is an u.s.c. compact-valued mapping from S into Ss,
then the image F(S) under F of S is compact; see Proposition 3 in page 42 of [1]. Based
on this fact, we have the following theorem:

Theorem 2.1. (See Lemma 5.5 in [34].) Let X and Y be nonempty compact sets in two
topological spaces, respectively, and Z an ordered t.v.s. with an ordering defined by a solid
pointed convex cone C. If a vector-valued function f : X XY — Z is continuous, and if C
satisfies the condition (2.10), then

-Min U Max, f(z,Y)| + C D Max, f(z',Y) # 0, (2.11)
zeX J

Max [ J Min, f(X,y)| — C D Miny f(X,y) # 0 (2.12)

5 yeY _

foreachz' € X andy' €Y.

The theorem above shows that under the conditions, there exists at least one optimal
response strategy for each player against an opponent’s given strategy, and that there exist
a minimax strategy and a maximin strategy, too.

When f(xo,y0) € Maxy f(z,Y) N Miny f(X,yo), we say that f has a weak C-saddle
point (g, yo) as defined in the next section. If f has such saddle points, we can see by the
theorem that a certain minimax inequality holds, which is called a saddle point theorem of
a vector-valued function, located in Section 4, as a corollary of the theorem above. This can
be interpreted in the following way: Minimax values and maximin values are lower bounds
and upper bounds of saddle values, respectively, in the sense of <¢. z* € M2 (f) N RY (y*)
In order to illustrate these results, we give the following example:
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Example 2.2. Consider the multicriteria two person game I'= (X,Y, —f, f) in Exam-
ple 2.1. Let

arg minimaxf := {(x,y) € X X Y‘ f(z,y) € Min | Maxwf(x,Y)}

zeX

and

arg maximinf := {(x,y) EX XY

f(z,y) € Max | Minwf(X,y)}.

yeY

Then, we have

Min | Max, f(z,Y) = {z € Rzl z2=(21,22),22 = —221,0 < 2 < 1} ,
zeX

arg minimaxf = ({(0,1)} xY)U

. 12
M:;c(f):{xERzl xz(a’l_a),oﬁaﬁg,gﬁaﬁl},

Max U Min, f(X,y) = {z € R2| z2=(21,22),21 = —223,0< 2, < 2} ,
yeY
argmaximinf = (X x {(0,1)})u
12
<{(1,0)}><{(a,l—a)'ﬂﬁaﬁg,ggagl}),

and
DY N Dy = (X x{(0,1)}) U ({(0,1)} x Y) U (E(I') x E(I'))
where

E(F)={$ER2 x:(a,l—a),OSaS%,—i—SaSl}.

The decision space and objective space transformed by the substitution z2 = 1 — z; and
Y2 = 1 — y; are shown in Figure 2.2. Moreover, we have E(I') = M(f) = M2*(f) and
E(I') x E(I') Cc DY N Dy

Now, we shall investigate the existence of elements of DY N DY in the next section.
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arg minimax f

Figure 2.2: The decision space and objective space in Example 2.2.

3. Existence of Generalized Saddle Points

Under the previous notation given in Section 1, we will give reasonable definitions for sad-
dle point and saddle value of a vector-valued function. It follows that the definitions are
reasonable from the facts that, as shown in Section 2, any equilibrium optimal response
strategy pair [resp. equilibrium optimal response strategy pair| (zo,yo) satisfies the con-
dition (2.5) [resp. (2.6)]. Let Z be an ordered t.v.s. with an ordering defined by a solid
pointed convex cone C and f: X XY — Z a vector-valued function, respectively.

Definition 3.1. (i) A point (z, o) is said to be a C-saddle point of f with respect to
X xY, if f((l?o, yo) € Ma.Xf(IEo, Y) N Mlnf(X, ’yo);

(ii) A point (zg,yo) is said to be a weak C-saddle point of f with respect to X x Y, if
f(a:O’ yO) € Ma’xwf(wO,Y) n Minwf(X1 yO)'

For the convenience, we denote the set of all C-saddle points [resp. weak C-saddle points]
of f by SP(f) [resp. SPw(f)] and the set of all C-saddle values [resp. weak C-saddle values]
of f by SV(f) [resp. SVw(f)].

We note that any C-saddle point of f is a weak C-saddle point of f obviously. Also, in
the case C? = C, the two concepts are coincident.

Now, we give the definition of C-semicontinuous; see Definition 2.4 in [5].

Definition 3.2. Let X be a topological space and Z an ordered t.v.s. with an ordering
defined by a pointed convex cone C. A vector-valued function f : X — Z is said to be
C-semicontinuous if f~*(z — clC) is closed in X for each z € Z.

First of all, we state the first existence theorem for generalized saddle points, which is a
generalization of Theorem 3.2.1 in [33].

Theorem 3.1. Let X andY be nonempty compact sets in two topological spaces, réspec-
tively, and Z an ordered t.v.s. with an ordering defined by a solid pointed convez cone C.
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A vector-valued function f : X XY — Z has at least one weak C-saddle point if one of the
following conditions holds:

(i) f s of the type f(z,y) = u(z) + v(y) where u and —v are C-semicontinuous;

(i) f is of the type f(z,y) = u(z) + B(x)v(y) where u is continuous, —v is C-semi-
continuous, and B : X — R, is continuous.

If, in addition, C satisfies the condition (2.10), then f has at least one C-saddle point.

Proof. (i) By Corollary 3.1 in [5], the two sets ©u(X) and v(Y) are C-semicompact and
—C-semicompact, respectively. Then, from Lemma 2.3 and Remark 2.1, it follows that
there exist g € X and yp € Y such that

Uu(zo) € Min,u(X) and v(y) € Max,v(Y).
Hence, we have

f(zo,0) = u(zo) + V(%)
€ (u(z) + Max,v(Y)) N (Miny,u(X) + v(yo))
= Maxy (u(zo) + v(Y)) N Miny (¥(X) + v(y0))
= Maxy, f(xo,Y) N Miny, (X, %),

which shows that the point (zo,y) is a weak C-saddle point of f.

(ii) Similarly, we can choose yo € Y such that v(y,) € Max,v(Y). By the continuity
of u and B3, z — u(z) + B(z)v(yo) is also continuous, and so we can choose zg € X, by
Lemma 2.2, such that

w(zo) + Blao)u(u) € Min, (U {u(z) +ﬁ(m>v<yo)})

zeX
= Mian(X, yO))

which shows that f(zg,yo) € Miny,f(X,yp). On the other hand, since 3(z) > 0 for any
z € X, we can easily verify that

IB(ZO)Ma‘xwv(Y) = Ma'xw (IB(‘TO)'U(Y))’

which shows that f(zg,y0) € Maxy f(zo,Y). Thus, f has a weak C-saddle point. The
remainder of the proof follows immediately from Lemma 2.1. 0

Remark 3.1. Since every continuous function is C-semicontinuous obviously, the theorem
above holds for continuous functions # and v. Hence, the theorem is a generalization of
Lemma 3.4 in [32].

To obtain another generalized version of Lemma 3.4 in [32], we introduce new concept
of another weak continuity of vector-valued functions.

Definition 3.3. Let X be a topological space and Z an ordered t.v.s. with an ordering
defined by a pointed convex cone C. A vector-valued function f : X — Z is said to be
C-lower semicontinuous on X if it satisfies the three equivalent conditions:
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(i) Foralla € Z, f~!(a+intC) is open;

(ii) For each zy € X and any open neighborhood V of f(zy), there exists an open
neighborhood U of zq such that f(z) € V + C for all z € U,

(iii) For each zo € X and any d € intC, there exists an open neighborhood U of zq such
that f(z) € f(zo) —d +intC for all z € U.

Also, it is said to be C-upper semicontinuous on X if —f is C-lower semicontinuous on X.

Proposition 3.1. Let X be a topological space and Z an ordered t.v.s. with an ordering
defined by a pointed convex cone C. The conditions (i), (ii), (iii) of the above definition are
equivalent to each other.

Proof. We show that (i) and (iii) are equivalent to each other. Suppose that for all
a € Z, f'(a+intC) is open. For each zo € X and any d € intC, we have zo €
f~1(intC + (f(zo) — d)), which is open. Hence, there exists an open neighborhood U of
zo such that f(z) € f(zop) — d +intC for all z € U. Conversely, let 2o € 7! (a + intC)
and d := f(z¢) — a. Since d € intC, there exists an open neighborhood U of z such that
f(z) € f(zo) — d + intC for all z € U, and hence f(z) € a + intC. This implies that
f1(a +intC) is open.

Next, we show that (ii) and (iii) are equivalent to each other. Let £y € X and d € intC.
Then, there is an open neighborhood W of d such that W C intC, which implies that
f(zo) € f(zg) —d+ W C f(mg) —d+intC. Let V := f(zg) — d + W, then there exists
an open neighborhood U of zy such that f(z) € W + C C (f(z¢) — d+intC) + C for
all z € U. Since intC + C = intC, we have f(z) € f(wo) — d + intC for all z € U.
Conversely, let g € X and V an open neighborhood of f(zg). There is d € intC such
that f(zo) — d € V. By assumption, there exists an open neighborhood U of x4 such that
f(z) € f(zo) —d+intC for all z € U. Since V' is open and so V +intC = V + C, we have
f(z)eV+Cforallz eU. O

Then, we can easily prove the following lemma.

Lemma 3.1. Let X be a topological space and Z an ordered t.v.s. with an ordering defined

by a pointed convezx cone C. If f and g are C-lower semicontinuous functions from X to
Z, then

(i) f + g is C-lower semicontinuous;
(ii) af is C-lower semicontinuous for each o > 0;
Moreover, if B: X — R, is lower semicontinuous, then for each v € C,
(i) z — B(z)v is C-lower semicontinuous;
(il) z — f(z) + B(z)v is C-lower semicontinuous.

Theorem 3.2. Let X and Y be nonempty compact sets in two topological spaces, respec-
tively, and Z an ordered t.v.s. with an ordering defined by a solid pointed convex cone C.
A vector-valued function f : X XY — Z has at least one weak C-saddle point if f is of
the type f(z,y) = u(z) + B(x)v(y) where u is C-lower semicontinuous, —v is C-upper
semicontinuous, and B : X — R, is lower semicontinuous, C N Max,v(Y) # 0. If, in
addition, C satisfies the condition (2.10), then f has at least one C-saddle point.
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Proof. In a similar way of Lemma 3.2 in [21], we can show that the set v(Y’) is C-complete.
Then, we can choose yy € Y such that v(y,) € C N Max,v(Y). From Lemma 3.1, it
follows that z — u(z) + B(z)v(yo) is C-lower semicontinuous, and hence the image
U {u(z) + B(z)v(yo)} is C-complete in a similar way of Lemma 3.2 in [21] again. There-

zeX .
fore, we can choose zg € X, by Lemma 2.3, such that

u(zo) + B(zo)v(yo) € Miny (U {u(z) + ,B(Q'J)'U(yo)})

zeX

= Miny f(X, %),

which shows that f(zg,yo) € Ming f(X,¥o). In the same way of the proof of Theorem 3.1,
we can verify that f has a weak C-saddle point (zg, yp)- |

Second, to present the second existence theorem for generalized saddle points, we intro-
duce new concepts of convexity and continuity of vector-valued functions.

Definition 3.4. Let X be a convex set in a real vector space and Z an ordered t.v.s.
with an ordering defined by a (solid) pointed convex cone C. A vector-valued function
f: X — Z is said to be naturally quasi C-convex on X if

Ff(Az1+ (1= X)zp) € co{f(z1), f(z2)} - C (3.1)

for every z1,22 € X and A € [0, 1], where coA denotes the convex hull of the set A. The
condition (3.1) is equivalent to the following condition: there exists u € [0, 1] such that
f(Az1+(1=X)z2) <¢ pf(z1)+(1—p)f(z2).Also, it is said to be naturally quasi C-concave
on X if —f is naturally quasi C-convex on X. :

Remark 3.2. In [31] and [34], we mentioned the relationship among various types of
the convexity generalized to vector-valued functions: we note, in particular, that every
C-convex function is naturally quasi C-convex, and that every properly quasi C-convex
function is naturally quasi C-convex. (Let X be a convex set in a real vector space. A
vector-valued function f : X — Z is said to be (i) C-convex on X if f(Az;+ (1 —A)z3) <¢
Af(z1)+(1—=A)f(z2) for every z1,z2 € X and X € [0, 1]; (ii) properly quasi C-convex on X
if either f(Az1 + (1 — A)xa) <¢ f(z1) or f(Az1 + (1 — N)zp) <¢ f(z2) for every z1,25 € X
and X € [0,1].)

Lemma 3.2. Let X be a convez set in a real vector space and Z an ordered t.v.s. with an
ordering defined by a (solid) pointed convex cone C, and we denote the set of all continuous
linear functionals on Z by Z*. If a mapping f : X — Z is naturally quasi C-convez on X
then for each ¢ € Z*, the composite mapping ¢ o f is a (ordinary) quasi convez function.

Definition 3.5. Let X be a topological space and Z another topological space. A mapping
f: X — Z is said to be demicontinuous on X if f~}(M) := {z € X | f(z) € M } is closed
in X for each closed half-space M C Z.

Remark 3.3. Every continuous mapping is demicontinuous obviously. Also, various
relationship among continuity, C-lower semicontinuity, C-semicontinuity, demicontinuity
of vector-valued functions is illustrated in Figure 3.3.
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Lemma 3.3. Let X be a topological space and Z a t.v.s. If a mapping f: X > 2Zis
demicontinuous on X, then for each ¢ € Z*, the composite mapping ¢ o f is continuous.

Then, we have the second existence theorem of weak C-saddle pointé, which generalizes
Lemma 3.3 in [32] and Theorem 3.1 in [34], and the proof is based on Hartung’s minimax
theorem; see [15].

Theorem 3.3. Let X andY be nonempty compact convez sets in two t.v.s.’s, respectively,
and Z an ordered t.v.s. with an ordering defined by a solid pointed convex cone C. If a
vector-valued function f : X XY — Z satisfies that

(i) z — f(z,y) is demicontinuous and naturally quasi C-convez on X for everyy € Y;
(il) y — f(z,y) is demicontinuous and naturally quasi C-concave onY for everyz € X,
then the vector-valued function f has at least one weak C-saddle point.

Proof. Since the pointed convex cone C is solid, it follows from page 18 of [17] that there
exist nonzero functionals ¢, s € C* \ {0} (possibly ¢; = ¢2). With these functionals we
associate the following sets:

Aoz 0) = {y €Y | 0 (f(z,9)) 2 o}, (3.2)
Bs(y; o) :={z € X | ¢(f(z,y)) < B}, (3.3)

for each x € X, y € Y, and o,8 € R. By Lemmas 3.2 and 3.3, the sets above are
closed convex subsets in compact convex sets, respectively. Thus, the proof follows from
Theorem 1 in [15] and Theorem 2.4 in [30]. O
Consequently, the following corollary, which modifies Lemma 3.3 in [32] into l.c.s. version,
is proved immediately by Remark 3.2 and the theorem above.

Corollary 3.1. Let X andY be nonempty compact convez sets in two t.v.s.’s, respectively,
and Z an ordered t.v.s. with a solid pointed convezr cone C. If a vector-valued function
f: X XY — Z satisfies one of the following conditions:

(i) z — f(z,y) is continuous and properly quasi C-conver on X for everyy €Y,
y+— f(z,y) is continuous and properly quasi C-concave on'Y for every z € X;

)

y)

(il) ¢ — f(z,y) is continuous and properly quasi C-convez on X for everyy €Y,
y — f(z,y) is continuous and C-concave on'Y for every z € X;

iii) x — f(z,y) is continuous and C-convex on X for everyy € Y
b
y — f(z,y) is continuous and properly quasi C-concave on'Y for everyz € X;

(iv) z — f(z,y) is continuous and C-convex on X for everyy €Y,
y — f(z,y) is continuous and C-concave onY for everyz € X;

then the vector-valued function f has at least one weak C-saddle point.

At last, we shall give the third existence theorem for generalized saddle points.
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Theorem 3.4. (See Theorem 4.1 in [28] and Theorem 3.1 in [29].) Let X and Y be non-
empty compact convez sets in two l.c.s.’s, respectively, and Z an ordered t.v.s. with an
ordering defined by a solid pointed convex cone C. If a vector-valued function f : X XY — Z
is continuous and if the following sets

T(y) :={z € X| f(z,y) € Minof(X,3)}, (3.4)
U(z) :={y € Y| f(z,y) € Max, f(z,Y)} (3.5)

are convex for everyy € Y and x € X, respectively, then the vector-valued function f has
at least one weak C-saddle point.

4. Minimax Theorems for Vector-Valued Functions

In a few of the author’s papers, he has proposed some minimax theorems for vector-valued
functions. In this section, we shall present some of most general versions of such minimax
theorems. To this end, we need the following saddle point theorem of a vector-valued
function, which is a corollary of Theorem 2.1.

Theorem 4.1. (Saddle Point Theorem) Let X and Y be nonempty compact sets in
two topological spaces, respectively, and Z an ordered t.v.s. with an ordering defined by a
solid pointed convex cone C. If a vector-valued function f : X XY — Z is continuous and
if C satisfies the condition (2.10), then

PMin U Ma.xwf(a:,Y). + C D SV(f),
zeX d

Max | J Min, f(X,y)| = C D SV(f).

yeyY

Hence, if f has a weak C-saddle point (zo,y0) € X x Y, then there exist

z € Min | Max, f(z,Y) and 2z € Max |J Min,f(X, )
zeX yeY

such that z; <¢ f(zo, %) and f(zo, %) <c 2.
We will say that the minimax inequality holds if there exist

z1 € Min |J Max, f(z,Y) and 2z € Max | Miny f(X, y)
zeX yeY

such that z; <¢ 2.

Theorem 4.2. (Minimax Theorem I) Let X and Y be nonempty compact sets in
two topological spaces, respectively, and Z an ordered t.v.s. with an ordering defined by a
solid pointed conver cone C. If a vector-valued function f : X xY — Z is of the type
f(z,y) = u(z)+B(z)v(y) where u and vV are continuous and (3 is continuous into R, and
if C satisfies the condition (2.10), then the minimaz inequality holds. If, in particular, the
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vector-valued function f is of the type f(z,y) = u(z)+v(y) where u and v are continuous,
then

Ma.x‘ U Min. f(X,y) C [Min U Ma,xwf(m,Y)] +C

YyeY zeX

and

Min | Max, f(z,Y) C [Max |J Min, f(X, y)} - C.

zeX yEY

Proof. The first part of the proof follows immediately from Theorems 3.1 and 4.1. The
second part of the proof can be done in the same way as in the proof of Theorem 3.2 in
[28]. O

Theorem 4.3. (Minimax Theorem II) Let X andY be nonempty compact convez sets
in two t.v.s.’s, respectively, and Z an ordered t.v.s. with an ordering defined by a solid
pointed convex cone C. If a vector-valued function f : X XY — Z is continuous and
satisfies:

(i) z — f(z,y) is naturally quasi C-convez on X for everyy € Y,
(ii) y — f(z,y) is naturally quasi C-concave on'Y for every z € X,

and if C satisfies the condition (2.10), then the minimaz inequality holds.
Proof. The proof follows immediately from Theorems 3.3 and 4.1. o

Theorem 4.4. (Minimax Theorem III) Let X and Y be nonempty compact convex
sets in two l.c.s.’s, respectively, and Z an ordered t.v.s. with an ordering defined by a solid
pointed convex cone C. Assume that a vector-valued function f : X XY — Z is continuous
and that C satisfies the condition (2.10). If the sets of (3.4) and (3.5) are convez for every
Yy €Y and x € X, respectively, then the minimaz inequality holds.

Proof. The proof follows immediately from Theorem 3.4 and Theorem 4.1. mi

5. Conclusions

Minimax theorems for vector-valued functions have a similar statement to the ordinary
minimax theorems for real-valued functions. For a real-valued function F, the following
inequality

. < 3 .
min sup F(z,y) < F(zo, %) < max inf F(z,y) (5.1)

holds under suitable conditions which are sufficient for the function F to possess a saddle
point (z9,yo) € A X B. Replacing the usual total ordering < by a general partial ordering
<c, defined by a pointed convex cone C, we may expect to get a similar minimax inequality
to (5.1). This has come true in Section 4, and minimax theorems presented in Section 4
tell us that there exist some minimax strategy and maximin strategy of f such that their
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values are ordered by <. and dominated each other whenever f has a weak C-saddle point.
This is illustrated in F1gure 2.2 of Example 2.2.

Unfortunately, minimax strategies [resp. maximin strateg1es] do not always give equ1—
librium values, but may give equilibrium values in the sense of security levels in the case
that minimax strategies and maximin strategies satisfy some conditions. Thus, we note
that the minimax values and maximin values are lower bounds and upper bounds of such
equilibrium values, respectively. This is also illustrated in Figure 2.2 of Example 2.2.
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Figure 3.3: Relationship among various semicontinuities.



